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Abstract

In 2008, Liu and Wang established various symmetric identities for Bernoulli, Euler

and Genocchi polynomials. In this paper, we extend these identities in a unified and
generalized form to families of Hermite-Bernoulli, Euler and Genocchi polynomials. The
procedure followed is that of generating functions. Some relevant connections of the
general theory developed here with the results obtained earlier by Pathan and Khan
are also pointed out.
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Background
Let Hy(x,y) be denoted by the 2-variable Kampé de Fériet generalization of the Hermite
polynomials Bell (1934) and Dattoli et al. (1999) defined as

[%] 7 =21

r=0

These polynomials are usually defined by the generating function as
fyr? i t"
STyt — ZHn(x,y); ()
n=0

and reduce to the ordinary Hermite polynomials H,(x) (see Andrews 1985) when
y = —land x is replaced by 2x.

The generalized Bernoulli polynomials B (x) of order o, & € C, the generalized Euler
polynomials E{ (x) of order o, « € C and the generalized Genocchi polynomials G\ (x)
of order o, @ € C, each of degree n as well as in « are defined respectively by the follow-
ing generating functions (see Dere and Simsek 2015, [Erdelyi et al. (1953), vol. 3, p. 253
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et seq.], [Luke (1969), Section 2.8] and Luo et al. 2003; Pathan 2012; Pathan and Khan
2014, 2015, 2016; Simsek 2010; Srivastava et al. 2012):

(et t_ 1) e = ZB,&“)(x)%, (It < 271 = 1) )
n=0
<et+1> ZEW)(JC)* (Jt| <m; 1 =1) @
and
(et+1> ZG(O{)(QC) |t| <7T;1a:1) (5)

It is easy to see that

BY@ =B w1, Ef®=E 1)

and

G =G x1) (el (©6)
Moreover

B,(1) =By =6y, n=0 (7

For each k € Ny, Si(n) defined by
n
Se(my =Y _j¢ (8)

is called the sum of integer powers Tuenter (2001). The exponential generating function
for S (n) is given by

k e(VH—I)t 1

ZSk(n) = )

For each k € Ny, Ti(n) defined by

n

Te(m) = > (1) (10)

j=0

is called the alternating sum. The exponential generating function for Ty (n) is

%) k £ (n+1)

t 1—(—¢€")
E Tk(ﬂ)ﬁ = T (11)
k=0
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The following are some special values

Sk (0) = Ti(0) = 80,0
S =0F + 15 =50 +1, Tp(1) =0 — 1K =84y — 1 (12)
where 8(; ) is the Kronecker delta defined by §(;;) = 1fori = jand ;5 = O fori # .

A close relation of the power sum and the Bernoulli polynomials, also the alternate

sum and the Euler polynomials, can be seen in Abramowitz and Stegun [1972, Eq.
(23.1.4)] as follows

n
i Bryi(n+1) — Bry
S = k —
) = i e

(13)

z”: (—1yr-ifk = B D+ (CD"E(0)

(—1)"Tje(n) = 5

(14)

where 7 and k are nonnegative integers.
The hyperbolic cotangent and the hyperbolic tangent (Weisstein http://mathworld.
wolfram.com) respectively are defined by

e +1 2"(By1 + By (D) — 2""1(B, + B,(1)) ,
cothe = S~ = Z PR Z— (15)
n=-—1 n=0
and
2z S n+1(2n+1 _ I)B,H_l
tanhz = 22+ . Z D! Z" (16)
n=1
Therefore
o0 2 n
tanhz = — ZEn(O)( ?) (17)
n=1
where
2(1 _ 2n+1)
E,(0) = WBHH, n>0, (see[l, Eq.(23.1.20)]).

Pathan and Khan (2015) introduced the generalized Hermite—Bernoulli polynomials
for two variables HB,(f‘) (%, y) defined by

N N @) 1
X e o
(et—l) =D nB; o) (18)

n=0
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which is essentially a generalization of Bernoulli numbers, Bernoulli polynomials, Her-
mite polynomials and Hermite—Bernoulli polynomials yB,,(x,y) introduced by Dattoli
etal. [1999, p. 386 (1.6)] in the form

t 2
(z) T ZHB @, y>* (19)

The purpose of this paper is to give some general symmetry identities for generalized
Hermite—Euler, Hermite—Genocchi and mixed type polynomials by using different ana-
lytical means on their respective generating functions. These results extend some known
identities of Hermite, Bernoulli, Euler, Genocchi and mixed type polynomials studied by
Dattoli et al. (1999), Liu and Wang (2009), Pathan (2012) and Pathan and Khan (2014,
2015, 2016).

