Wang and Li SpringerPlus (2016)5:1956 : .
DOI 10.1186/540064-016-3622-2 ® SpringerPlus

RESEARCH Open Access
@ CrossMark

Oscillation and asymptotic properties
of a class of second-order Emden-Fowler
neutral differential equations

Rui Wang and Qigiang Li"

*Correspondence:

qqgli@sdu.edu.cn Abstract

School of Control Science We consider a class of second-order Emden-Fowler equations with positive and non-
and Engineering, Shandong it tral fficients. B ina the Ri tit f ti di liti |
University, Jinan 250061, positve neutral coefficients. By using the Riccati transformation and inequalities, severa
Shandong, People’s Republic oscillation and asymptotic results are established. Some examples are given to illustrate
of China the main results.

Keywords: Oscillation, Second-order differential equation, Emden-Fowler equation,
Nonpositive neutral coefficient

Mathematics Subject Classification: 34K11

Background
In this paper, we study a second-order delay differential equation

(rol OF 2 ®) +fe @) =0, =1 M

where z(¢) = x(¢) + p(£)x(7(¢)) and « is a positive constant. Throughout this paper, we
assume that

(H1) 1, p € C([to,00),R), r(t) >0, 0 < p(t) <1, and [ r V¥ (t)dt = oo;

(Hy) r, p € C([tg, 00),R), r(t) >0, —1 < —pg < p(t) <0, and f;o"’ r=Ve)dt = oo,
where pyg is a positive constant;

(H3) T € C([tg, 00),R), t(t) <t, and lim;_, o T(¢) = 00;

(Ha)o € Cl([ty, 00),R), o(t) < t, o'(t) > 0, and lim;_, o 0 (£) = o0.

(Hs) f € C([to,00) x R,R), uf () > 0 forall u # 0, and there exist a positive con-
stant 8 and a function g(t) € C([to, 00), (0, 00)) such that (f(t, u)/uf) > q(¢), for
allu # 0, wherel < 8 < «.

It is recognized that Emden—Fowler equations have a number of applications in phys-
ics and engineering; see, e.g., Berkovich (1997). As a result, there has been a great deal
of interest in investigating the oscillation or nonoscillation of differential equations;
see, e.g., Hale (1977), Dzurina and Stavroulakis (2003), Li (2004), Li et al. (2011, 2013,
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2015), Li and Rogovchenko (2015), Erbe et al. (2009), Manojlovi¢ (1999), Wang and Yang
(2004), Wang (2001), Liu et al. (2012), Shi et al. (2016), Baculikova and Dzurina (2011),
Bohner and Li (2014), Yang et al. (2006), Xu and Meng (2006, 2007). As we known, many
results of half-linear or nonlinear equations with positive neutral coefficients were estab-
lished, see, e.g., Baculikovd and Dzurina (2011), Erbe et al. (2009), Li et al. (2011, 2013),
Li and Rogovchenko (2015), Liu et al. (2012), Shi et al. (2016), Yang et al. (2006), Xu
and Meng (2006, 2007). The equations with nonpositive neutral coefficients have been
applied to practical life; see, for instance, Brayton (1966) and Kuang (1993, sec. 1.1.7)
provided a model about the system with lossless transmission lines. And, there have
been a few oscillation and asymptotic results of the equations with nonpositive neu-
tral coefficients, see, e.g., Bohner and Li (2014), Erbe et al. (2009), Li et al. (2015), Yang
et al. (2006). In the following, we provide some background details which motivated our
research. Manojlovié (1999), Wang (2001), and Wang and Yang (2004) considered the

half-linear differential equation
!/
(ror O ¥ ®) +a@Ro 1w =0, @)

and gave some different oscillation results by using an inequality due to Hardy, Lit-
tlewood and Ploya and averaging functions. Motivated by these ideas, many scholars
extended the results to delay differential equations or neutral delay differential equa-
tions. Dzurina and Stavroulakis (2003) and Li (2004) expanded the Eq. (2) to the delay
differential equation

