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Abstract

A set S of vertices in graph G = (V, E) is a total restrained dominating set, abbrevi-

ated TRDS, of G if every vertex of G is adjacent to a vertex in S and every vertex of

V — Sis adjacent to a vertex in V — S.The total restrained domination number of G,
denoted by y,(G), is the minimum cardinality of a TRDS of G. Jiang and Kang (J

Comb Optim. 19:60-68, 2010) characterized the connected claw-free graph G of
order n with y,(G) = n.This paper studies the total restrained domination number of
claw-free graphs and characterizes the connected claw-free graph G of order n with
Yu(G) =n—2
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Background

Let G = (V, E) be a simple graph with vertex set V and edge set E. For a vertex u of V,
let Ng(u) = {v € V|uv € E} denote the open neighborhood of u and Ng[u] = N (u) U {u}
denote the closed neighborhood of u. The degree of u is denoted by dg () (briefly N(u),
Nlu], d(u) when no ambiguity on the graph is possible). For a subset S of V, let G[S] be
the subgraph of G induced by S. A vertex v is called a support vertex of G if v is adja-
cent to a vertex of degree one. A support vertex is strong if it is adjacent to at least two
vertices of degree one. Let S(G) and L(G) denote the set of all support vertices and all
vertices of degree one in G, respectively. An edge is called a pendant edge if it is inci-
dent with a vertex of degree one. Let w(G) denote the number of components of G.
The corona H o Kj of a graph H is the graph obtained from H by attaching a pendant
edge to each vertex of H. A cycle of order k is denoted by Ci. A graph is claw-free if
it contains no Kj 3 as an induced subgraph. A set S of vertices in graph G = (V,E) is
a total restrained dominating set, abbreviated TRDS, of G if every vertex of G is adja-
cent to a vertex in S and every vertex of V — S is adjacent to a vertex in V — S. The
total restrained domination number of G, denoted by y;-(G), is the minimum cardinality
of a TRDS of G. A TRDS of cardinality y(G) is called a yy-set. For other notations and
graph theory terminologies we in general follow Haynes et al. (1998).
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The concept of total restrained domination in graphs was introduced in Haynes et al.
(1998), albeit indirectly, as a vertex partitioning problem and has been studied, in Telle
and Proskurowski (1997), Cyman and Raczek (2006), Dankelmann et al. (2006), Hattingh
et al. (2007), Henning and Maritz (2008), Ma et al. (2005), Raczek (2007), Raczek and
Cyman (2008), Zelinka (2005) and Jiang and Kang (2010). Jiang and Kang (2010) charac-
terized the connected claw-free graph G of order n with y,-(G) = n.

This paper characterizes the connected claw-free graph G of order n with
Yo (G) =n—2.

Main results

Lemma 1 (Jiang and Kang 2010) Let G be a connected claw-free graph with order
n > 2. Then vy (G) = nif and only if G € T, where I' = U?:OFL-, 'y = {G|G is the corona
Ky, 0 Ky of Ky, m > 1}, Ty is a collection of all graphs obtained from G’ € T by subdivid-
ing exactly one pendant edge, 'y is a collection of all graphs obtained from G’ € Ty by
adding a new vertex and joining it to all the support vertices of G', and T's is a collection
of all graphs obtained from G, Gy € I'o(|V(G1)|, 1V (G2)| > 3) by adding a new vertex u
and joining it to all the support vertices of graphs G and Ga.

For completing our characterization, we define a family I' of claw-free graphs as follows.

Fg is a collection of all graphs obtained from G;, Go € I'g by joining G1, G with an edge
uv, where u € L(G1),v € L(Gy) and |V (G|, |V(Gy)| > 4.

F% is a collection of all graphs obtained from Gi, G2 € I'g by joining G;, Gy with a path
P3 = (u,v,x), where u € L(G1), x € L(G2),|V(G1)|, |V(Gy)| > 4.

I’% is a collection of all graphs obtained from G; € I'g — {K3} and K3 by adding a new
edge uv, whereu € L(Gy)andv € V(K3).