Symmetry identities for generalized Hermite-Euler polynomials
In this section, we establish general symmetry identities for the generalized Hermite—
Euler polynomials HE® (%,7), of orderc and alternate power sum. Throughout this sec-

tion o will be taken as an arbitrary real or complex parameter.

Theorem 1 For integers n > 0,a > 1 and b > 1, if a and b have the same parity, then

the following identity holds true:

n

Z (Z) n— kbk E(a)k(bx,bZZ)Z (k>T( —I)E(a 1)(1'13’)
k=0 i=0

n

k
= ( Z )“kb”_kHE;(qoi)k(ax, a’z) Z ( f ) Tib — DEZY (by) (20)

k=0 i=0

2a 1(1 (— ebt)a)eab(x+y)t+a2bzzt2

(e +1) (ebt+1)*

bty -1
G() = 2 aeabxt-i-azbzztz 1— (=" 2 ¢ i
e +1 1+ ebt et +1

(st“”(b B )(ij( )(ZE(“ b (b/f!)k>

n=0

n o oo i+k
(ZHE“”(b by @ )(ZZb’+kTi(a DES™ 1)(y)t,/,)

n=0 k=0 i=0

k
= ZHE“% R Zbk 3 <f>T(a ~DE®; ”(ay)—
! i=0
k
G@) = Z Z a"b HE (bx,b%2) Y

n=0 k=0 i=0

Proof LetG(t) =

k.. (@—1) gk
i > Ti(a—DE,_ (ﬂ)’)ﬁ

VR
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Replacing n by n — k in the R.H.S. of above equation, we get

o) n k
Gy =Y lz (Z)“"_kkaESi)k(bx’ b’2)> (f)Ti(a ~DEY; 1)(cly)] — Q2D
=0 Lk=0 i—0

Using a similar plan, we get

G(t)=§jl

n=0

n k n
3 <Z>b”_kak HE (ax,a%2) Y (f‘ ) Ti(b — DES, ”(by)] % (22)

k=0 i=0

By comparing the coefficients of ;—n, in the R.H.S of above Egs. (21) and (22), we arrive at
the desired result.

Remark 1 For z =0 in Theorem (1), the result reduces to known result of Liu and
Wang [2009, p. 3348, (2.1)].

Corollary 1 For integersn > 0,a > 1 and b > 1, if a and bhave the same parity, then
the following identity holds true:

n

> (k> " kbkE(a)k(bX)Z< )Ti(a DES Y (@y)

k=0

=3 (Z )akb”‘kE,(fi)k(ux) Z (f ) Tib — DEZY (by) (23)
i=0

k=0

Theorem 2 For integersn > 0,a > land b > 1, if a is odd and b is even, then the fol-
lowing identity holds true:

n k
n— (43 k o=
g (Z)a kkaEy(l_)k(bx, bzz) g (;)Ti(a — l)E( 1)(z/zy)

k=0 i=0
QR n+1 l ! l
=-2 Z < ) nn:-ll a"! (k)b”_kakHEl(ﬁ(ax,azz)
1=0,l#n k=0
Sk
<3 <i >Ti(b ~DECT by 24)
i=0
242742

220:71 (17(7ebt)a)eab(x+y)t+a

Proof LetG(t) =

(e 1) (ebt+1)a

bty -1
G(t) = 2 O[eabxtJrazbzzt2 1—(—e™) 2 ¢ eyt
et +1 1+ ebt el +1

(ZHE(a)(b b22) (at)" ) (Z Ti(a—1) (bt)l) (Z (bt)k>
k=

n=0

) n 0 k
- (Z HE® (bx, bzz)(ant')> <Z 23 (k ) Ti(a— DE Dant )
n=0 ’ i=0

k=0
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Replacing n by n — k in the R.H.S. of above equation, we get
00 n " k k

Gn=Y" [Z < k>an—kkaE,i°‘_>k<bx, b2y (i )Tim DEZ V@ >] — @5
n=0 Lk=0 i=0

Since G(¢) is not symmetric in a and b, thus G(t) can also be expanded as

2N e (1= (=D (1= (=" 2 N\
G(t) = (ebt T 1) € ( 1+ et 1— (_eat)b et 4+ 1 e
o ) i
- <ZHEI(a)(zzx,a z)()> (ZT(b— hha ) ( > w( bt)"~ 1)
=0 i=0 n=0 n!
00 k
y (ZEIEa—l)(by) (61]:") )
k=0 ’
G(t) = <— M( bt)}’l 1) (Z E(a)(ﬂx,ll )( ) >
n=0 =0
ook k
x (ZZﬂk< i )Tmb DE by >> 26)
k=0 i=0

Using identity (7) and comparing the coefficients of Z—W, in the R.H.S. of Egs. (25) and (26),

we get the desired result.