(rOK OF T ©) +q@EO)I @) =0,
Xu and Meng (2006, 2007) extended (2) to the neutral delay differential equation
(r® (@) + pOxE®)))) + ) (50 ()" =0 3)

provided that 0 < p(¢) < 1. Li et al. (2015) established some oscillation and asymptotic
results to (1) in the case where —1 < p(¢) < 0. By using Riccati transformation, Erbe
et al. (2009) proposed some oscillation and asymptotic results for (1), under the assump-
tions that 0 < p(¢) < 1and —1 < p(¢) < 0. Liu et al. (2012) considered the the following

equation
(|0 + pOxE @) [ ®) + gOlsto ) x(o 1) = 0 )

in the case where 0 < p(t) <1 and o > 8 > 0. They established some oscillation and
asymptotic criteria by employing averaging technique and Riccati transformation. Shi
et al. (2016) extended the results of Liu et al. (2012) to dynamic equations on time scales
provided that 0 < p(¢) < land p(¢) > 1.

However, the results of Liu et al. (2012) and Shi et al. (2016) cannot be applied to
Eq. (1) due to —1 < p(¢t) < 0in (1), but, in Liu et al. (2012), Shi et al. (2016) the assump-
tion is 0 < p(¢) < 1 or p(¢t) > 1. Similarly, the results in Erbe et al. (2009) and Li et al.
(2015) cannot be applied to Eq. (1) because there is another parameter 8 and the
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condition on function fin Li et al. (2015), Erbe et al. (2009) does not satisfy the hypoth-
esis (Hs). In this paper, we will extend the results of Liu et al. (2012), Shi et al. (2016) to
the case of —1 < p(¢) < 0 and improve the results of Erbe et al. (2009), Li et al. (2015).
By employing Riccati transformation, several new oscillation and asymptotic criteria are
obtained under the assumptions that (H;) — (Hs). Throughout this paper, we suppose
that all inequalities hold for sufficiently large ¢. Without loss of generality, we only con-
sider the positive solutions of (1).

In what follows, let D = {(¢,5) : to <s <t} and Dy = {(¢,s) : to <s < t}. We say a
function H = H (t, s) belongs to a function class P, if it satisfies

(1) H(t¢ t) =0, > to; H(t,S) > 0, (t,S) € DO;
(ii) H has partial derivatives dH /3t and dH /s on Dy, such that

SHGS) _ 9 /HES)

ot
and
H(t,
9 a(t Y — ot s)VH L),
S

where /11 and /13 are nonnegative continuous functions on Dy.

Main results
In this section, we discuss the Eq. (1) under the assumptions that —1 < p(¢) < 0 and

0 < p(¢t) < 1, respectively.
Oscillation of Eq. (1) when—1 < p(t) < 0

Theorem 1 Assume that (Hz)— (Hs) hold. If there exists a function
o € Cl([to, 00), (0, 00)) such that, for any constant K > 0,

> ®)? |,
/to [P(t)‘I(t) - W dt = oo, (®)]

where ®(t) = [Bo’ (t)(E(o (£))P /KB p(t)(r(o (t))/*), then all solutions of
Eq. (1) are oscillatory or tend to zero ast — oo.

Proof Suppose x is a nonoscillatory solution of (1). Without loss of generality, there
exists a f1 > fg, such that x(¢) > 0,x(z(¢)) > 0, and x(o (¢)) > 0, for all £ > ;. From (1)
and the hypothesis (H5), we get

(r|z/|°‘_lz/>/ <o. (6)

Therefore, r|z'|*~ !z’ is nonincreasing. We claim that z’ > 0. Otherwise, if z/ < 0, using
the fact that r|z'|*~ 12’ is nonincreasing, there exists a positive k > 0, such that

—rt)(—Z'®)" < —k <0.
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That is,

1

—Z'(t) >

ra(t)
Integrating the above inequality from ¢; to ¢, we get

1 4 1
2(t) — 2(t) = k& / % (5)ds.