F% is a collection of all graphs obtained from Gi, Gy € I'y by joining Gi, Gy with
an edge uv, where u € V(G1) — S(G1) — L(G1), v e V(Ga) — S(Ga) — L(G2) and
[V(GDI, [V(G2)| = 5.

I'2 is a collection of all graphs obtained from Gy, Gy € T'g by uniting two vertices u and
v, whereu € L(Gy),v € L(Gy) and |V (Gy)|, |V (Gy)| > 4.

I'2is a collection of all graphs obtained from G’ € I — I'g by attaching a pendant edge
to a vertex of L(G’), where |V (G")| > 5.

I'2 is a collection of a 5-cycle, a 6-cycle, a 7-cycle and all graphs obtained from G’ € 'y
by adding an edge uv, where u, v € L(G’) and |V (G')| > 4.

F% is a collection of all graphs obtained from G’ € T — (I'g U {P3}) by adding a new ver-
tex and joining it to every vertex of V(G’) — L(G").

Fg is a collection of all graphs obtained from G; € I'y U I'3, Go € I'g by deleting a vertex
u of L(G1) and joining u’ to every vertex of S(Ga), where ' € Ng, (u) and |V (G1)| > 5.
I3 is a collection of all graphs obtained from G’ € I'; by adding a new vertex and join-
ing it to every vertex of N[u], where u is a 2-degree vertex in S(G).

r %0 is a collection of all graphs obtained from G, Ga € I'g by adding a new vertex and
joining it to each endpoint of a pendant edge of G; and every vertex of S(Gy) or from
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G € Ty, K3 by adding a new vertex and joining it to each endpoint of a pendant edge of
G1 and one vertex of K.

I'2, is a collection of all graphs obtained from G’ € I'y by adding a new vertex and join-
ing it to every vertex of S(G’) and a vertex of L(G’), where |V (G")| > 4.

I'2, is a collection of all graphs obtained from G’ € T'; by adding a new vertex and join-
ing it to each endpoint of a pendant edge of G'.

2 _ 12 2
Let I = U2 T2

Theorem 1 Let G be a connected claw-free graph of order n > 4. Then y,(G) = n — 2 if
and only ifG € T2,

Proof Clearly when G € ' ¥4(G) = n — 2. Let G be a connected claw-free graph of
order n with y(G) = n — 2and Sbe ayy-set of G. Let V — S = {v1, v2}. Clearly, G[S] has
at most three components. O

Claim 1 Let C be a component of G[S]. If N(v)NV(C) ={v'},i=1,2, then
G[NC[V/]] ~ I(dc(v/).

Proof ltis obvious. g

Claim 2 Let C,C' be two components of GI[S]. If d() =d(n) =2,
N@@)NV(C) = {V}and N(»y) N V(C') = {v"}, then G e TZUTFUT3 UTZ UTZ

Proof Let C,C'#K; ‘Then by Claim 1, Vv ¢S8(C),v" € S(C’). Denote
G =G[V(C)U{r}] and G" = G[V(C') U {1ry}]. Assume that y,(G) < |V(C)| -1
and S’ is a yy-set of G. Since v; is a 1-degree vertex of G, v,V € S’. Consequently
S"U(V(C') — {v'})is a TRDS of G, which is a contradiction. Hence y,,-(G') = |V(C)| + 1
and by Lemma 1, G’ € I. By the same reason, G” € I'. Obviously, G, G” ¢ I'y U T's. Let
G’ € I'1. Assume that d(v') # 2. Then G’ # Ps. Let u be the 2-degree vertex in S(G’) and
' be the neighbor of u not in L(G’). Then V(G) — {u/,v/,v1} is a TRDS of G, which is a
contradiction. Hence d(v') = 2. By the same reason, when G” € I'y, d(v") = 2. Clearly, at
mostone of G/, G”isin'1. When G’,G” € ', G € Fg. When one of G, G"isinT",G € Ff.