Remark 2 For z =0 in Theorem (2), the result reduces to known result of Liu and
Wang [2009, p. 3349, Theorem (4)].

Corollary 2 For integersn > 0,a > land b > 1, ifa is odd and b is even, then the fol-
lowing identity holds true:

> <k> nKpkE® (bx )Z < >T(a ~DE Y (ay)
k=0

n+1 11 I I
- 9 Z (}’l > 7:1:_111 n—l <k>bn —k kE(Ol) (ax)
1=0,l+#n k=0

k
> (f)mb - DE ) 27)
i=0

Theorem 3 For integersn > 1,a > land b > 1, if a is even and b is odd, then the fol-
lowing identity holds true:

n

Z <k >a” kkaE(a)k (bx, b*2) Z <k > T;(a — l)E(a b (ay)

k=0

= Z( > n—1(0)a"” IZ( )bnkﬂkHEl(a)k(ax,azz)
I=

k
x Z <k > T:(b — DES D (by) (28)

i=
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Proof Let

220171(1 _ (_ebt)a)eab(x+y)t+a2b22t2
(e“t + 1)« (ebt + 1)

bt % -1
G(t) = L aeﬂbxt+a2b22t2 1-— (—e t) 2 a eabyt
eﬂt—|—1 1+eb‘ ebl+1

00 n o bt)i 0 B
= <Z HE®™ (b, bzz)(a:!)> (Z Tita— 1) it!) ) (Z E,
k=0

n=0 i=0

G(t) =

NCON
Pk @9)
Another expansion of G(¢) is as follows :
b —_
G() = 2 aeabxz+a2b2zt2 1—(—e™) 1- (=" 2 : leabyz
ebt +1 14 e 1— (—eat)? | \e* +1
00 1 00 00 i
(@) 2 (bt) B, + B,(1) n—1 . (at)
<l§ nE " ax,a’) == || - HZ:O ———(abt) ; T;(b f

(ZE(a 1)(19 )(ﬂt) >
@ ) +Bu(D)
G(t)-(ZHE( ax,a) =~ )( ZT( abt) 1)

=0 n=0
)k Tyb — DE Vs
xZOZ;( )a (b-1) ( > 0

Now using Eq. (17) and identity (7) and comparing the coefficients of i,—n, in the R.H.S. of
Egs. (29) and (30), we arrive at the desired result.

Remark 3 For z =0 in Theorem (3), the result reduces to known result of Liu and
Wang [2009, p. 3350, (2.11)].

Corollary 3 For integersn > 1, a > land b > 1, ifa is even and b is odd, then the fol-
lowing identity holds true:

n

Z(k)"ln kbkE(Ot)k(b )Z( )T(&l—l)E(a D(ﬂy)
k=0
n—1

=z_:< > - 1(0)a" IZ( )bn k kE(Dl)(ax)
1=

k
x Z (k>T (b — DES (by) (31)

i=
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Theorem 4 For integers n > 0,a > 1 and b > 1, if a and b have same parity, then the
following identity holds true:

> <k> a“p"* Z( D HE® (bx + fz P*2)E D (ay)
k=0

b—1
= Z (/IZ)“”” > CDHE (@x + Tia DB (by) (32)
k=0 i=0
Proof Let
920—1 1- (_ebt)a)eab(x+y)t+a2bzzt2

G(t) = (e‘” + 1)“ (ebt + 1)“

We expand G(¢) as follows :

bt\@ .
G@) = 2 we"b"“‘“’zbzzl2 1—(—e™) 2 ) byt
eﬂt+1 1+€bt ebt+1

2 abxt+a’b’zt? i bti - a— (b)"
() e (S (Svan @)

i=0 n=0
a—1 o o0
: 2 b; 2722 _ (bt)”
_ 1)\ (bx+az)at+a b=zt (a—1)
= (;( 1) <e‘”+1) e )(;En (ay) o )
a—1 00 k
— i (o) 2 ((lt) (a—1) (bt)
Gt) = (;(—1) kzszHE, (bx +f b2 )(ZOE (ay)——

Replacing n by n — k in the R.H.S. of above equation, we get

00 n a—1
. b “— t"
OEDY LZ <Z)akb”_k D DHES (bx+ i BPR)E l)(ay)] (33)
k=0

n=0 i=0

Using a similar plan, we obtain

b—1

Gy =Y LZ < k)bk " kZ( 1) HE("‘>(ax+5z a*2)ES “(by)l = (34
=0

n=0

By comparing the coefficients of % in the R.H.S. of last two Egs. (33) and (34), we arrive
at the desired result.