t

It follows from (H>) that

tl_i)l'IgOZ(t) = —0Q. (7)

We consider the following two cases.
Case 1 If x is unbounded, then there exists a sequence {¢,,}, such that

lim x(t,,) = oo,
m— 00
where {t,,} satisfies lim,,_, oo £, = 00 and x(¢,,) = maxy<s<s,, {%(s)}. By the definition of
x(t) and T(¢) < t, we have
x(T(tm)) < x(tm)-
Then we get
Z(tm) = x(tm) + pEm)x (T (Em)) = x(Em) (1 + p(&)) > 0,

which contradicts (7).

Case 2 If x is bounded, from the definition of z and —1 < p(¢) < 0, z is also bounded,
which also contradicts (7).

Hence, it is clear from the above discussion that z/ > 0, and then z > 0 or z < 0. We
consider each of two cases separately.

Suppose first that z > 0. Considering the definition of zand —1 < p(¢) < 0, we get

z(t) = x(8) + p(Ox(z () < x(t). 8)

From o (¢) < ¢t and the fact that 7(z')* is nonincreasing, we obtain

(@ )2 (0(1) = (r(£) e (©) ©)
and there exist a positive constant K and a £, > ¢j, such that

r)(Z®)" <K, t=mn. (10)
From the fact that r(z’)* is nonincreasing, we get

¢ ! “« é 1 ¢ 1 1
Z(”ZZ(“”/ FOEON)” 5 oz / i o)ds = EOre O @, (1)
t

t ra(s) 1

Page 4 of 15
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where £(¢) = fé r~1%(s)ds. Define a function @ by

rt) (2 @®)"

w(t) = p(t) o)

then w(¢) > 0. Differentiating w, we get

/ / / / @ _p—1 /
PO 6+ o (rz'®) ﬂa/(t)p(t)r(t)(z )"z "o )7 (0 (1)

o0 =" F@®) 26 (0))

From (1) and (8), we conclude that

YO 1) po'wrp0 "D

W0 = —pOa®) + 2 (o (0)

2@ ()P o 1)).

Taking into account (11), the last inequality implies

W' () < —p(t)g(t) + ’; ((;) w(t) — Ba' ) (E (@ (£))P!
o (12)
r(®) (2 (®)) -1, g
P(UW("(UU))) « (Z (U(t))) .
It follows from (9), (10), and (12) that
, o' () Bo'()E@ NP ) (2(®)" B, \B
o' (t) < —p(t)q(t) + p(t)w(t)— O PO e T (Z®)
o' (1) Bo' (1) (E@ )P )
=—p(t - ¢
POID+ e o e rn D @)
I i B—1
< _p(t)g(t) OO ﬁaﬂ(t)(é(a(t))) W20
() K'=a(r(c®))*p(t)
= —p(t)q(t) + ° (t)wof) — () ()
p(8)
(0 (1))
< —p(t)gq() + m; (13)

where ®(¢) = [Bo’ (t)(E(o (£))P1/[KT=B/® p(t)(r(o (£)))'/*]. Integrating (13) from £,
to ¢, we get

(0 )"

t
0<w(t) <w(t) _/tz [P(S)Q(S) - m s,

which contradicts (5).

If z < 0, we claim that lim;_, 5o (¢) = 0. Using z < 0 and z’ > 0, we deduce that

lim z(t) =1 <0,
t—00

Page 5 of 15
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where / is a constant. That is, for all sufficiently large ¢, z is bounded. We can easily prove
that x is also bounded. From the fact that x is bounded, we get

limsupx(¢t) = a,
t—00

where a is a constant. We claim that 2 = 0. Otherwise, if a > 0, there exists a sequence
{tu}, such that lim,_, » ¢, = co and lim,_, 5 %(¢,) = a. Letting

o a(1l — po)
2p0

for large enough #, we obtain
x(t(ty)) <a+e.
Then, from the definition of z(¢) and p(¢) > —po, we have

a(l — po) -

0:
2

lim z(¢,) > lim x(¢,) —po(a+¢) =
n— o0 n—0o0

which contradicts z < 0. Thus lim sup,_, ,, #(¢) = 0. By x > 0, we get
lim x(¢) = 0.
t—00

The proof is complete. O

From Theorem 1, letting p = 1, we get the following corollary.