Let one of C, C’ be isomorphic to K. Without loss of generality, let C' = Ky. Assume
that C ¢ I and §’ is a yy-set of C. Then |§'| < |V(C)| —2.If v/ € &/, then S U V(C') is
a TRDS of G, which is a contradiction. Hence v/ ¢ S’. However, S’ U V(C') U {13} is a
TRDS of G, which is a contradiction. Thus C € I'. By Claim 1, when C # Ky, v/ ¢ S(C).
Assume that C € I's. By the claw-freeness of G, v' € L(C) and V(G) — {V/, x,y} is a TRDS
of G, where x € Nc(v') and y € V(C) — S(C) — L(C). It’s a contradiction. So C & I's.
When C €Ty, v € L(C) and G € F(z) U {Pg} C F% U Fg. When C € T';, we also have
v € L(C). Let u € Nc(v'). Then u is the vertex with minimum degree in S(C). Therefore
GeTl?U{P;} CT2UTZ WhenC € T,V € V(C) — S(C) —L(C)andG e T3 UTZ O

Claim 3 Let C be a component of G[S]. If d = |N(;) NV (C)| >2,i=1,2, then
GIN») NV(CO)] ~ K.
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Proof Without loss of generality, let d =|N(v1)NV(C)| >2. Assume that
u,up e Nvi) NV(C) and wujuy € E(G). By the claw-freeness of G, either
vou1 € E(G) or vouy € E(G). Without loss of generality, let vou; € E(G). By the con-
nectivity of C, there is a shortest path P = (u1 =wi,wa,...,wp =u2)(p > 3)
joining u; to uy in C. If uy & S(C), then we get a contradiction that S — {u} is a
TRDS of G. Hence uy € S(C). Let v’ € Nc(uz) NL(C). By the claw-freeness of G,
viwp_1 € E(G) or viu' € E(G). If viu' € E(G), then S — {} is a TRDS of G, which
is a contradiction. Hence viw, 1 € E(G). By the same reason, w, 1 € S(C). If
Wp—2 € Nc(Wp—1) N L(C), then u1 = wp_3 and (S — {u1, wy_1}) U {v2} is a TRDS of G,
which is a contradiction. So w,_3 & Nc(wy—1) NL(C). Let u” € Nc(w,—1) NL(C).
Then G[{u, wp—1, Wp—2,4”}] =~ K13, which is a contradiction. So wujus € E(G) and
GIN(v) NV (O)] ~ K. O

Claim 4 Let Cbe a component of G[S] and [N(v1) N V(C)| = 2. If[N(v) N V(C)| =1,
then (1)w(G[S]) < 2 and when |V(C)| > 3,C = GI[S]; (2)C € {P3} UTx U Ty — {K3} and
GeT2uTr3ur:,.

Proof Letu € N(v2) N V(C). We affirm that N(v;) — {v2} € V(C). Otherwise, by the
claw-freeness G, N(v1) N (S — V(C)) S N(12) N (S — V(C)). When |V (C)| = 2, we get
the contradiction that (S — V(C)) U {v1} is a TRDS of G; when |V (C)| > 3, by Claim 1,
u ¢ S(C) and we get the contradiction that S — {u} is a TRDS of G.

1. By the claw-freeness of G, at most two components of G[S] contain vertices of
N () — {v}. It follows that w (G[S]) < 2. Let|V(C)| > 3. Assume that w(G[S]) = 2
and C’ is a component of G[S] other than C. Then N(v2) N V(C’') # @. By Claim 1
and |V (C)| = 3, u ¢ S(C). Therefore S — {u} is a TRDS of G, which is a contradic-
tion. Hence G[S] is connected.