Remark 4 TFor z =0 in Theorem (4), the result reduces to known result of Liu and
Wang [2009, Theorem 2.10].

Corollary 4 For integersn > 0,a > 1 and b > 1, if a and b have same parity, then the
following identity holds true:
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n a—1
1\ kon—k i (@) b. -1
( k>a PN DB b+ ZDES @)

k=0 i=0
n b—1
=3 ( . >a”_kbk ST D)ES (ax + z)E(a < (by) (35)
k=0 i=0

Theorem 5 For integersn > 0,a > land b > 1, if a is odd and b is even, then the fol-
lowing identity holds true:

Z( > a'b" kZ( DIHES (b + 20D E“ D (@)
k=0 ‘

n+1
=3 Z (n—i—l) ”“ ’b” ’Z( >a”kbk

1=0,l#n
b—1
xS (D HES (ax + %i, a22)EY (by) (36)
i=0
Proof Let
220{—1(1 _ (_ebt)a)eah(x+y)t+a2b22t2
G(t) =:

(e‘” + 1) (ebt + 1)

In view of definition (1.15), G(¢) has the following expansion:

b p—
Gy = (2 eatmtrariar (1= ()7 (1= (—eh)* 2\ e
et +1 14 et 1— (—e“f)b et + 1

b-1
B, + B, (1) - o (bt)
= ( Zin! 1) (lz(;( 1)¢ HZOHE( )(ax+ >

n=0
> bt)"

. (ZE&“‘“(bw(m)) G37)
n=0

Using identity (7) and comparing the coefficients offq—n! in the R.H.S. of Egs. (33) and (37),
we get the result (36).

Remark 5 For z =0 in Theorem (5), the result reduces to known result of Liu and
Wang [2009, Theorem (2.13)].

Corollary 5 For integersn >0, a > land b > 1, ifa is odd and b is even, then the fol-
lowing identity holds true:

n a—1
Z (Z)ﬂkbn_k Z (_1)LEIEOt)(bx 4+ 2 l)E(a 1)(61_)/)

k=0 i=0
n+1 l
2y <n+1> P e (§(>ﬂn—kbk
1=0,1%n n+1 k=0
b—1
xS (~EX (ax + —z)E(“ D (by) (38)

i=0

Page 9 of 21
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Symmetric identities for Hermite-Genocchi polynomials
In this section, we derive some symmetry identities for Hermite—Genocchi polynomials
HGr(x,y). We now begin the following theorems.

Theorem 6 For integers n > 0,a > 1and b > 1, if a and b have the same parity, then
the following identity holds true:

n

3 ( Z >uk bk G (b, B2) Ty (@ — 1)

k=0
= (Z )bka”_k+lH Grlax,a*y) Ty_i(b — 1) (39)
k=0
and
a—1 4 b b—1 4 a
b Z (=D'a"y G, (bx + ;i, b2y> =a Z (D' G, (ax + Ei' azy) (40)
i=0 i=0
Proof Let
2 _ (_ bt\ay abxt+a’b*yt?
P(t) = abt(1 — (—e”")H)e @1
(e +1)(eb" +1)
We can expand P(¢) as follows
Pit)=b 2at eabxt+a2b2yt2 I— (_eht)a
o \e 41 ebt +1
_ (v 2 @)\ [ (bt)"
_b<ZHGk(bx,b N > Tula—1) pr
k=0 n=0
0o o0 « tn—i—k
=b> > d'b'uG(bx,b*y)Ty(a—1) o
n=0 k=0 o
o0 n " t”
Pty =) [Z < i >akb"—k+1HGk(bx, b*y) Tyie(a — 1)] - (42)
n=0 Lk=0 o
On the other hand
o n " t”
Pty =) [Z ( i )bka"_k+1HGk(ax, a*y)Ty_i (b — 1)] = (43)
n=0 Lk=0 ’

Comparing the coefficients of % in the R.H.S. of above Egs. (42) and (43), yields identity
(39).
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Now following (41) we expand P(¢) as follows:

P(t) = b 2at eabxt+a2b2yt2 1— (_ebt)a
et +1 ebt +1

b( 2at )equt+a2b2yt2 aX:_l(_l)iebti

at
et +1 Py

b 2at (At ail(_l)ie(bx+§i)at
e’ 4+ 1
i=0

o0

P(ty=b)

n=0

a—1 ) b o
> d"(-1)uG, (bx + =i, b@)] = (44)
a n!

i=0

On the similar lines, we can show that

oo [b-1 n
P@t) = ”Z [Z Y'(—1)iyG, (ax + %i, azy)] % (45)

n=0 Li=0

Comparing the coefficients of % in the R.H.S. of above Egs. (44) and (45), yields identity
(40).