Corollary 1  Assume that (Hy) — (Hs) hold. If

/oo q(t)dt = oo,

to

then all solutions of Eq. (1) are oscillatory or tend to zero ast — oo.

Theorem 2 Assume that (Hy) — (Hs) hold. If there exist two functions H € P and
p € Cl([to, 00), (0, +00)), such that

: (’;'((;;H(t, $) — ha(t, $)HE,5) s)) 2

h?lsol.fp HE o) H(t,s)p(s)q(s) — HEH0E)

ds = oo,

(14)

where ® is as in Theorem 1, then the conclusion of Theorem 1 remains intact.

Proof Suppose that x is a nonoscillatory solution of (1). Proceeding as in the proof of
Theorem 1, we getz > Oorz < 0.

Firstly, we consider z > 0. As the proof above (13) holds. That is

o' (2)
p(£)

o' @) < —p)q(t) + w(t) — O (@)
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Multiplying this inequality by H(z, s) and integrating it from ¢, to ¢, we have

' (s)
p(s)

t t

H(t,s)o'(s)ds < | H(t,s) {—p(S)q(S) +
iy ty

w(s) — ¢(s)w2(s)] ds. (15)

By the property of 0H (¢,5)/9s = —ha(t,s)H(t,s) < 0, we conclude that

(295, 5) ~ (e, ) VAGS)

t
L H(t,s)p(s)q(s) — 4H (t,s)D(s) “

< H(t,h)w(ty) < H(L, to)w(t).

2O (1)~ ,5) TS )
Adding ftf)z [H (t,8)p(s)q(s) — (”() ;{(t’:)q)is) S> ds to the latter inequality and

multiplying this inequality by 1/H (¢, to), we get

R (298, 5) ~ (e, ) VG )
e [ /t + /t ] H(t,5)p(s)q(s) — 00 ds
B / 2
1 (£8H(E,5) — (e, 9)VAES))
§H(t’t0) A H(t,s)p(s)q(s) — HH®) ds + w(ty).
b | <&~/H(t 5) — ho(t s))2
<w(tz)+/2 H,5) p(s)g(s) — o) : 2
= W | Ht to) 4H (£, 1) D (5)
1%) i
<o) + / p(5)q(s)ds. (16)
to

Letting t — oo in (16), we can get a contradict to (14).
If z < 0, repeating the proof of Theorem 1, we have lim;_, o x(¢) = 0. This completes
the proof. O
From Theorem 2, letting H(¢,s) = (¢t — $)*(L > 0)and p(¢) = 1, we may get the follow-
ing corollary.

Corollary 2 Assume that (Hy) — (Hs) hold. If

2

L

4D (s)

t
lim sup ﬁ /t (t—s)"2 [(f —5)%q(s) —

t—00 (t -

ds = oo, (17)

then the conclusion of Theorem 1 remains intact.

Theorem 3 Assume that (Hy) — (Hs) hold. If there exist three functions H € P,
p € ([ty, 20), (0,00)), and A € C([tg, 00),R), such that

/ AL @ (t)dt = oo (18)

to

Page 7 of 15
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and

lim sup
t—00 H(t) T)

0(%H(t,s)—hg(t,s)«/—H(t,s))z i (19)
4H (£,5)® (5) s 2 A,

t
/ h(t,s)p(s)q(s) —
T

forall T > ty and for some constant 6 > 1, where A4 (t) = max{A(¢),0}, ® is as in Theo-
rem 1, and H satisfies

H{(t,
0 < inf {Iim sup ( S)} < 00, (20)

s=ty t—00 (& Lo

then every solution of Eq. (1) is oscillatory or tends to zero ast — oc.

Proof Suppose that x is a nonoscillatory solution of Eq. (1). Then, as in the proof of
Theorem 1,z > Oorz < 0.

We consider z > 0 firstly. By virtue of Theorem 2, (15) holds. That is, for all T > ¢, > ¢4,

1
H(t, T)

t
/T H(t,9)p()q(s)ds

L (g’g))H(t, s) — ho(t, s)VHG5) S))2
<o(T) + / N
H@T) Jr 40 (s)H (t,s)

- /te_lmt )@ (5)w?(s)d
H(t,T) . 9 S S)w(S)As.

Thus,
’ 2
R 0 (L9 Hs) — ha(t, ) VAE))
/ H(t,8)p(s)q(s) — ds
HGT) Jr 40 (s)H (¢, s)
21
<o(T) - /te_lHa ) (s)w*(s)d
<w HGT Jr o ,S s)w”(s)ds.
Taking into account (19) and (21), we deduce that
A(T) +liminf — /te_lH(t )@ (s)w*(s)ds < w(T)
ltl’I_l)gg H(t,T) . 9 , S Sw (s)ds = w 5
then
A(T) <w(T), forall T > t, (22)
and
lim inf — /tHa ) (5)(s)ds < —— (@ (T) — A(T) 2
1tn_1)1org HGT) Jr , )P (s)w” (s S_Q—l(w ) < o0. (23)

Now we will prove that

Page 8 of 15
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t
lim @ (s)w?(s)ds < 00.
t—0o0 T

On the contrary, if

t
lim [ ®(s)w’(s)ds = oo. (24)
t—>00 T

By the condition (20), there exists a positive constant ¢, such that

H(t,s) } .

> 0. (25)
On the other hand, using (24), for arbitrary positive M, there exists a t3 > T, such that
t
M
/ D) (s)ds > —, t>t3.
T C

From the property (ii) of H and (25), we have

Ha, T)/ H(t,5)®P(s)w?(s)ds

8H(t [ [* )
H(t B [ } [/T O (u)w (u)du} ds

t 8H(t s) $ 9
H(t B [ 28 ] [/ D (u)w (u)du} ds

MH(t t3) MH(t t3)
- CH(tT)_ CH(tt())_

(26)

Taking account into the fact that M is arbitrary positive constant, (26) implies that

2 —
tl_)oo ", T)/ H(t,s)®(s)w”(s)ds = oo,

which contradicts (23). Thus,
t
lim [ ®(s)w’(s)ds < oo.
t—oo Jr
Using (22) and ®(¢) > 0, we have
o o
/T AL @()de §/T 0> (£)P(t)dt < oo,

which contradicts (18).
If z < 0, repeating the proof in Theorem 1, we get lim;_, o x(¢£) = 0. The proof is com-
plete. ]

Remark 1 Theorem 1-3 and Corollaries 1 and 2 are the oscillation and asymptotic
results of (1) under the assumption that —1 < p(¢) < 0. However, the results in Liu et al.
(2012), Shi et al. (2016) are established in the case where 0 < p(¢) < 1. In the hypothesis
(Hs), there is another parameter 8 and the condition on function fin Li et al. (2015),
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Erbe et al. (2009) does not satisfy (Hs). Therefore, the results of Li et al. (2015), Erbe et al.
(2009) can not apply to Eq. (1).
Oscillation of Eq. (1) when 0 < p(t) < 1

Theorem 4 Assume that (Hy) and (H3) — (Hs) hold. If there exists a function
p(t) € Cl([tg, 00), (0, 00)) such that for any positive number M,

& M5 (p'®) e )e
o d o
/to [p(t)‘n Y GYIC1C0) L A &7

t

where p(t) = q(t)(1 — p(o ()P and £(t) = t1 r~1/% (s)ds, then the Eq. (1) is oscillatory.
Proof See “Appendix”. O
Letting p(t) = 1, we can get the following result.