Remark 6 For y = 0 in Theorem (6) and (7), the result reduces to known result of Liu
and Wang [2009, p. 3358, (4.2) and (4.3)].

Corollary 6 For integersn > 0,a > 1 and b > 1, if a and b have the same parity, then
the following identity holds true:

n

> (Z)a"b”k“Gk(bx)Tn_k(a 1)

k=0
n
_ n\k _n—k+1 -
_Z<k>ba Grax)T,_r(b—1) 46)
k=0
and
a—1 b b—1 a
b —1)d"G,( bx+ =i ) = -1)"G, —i
;( )a <x+az> ag( )'b"G, (ax+bz) 47)

Theorem 7 For integersn > 0,a > land b > 1, if a is odd and b is even, then the fol-
lowing identity holds true:

n

Z <Z )akb"_k+1HGk(bx, b*) T, x(a—1)
k=0

n+1 l
n+1\Buyi—1,,- l _
=-2 > (l > n":_l A <k>bka" k1 Gr(ax, a®y) Ty_i (b — 1)
1=0,l#n k=0 48)
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and

a—1

bZ( Did"yG, (bx—I— —i,b y)

i=0

n+1
_ n+ 1 Bnt1-l n—i+1 n
= 21%;&”( > p—— Z( l)bHGl(ax—i—blay) (49)

Proof Let

261bt(1 — (_ebt)a)eahxt+ﬂzb2yt2

PO = @+

We can expand P(¢) as follows:

b b
P(t)y=a bfbt eabxt+a2b2yt2 1—(—e t)a 1- (_eat)
ebt +1 1 — (—eat)b et +1

S [
—a<ZHGk<ax, o )( Z%B“% bo)"™ 1> (Z Tz(b—l)(dt)>
=0

k=0

oo I 1
B, + By(1 t
=—“<Z +n7()( by 1> (szz kpK 1 G (ax, a*y) Ty (b= 1); k'/')
n=0 =0

B, + B,(1 ad
PO = —a (Z Bt Bl - ) 5

I\ - ¢
<k >al K Gi(ax, a®*y) Ty (b — Dy

n=0 =0 k=0
(50)
Another expansion of P(¢) is
2
P(t) = —a <Z w + By (1)( bt)"~ 1)( btbt ) abxt+a®b*yt? (Z( 1)1 att)
n! et +1
n=0 i=0
_ But B ot (NS a. 5\t
- Z%ni( g Z;(_ ) kz;) nGe(av+ Ziiay) 5 ) o)
n= 1=l =

Comparing the coefficients of %n, in Egs. (43) and (50), we obtain the first identity. Also
comparing the coefficients of % in the R.H.S. of Egs. (44) and (51), we obtain the second
identity.

Remark 7 For y =0 in Theorem (7), the result reduces to known result of Liu and
Wang [2009, p. 3358, Theorem (4.4)].

Corollary 7 For integersn > 0,a > land b > 1, if a is odd and b is even, then the fol-
lowing identity holds true:

n

3 <Z>akb”_k+1Gk(bx)Tnk(a -1

k=0

n+1
— n+1\Bnti—l,pg k n—k+1
——2[% ( >n+1b” Z( >b G an) Ty (b—1)  (52)
n
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and
a—1 ) b
b ; (-1)'a"G, (bx + ai>
_ 35 (n+1> nt1-1 nHJE:(I)MG(MV+7O 53)
n+1 b

1=0,l#n

Theorem 8 For integersn >0, a > land b > 1, if a is even and b is odd, then the fol-
lowing identity holds true:

n n—1
Z <Z)akb"_k+1HGk(bx, bzy)T,,_k(oz —-1) = Z <Z>bka”_k+1HGk(ax, azy)
k=0 k=0
X (Ep—(0) = T4 (b — 1)) 54
and
a—1 b n—1
b (-)a"uG, (bx+ —i,b y> => ( )a"_l'HEnl(O)
i=0 =0
S ot i)
X (-1)'b"y G ax + —i, azy (55)
P b
Proof Let

a
2abt(1 — (— €bt) )eabxt+a2b2yt2

PO = D@+ 1)

(56)

we expand P(t) as follows:

_ (bt o at\b
P(t) = a( [jbt >eabxt+a2b2yt2 1—(—e )b 11— eﬂ) )
e +1 — (—e#) 1+e

o0 k n o0
- a(ZHGk(ax, 2 & ) (ZE 0 ) (Z 7,6 — 1) %) ) (57)

k=0 =0

Comparing the coefficients of % in the R.H.S. of Egs. (42) and (57), we have

> ( k) b G (b, b9 T (a — 1)
k=0

n—1

- !
> ( >E,,_,(O)b”l > <§(>u”k+lbk HGr(ax,d®y)Ti_i (b — 1)
k=0

=0
n—1 " n—1 u—k

= ( i >a"—k+1kaGk(ax, a3y (l_ X )En_;(mb"—lTl_k(b -1 (58
k=0 1=k

Finally using [Liu and Wang (2009), p. 3348, (2.4)], we arrive at the desired result (54).
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Now following (56), we expand P(¢) as follows:

HD:“(im:%”mﬁﬁw I—F*f u-cﬁ?ﬂ
e’ +1 1 — (—eat) 11 e

00 (abt)n oo b—1 o a. tl s
= a| Y En0) ZZ(—I)bHG1<ax+Zz,ay)ﬁ (59)

n=1 =0 i=0

which on equating the coefficients of Z—", in the R.H.S. of Egs. (44) and (59), gives the
result (55).

Remark 8 For y =0 in Theorem (8), the result reduces to known result of Liu and
Wang [2009, p. 3359, Theorem (4.6)].

Corollary 8 For integersn > 0,a > land b > 1, ifa is even and b is odd, then the fol-
lowing identity holds true:

n

n—1
Z < Z )akbn_k+le(bx) Tyk(a—1) = Z (Z )bkan_kHGk (@)

k=0 k=0
X (Ey—x(0) — Ty_x (b — 1)) (60)
and
a—1 b n—1
b> (-1)'a"G, (bx + i> =Y <7 >an_l+lEnl(0)
i=0 a =0
b—1 ' a
« 3 (16, (ax 4 Zi) 1)

i=

Mixed type identities
In this section, we establish some mixed type identities involving the generalized Her-
mite—Bernoulli and Euler polynomials of order . Throughout this section o will be

taken as an arbitrary real or complex parameter.

Theorem 9 For integersn > 1,a > 1and b > 1, if a is even, then the following identity
holds true:

n k
n— o k o—
> <Z>bka *uB (b, b72) (i ) Ti(a — DEX(ay)
k=0 i=0

n—1
n n—1\ k1 n—k-1 p@) 2
=3 kE (k >a b" HE, ", _;(ax,a’z)
=0

4

k
X (f‘ )Si(b — 1BV (by) (62)
=0
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and
n

a—1
( Z >ﬂkbn—k Z(_l)iHBlga) <bx + Z;‘, b2z> E“ M ay)

k=0 i=0

:_,Z (n_1>bk n- kz E(a)(ax—kfl,a z)B(a L (by) (63)

Proof Let
B 2a 1,0 (1 — (= ebt)a)eab(x+y)t+a2b2zt2
H(t) (e“t l)"‘ (ebt + 1)01
_ at “ abxt+a’b’zt? 1- (_ebt)“ 2 ot abyt
- edt — 1 e 1+eht ebt+1 €
(ZHB<“><bx,b2 | (an)" )(ZT( _1)(bt)t>< bt) )
n=0
(64)
@)\ [ [k
H(t) = (ZHB“”(b b )(ZZ( ; >kai(a—1>E("‘ Dy ) (65)
n=0 k=0 i=0

Since a is even, we also have

b -1
H(t) = —tﬁ 2 aeabxt-l-azbzztz e —1 at “ eabyt
2 \elt +1 et — 1 et — 1

ta (o~ )"\ [ (at)! @1 (m:)
= _2<ZHE,§ )(ax,azz)n!> (Zsi(b— D= ) <ZB (by) )

n=0 i=0 k=0
" 00 (t)” ook
= 2<ZHE(“)(ax,a z)—— )(;ﬂ;( )akSi(b— DB 1)(by) )
(66)

Comparing coefficients of in the R.H.S. of above Egs. (65) and (66), yields the first
identity (62).
Again, we expand H(t) as follows:

H() = at aeabxt+a2bzzt2 1-(= ebt)
et —1 1+ ebt
at
. 1) abxt+a’b*zt? <Z( 1)1 btz) (

( &
_ (eatat ) 2 <Z( Iyeetb (Z T Lk >

i(—l)tz B(a)(b + b b2 (ﬂt) ) <Z (a l)( )(bt) ) (67)
j k=0 =0

abyt

abyt

sri)
)
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On similar lines, we can expand H(¢) as follows:

b -1
H() = —tﬁ 2 aeabxtJrazbzztz e’ —1 at ¢ ebyt
2 \ett 41 et —1 ) \e® —1
b—1 -1
— _tﬁ 2 “ ahxt+a2b2zt2 e(,m : eabyt
2 \ebt +1 P -1

b—1 oo k
H(t)——(ZZ E(”)(ax+fl, )(bt) )(ZB(“ D (py) 20" )> (68)

i=0 k=

Comparing the coefficients of % in the R.H.S of above Egs. (67) and (68), we get the
result (63).