Corollary 3  Assume that (H1) and (H3) — (Hs) hold. If

/t g1 —plo()Pdt = oo,

0

then the Eq. (1) is oscillatory.

Example 1 Consider the second-order nonlinear neutral delay differential equation

(

where 8 =2, > 2,r(t) = Lp(t) =1 — t_%,a(t) =t, and q(t) = t%, where y is a posi-

slae—1

(x(t) n (1 — t—%)x(r(t))) [x(t) T (1 - t—%)x(r(t))m/ + t%|x(t)|x(t) —o,

(28)

tive constant.
Letting p(t) = ¢, we have

t t
g(t)z/ r—l/“(s)ds=/ ds=¢t—t

h 5]

and

t £} 2 L ¢
[ [p(t)p(t)_ (' ®)* o)) ] - |

4Bo’ (M8 p(t) (£ ()1 T

1
=ylnt———=In(t—t) —yInT +
QM 2

1
1_7
S 2KTa(s—t)

In(T — #y).

2
1-5
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Therefore, ify > m, then

00 / 2 é
/ L(t)p(t)— R L
T 4Bo’ (M~ a p(£)(E(2))P~1

It follows from Theorem 4 that all solutions of (28) are oscillatory if y > How-

1
M-/
ever, the Eq. (28) is oscillatory when y > ﬁ from Theorem 1 in Liu et al. (2012).

That is, if 21\41}70#-0 <y < W, then Theorem 1 in Liu et al. (2012) can not apply to
(28).

Remark 2 From Theorem 4, the Eq. (28) is oscillatory if y > W However, from
Theorem 1 in Liu et al. (2012), when y > ﬁ, the Eq. (28) is oscillation. Thus, Theo-
rem 4 improves Theorem 1 in Liu et al. (2012) in the case where 0 < p(¢) < 1.

Examples
In this section, we will present two examples to illustrate the main results.

Example 2 Consider the second-order nonlinear neutral delay differential equation

7a—1 N 2 2
( (x(t) — lx(t — 2)) [x(t) — 1x(t — 2)} ) + 2<e — 1> |x(t)|ﬂ_1x(t) =0
2 2 2 ’

(29)
wherer(t) = Lp(t) = —1/2,7(t) =t —2,0(t) = ¢, and g(¢) = 2(% — 1) .
We see that

/ q(s)ds = oo.
T

It follows from Corollary 1 that all solutions of (29) are oscillatory or converge to zero.

Letting o = B = 2, we can certify that x(¢) = e~ is an asymptotic solution of (29).

Example 3 Consider the second-order nonlinear neutral delay differential equation

(|0 = Zox(e @) |“ " 10) = oz @)1) + L latoon) P x(oon =0, (30)

where ¢ > 8>1, 0<ig<1,0<09<1 r(t) =1pk) =lo,t(t) <tq(t) = tlz, and
o(t) = opt.

I
Boo(t—z5
Letting p(¢) = %(’@(17%) and H(¢,s) = (t — s)% then
K

t
E£(t) = / rw(s)ds = t — £,
Ju

o' (HE@ @) Boolt — )P

o) = - =
K=& p()(r(c ())& K=%p(t)

’

2
14

and
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i 1 /f {(t as) — —]ds =1 1 /f{ L 2t+t2}d
msup ——x — S S)— — S=Ilmsup —= _ — — e S = OQ.
el =92 J,, 797 %) el =2 Jy V27 5 T

That is, (17) holds. It follows from Corollary 2 that all solutions of (30) are oscillatory or
converge to zero.

Remark 3 If o > B, the results of Erbe et al. (2009) and Li et al. (2015) can not apply to
(29) and (30). The results of Liu et al. (2012) and Shi et al. (2016) also can not apply to
(29) and (30) because —1 < p(t) < 0 which does not satisfy the assumptions in Liu et al.
(2012), Shi et al. (2016).