Remark 9 For z =0 in Theorem (9), the result reduces to known result of Liu and
Wang [2009, p. 3353, Theorem (3.1)].

Corollary 9 For integersn > 1,a > land b > 1, if a is even, then the following identity
holds true:
n

k
3 <Z>b’<a"—k3,§“_)k(bx) Z; (f ) Ti(a— DEZ " (ay)

k=0

n—1
n n—1Y\ ki1n—k—1rp@)
=-3 Z ( k ) Hp T ED, ()

k
> ( )5 (b — DB (by) (69)
i=0
and
n " a—1 b
n— ipla oa—1
<k>akb S (-1 )<bx - ﬂl)E( (ay)
k=0 i=0
" n—1 n—1 b—1 a
- k _n—k (o) (@—1)
=-5 Z (k )b‘a” ZEk (ax + EI)B 2, (by) (70)
k=0 i=0
Theorem 10 For integersn > 1,a > land b > 1, if a is odd, then the following identity
holds true:
" (n L k
> < ' ) b a" B, (b, b%2) Y (i ) Ti(a — DE® " (ay)
k=0 i=0
n I !
= Z (?)Bn_m”l Z <k>b” k= lakHE(a) (ax,a’z)
1=0,l#n—1 k=0,
Sk
<y ( )5 (b — 1B (by) (71)
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and
n " a—1 ) b
< ' >ak b %N (1) B (bx + i, bzz) E“ D (ay)
k=0 i=0
- n l l
— —I-1 k _n—k
= Z <l >Bn_lbn Z <k>l’)<dn
1=0,l#n—-1 k=0
b—1
X ;HE( )(ax + Zl a z)B(“ D (by) (72)
Proof Let

Tl (1 _ (_eht)a)eab(x+y)t+a2b2zt2
(eat — 1)@ (ebt + 1)«

H(t) =:

We expand H(t) as follows:

H@) = ;t L aeahxt+a2b2zt2 1- (—ebt)“ eabt _ 1
2“5{‘1—1 eht +1 1— (_eat)b edt — 1

x < atat >ale“hyt
et —1 (73)
o0 !
= Saga 1 ta_l (ZHE(Q)(ax,a z)( £) ) (Z B+ Ba(1) (1)( bt)"~ 1)
a P Al — n!
00 . 00 v Hk
« (Zsi(b— 1 (ﬂi!) ) (ZBI(( D(by) (dk!) >
i=0 k=0

Equating the coefficients of in the R.H.S. of above Egs. (65) and (73) and using the

identity (7), we obtain the ﬁrst identity (71).
On the other hand

H@) = LA aeabxt+a2bzzt2 1— (=" e —1 at a_leabyt
20 ga—1\ gbt 4 1 1_ (_eat)b et —_ 1 edt — 1

[ a
—t B, + B,(1) n—1 2 abxt+a’b*zt?
= 90 go—1 <_Z 7! abt ebt 11 €

n=0

b1 (@)
% (Z eatz) (ZBEW D(b ) )
i=0
0 b—1 oo k
H(t) = t (Z B"+B”(1)abt”1>< > HE (a)(ax+ (bt) )

20 ge—1 n!
n=0 i=0 k=0

o0 !
x (ZBE‘““(by) i )
| (74)

=0
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Equating the coefficients of i’—n, in the R.H.S. of above Egs. (67) and (74), yields the result
(72).

Remark 10 For z = 0 in Theorem (10), the result reduces to known result of Liu and
Wang [2009, p. 3354, Theorem (3.6)].

Corollary 10 For integersn > 1,a > land b > 1, if a is odd, then the following identity
holds true:

n

k
kZ <Z>b"a”3,i°‘)k<bx> ZO (,k ) Tia — DE (ay)
=0 =

n

!
S <7>Bn—zﬂ”lz <§<>bn k1K E® (a)

1=0,l#n—1 k=0
Yk
<y ( )5 (b — 1B (by) (75)
i=0
and
~ (n = @ b\ -1
k pn—k ipla . a—1
<k>d b Z(—l) By (bx + al>Enk (ay)
k=0 i=0
- n ! l
— Z ([ >Bn_lbnll Z <k ) bkdnfk
1=0,l#n—1 k=0
b—1 4 76)
(@) “ (@—1)
X ;Ek (ax + bz)B (by)

Theorem 11 For integersn > 1,a > land b > 1, the following identity holds true:

n

> <7>b" "~k B, (bx, b*z) Z (k ) Ti(a— DEZ Y (ay)

k=0 i=0
n a—1
. b -
= (Z >ak b (1B <bx + =i, b22> E“ My (77)
k=0 i=0 a
Proof Let

2a—laata(1 _ (_ebt)a)eab(x+y)t+a2bzzt2
(et — 1)@ (ebt + 1)«

o (at)” (bt) a— (bt)k
(ZHB( ) (bx, b%z) > (ZT ) <ZE( D o >

n=0

<ZHB(a)(b b2z)( t)n> (ZZ( >ka(ﬂ 1)E(a D(‘W) > (78)
n=0

k=0 i=0
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On the other hand
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G -1
H = [0\ gaseratiar [ 1= (=€) 2\ g
et — 1 1+ ebt 1

_ at
C o \e —1
_ at
- et —

o 2 a—1
) eabxtJrazbzztz (Z( l)L btl) < o 1) byt
e

i=0

* 2202t > bt)”
n=0 ’

Comparing the coefficients of % in the R.H.S of above Egs. (78) and (79), yields the

desired result.

Remark 11 For z = 0 in Theorem (1

1), the result reduces to known result of Liu and

Wang [2009, p. 3356, Theorem (3.9)].

Corollary 11  For integersn > 1,a > land b > 1, the following identity holds true:
" (n k k
k _n—k p(a) (@—1)
> <k>b a" By (bx) Y (l, >T(zz— DE® . (ay)
k=0 i=0
n " a—1 )
=3 ( . >akb”_k > (1B <bx + - >E§f‘ Dy (80)
k=0 i=0

Theorem 12

k=0

For integersn > 1,a > 1and b > 1, the following identity holds true:

Z<7>bk n—k E(d)k(bx,b22)2< >Sl(d—1)B(a 1)(61)1)

i=0

:kz<z> e E(“)(bx—i— by e )3“ D (ay) (81)
=0

Proof Let

ta (1 ( ebt)a)eab(x+y)t+u2b2z[2

H(t) =

—t 2
H(t) = zaba—l

et +1

(e“t + 1)« (ebt — 1)

-1
)aeabxt+u2bzzt2 ( - 1> ( bt >0! eubyt
-1 J\ett -1

o (at)"\ [ & (bt)!
2%& — <ZHE( ) (bx, b*z) —— . )(Z&(u—l)ﬂ) <ZB

(bt) )

i=0

00 ook £k
o (at)” (@—1)
= Supam 1<§ HE (bx, b72) ><§;§jbks<a DB @) = l)m)

k=0 i=0
(82)
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Another expansion of H(¢) is as follows:

b -1
H@) = . 2 ae“hx“ﬂzbzztz et —1 bt * byt
T ape-1\ pat 4 1 ot _ 1 o1

—t 2 ¢ abxtratbia? = bti - (a—1) (br)"
zzaba—l <eat+1> e Ze l ZB:[ (ay) !

i=0 n=0

b a—1 oo " k
= ST (ZBW Dy @ )( HE )(bx—i— i, b >(“kt!) > (83)
i=0 k=0

Equating the coefficients of % in the R.H.S. of above Egs. (82) and (83), yields the desired
result.

Remark 12 For z = 0 in Theorem (12), the result reduces to known result of Liu and
Wang [2009, p. 3356, Theorem (3.11)].

Corollary 12  For integersn > 1,a > land b > 1, the following identity holds true:

n

> <Z>bkan—k5("> (bx) Z ( )Sz (a—1BZ, (@)

k=0

=> (Z) ak b kzg("‘)(ber z)B(“ - (ay) &4

k=0
Conclusion
The definition and generating function of the generalized Hermite—Bernoulli, Euler and
Hermite—Genocchi polynomials plays a major role in obtaining new expansions, identi-
ties and representations. We can introduce and study a class of related generalized poly-
nomials by defining Gould-Hopper Bernoulli, Euler and Genocchi polynomials.

tNY t"
<et_1> = HB () (85)
n=0 ’

The Eq. (18) may be derived from (85) for » = 2.

This process can easily be extended to establish multi-variable Hermite—Bernoulli,
Euler and Genocchi polynomials and Hermite Apostle type Bernoulli, Euler and Genoc-
chi polynomials.
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