Conclusion

In this paper, we consider the oscillation of a class of second-order differential equations
with positive and nonpositive neutral coefficients. It is difficult to study the nonpositive
neutral coefficients equations because the sign of z is not explicit. Using Riccati trans-
formation, some oscillation and asymptotic criteria are obtained under the assumptions
that (H7) — (Hs). In Liu et al. (2012), Shi et al. (2016), the results were established for (1)
in the case when 0 < p(¢) < 1or p(t) > 1. This paper states some oscillation and asymp-
totic criteria for (1) in the case where —1 < p(¢) < 0and 0 < p(¢) < 1. Erbe et al. (2009),
Li et al. (2015) assume that o = B, however, in this paper o # f is allowed. We give some
examples to illustrate our results. There are two interesting questions for future study:

(Q1) Could we obtain oscillation criteria for Eq. (1) when —oo <p(f) <1
or—oo < p(t) < —-1?

(Q2) Could we obtain some sufficient conditions which ensure that all solutions of (1)
are oscillatory?
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Appendix
In this section, we give the proof of Theorem 4.

Proof Assume that x is a nonoscillatory solution of the Eq. (1). Without loss of general-
ity, there exists a #; > to, such that x(¢) > 0,x(z(¢)) > 0, and x(c(¢)) > 0, for all t > ¢#;.
Then, by the definition of z, we know

z(t) =x(@) + pt)x(r(t)) > x(t) and z > 0. 31)

From (1) and the assumption (H5), we get

(rlz’l“‘lz’)/ <o (32)
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So, r|z'|*"1Z is a nonincreasing function. We claim that z’ > 0. Otherwise, if 2’ < 0,
using the fact that r|z’|* 1z’ is a nonincreasing, there exists a positive ¢ > 0, such that
—r(—z’)a <—c<0.

Then, we have

—Z/(t) > <C) “
r(t)

Integrating the above inequality from #; to ¢, we obtain that

> Lt 1 ;d
z(n)—z(t)_ca/tl (r()f)) s

Letting t — oo, from (H1), we have

lim z(t) = —o0,
t—00

which contradicts z > 0. Thus, 2/ > 0.

From (1), (31), and the fact that z is increasing, we conclude that

(ro(F®)%) + a0 ()1 - pe®))f <0, (33)
Using the fact that r(z)* is nonincreasing, (11) holds and there exists a positive constant
M and ) > t1, such that

r@)(Z @) <M, t=t, (34)
and form o (¢) < ¢, we get

r@)(Z®)" <re@)(Z©e@))". (35)
Define a function w by

r) ()"

() = p®) P 0)

’

then w(¢) > 0. Differentiating w, we get

A ()] (rvz @) , r(@) (2 () 2P (0 ()2 (0 (1))
o (t) = G w(t) +p<t>7zﬂ(o(m — Bo’(t)p(t) o0 .
From (33), we conclude that
W' () < —p(®)g®Op(t) + ’; ((:)) w(t) — ﬁa/(t)pa)'mz/(a(t))zﬁ—l(au)),

where p(t) = (1 — p(o ()P, Taking into account (11) and & > B > 1, the last inequality
implies
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') < —pqt)pE) + p—“)w(t) — Bo' ) (@ ()P !

p(8)
r@) (2 ()" g1, 5
m(r(g(t») « (Z (U(t))) .

It follows from (34) to (36) that

(36)
p(E)

ey < o P® B OE@@) T r@)(Z®)"
o)) < =p(OIWP®) + ~T S0 () o™ "D ewm)

_ o' () Bo' (1) E@ENI L) 1
—p@)g)pt) + —w() — t
POIOPO+ O = oo D@y ?

’ ’ p—1
g @p0) + 2L o) - LLOECOD
p(t) M (r(o (D) p(2)
M= (p/ ()
4Bo"S)pB)EG )P

A

() (2(®)"

(37

IA

w?(t)

IA

—p(@)q®)p(t) +

Integrating (37) from ¢, to ¢, we get

0 < 0t) < 0lt) / |ooaere M (@)
< w w — —_
=@ PP g 5o E (o (£))P T

)

which contradicts (27). This completes the proof. O
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