2. Let |V(C)| =2. If C = GI[S], then the result holds. Assume that w(G[S]) =2
and C’ is the other component of G[S]. By above, N(») N V(C)=4¢. If
Nw)NV(IC) ZS(C') and ' is a neighbor of vy in V(C') —S(C’), then
C' 4Ky and S —{u'} also is a TRDS of G, which is a contradiction. Hence
N(vy) N V(C") € S(C"). By the connectivity of C’ and the claw-freeness of G, we
have V(C") — N(v3) — L(C") = @. By Claim 1 and Claim 3, G[N(v3) N V(C')] is a
complete graph and C’ € Ty. Clearly, G[V(C") U {v2}] # K3. Thus G € Fg.

Let |[V(C)| > 3. By (1), C = G[S]. Assume that C ¢ T and S’ is a y,-set of C. Clearly
y(C) = |V(C)| — 2. Let &/, u” be in V(C) — S'. Then u'u” € E(G) and at least one of
Nw) NS ,Nw) NS isempty. IN(v1) NS =@and N(»2) NS @ or N(vi) NS # 0
and N(v5) NS’ = @), then S’ U {vy} (or S’ U {v1}) is a TRDS of G, which is a contradic-
tion. Thus N(11)) NS =N@) NS =@ Then (N(v1) UN(»)) NV (C) = {u/,u"}. Let
u =u e Nv1) NN(y). Then S’ U {&'} is a TRDS of G, a contradiction. So C € TI.
Clearly C # K3. Assume that C eI’ — ({Ps} UTgUT3). By claw-freeness of G
and IN(vp) NV(C)| =1, u € L(C). Let / € Nc(u) and u” € V(C) — S(C) — L(C). If
viu' € E(G), then V(G) — {v1,u/,u"} is a TRDS of G, which is a contradiction. Hence
viu' & E(G). It follows that viu ¢ E(G). Otherwise since v; has a neighbor other than u,
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V(G) — {va, u, '} is a TRDS of G, which is a contradiction. If 4(z/) > 3, then we have the
contradiction that V(G) — {u, u/, u”} is a TRDS of G. So d(1') = 2 and C € I'1. Assume
that v; is adjacent to a vertex v of L(C) — {u}. Then by the claw-freeness of G, v1v' € G,
where v/ € N¢(v). However, V(G) — {v,V,u"} is a TRDS of G, a contradiction. Hence
N(v1) NL(C) = @. By the claw-freeness, Claim 3 and vi#’ ¢ G, v; is adjacent to every
vertex of V(C) — (L(C) U {#/}). However, V(G) — {¢/,u”,v1} is a TRDS of G, which is a
contradiction. Hence C € {P3} U Ty U Ty — {K>, K3}.

When C = Ps, it is easy to check that G € F%l. Let C # P3. Clearly u ¢ S(C).
Let u € L(C) and #' € Nc(u). Assume that C € 'y — {K3}. Let v/ be the vertex in
V(C) —S(C) — L(C). Then V(G) — {u,u/,v'} is a TRDS of G, which is a contradic-
tion. Hence C € I'y. (a) When v, is adjacent to u#. By Claim 3, N(v1) N V(C) = {u, u'}
and G € Fg. (b) When v; isn’t adjacent to u. If v; is adjacent to a vertex v of L(C),
then by the claw-freeness of G, vi must be adjacent to v € Nc(v). Therefore
V(G) — {v,v,u'} is a TRDS of G, which is a contradiction. Hence N(v1) N L(C) =@
and N (v1) N V(C) € S(C). By the claw-freeness of G, N(v1) N V(C) = S(C). Therefore
Ge Fé. Letu € V(C) — S(C) — L(C). Then C € I'y — {K3}. If v is adjacent to a vertex v
of L(C), then by Claim 3, v; must be adjacent to v/ € Nc(v). Hence S — {v} is a TRDS of
G, which is a contradiction. Thus N (v1) N V(C) € V(C) — L(C). By the claw-freeness of
Gand|N(v))NV(C)| =2, N(v)NV(C)=V(C)—L(C)and G € Ffl. |

Claim 5 Let C,C’ be two components of G[S]. If N@)NV(C) ={V}
NNV =0, Nv)NVC)=@ and INinp) NV(C)| >2, then CeTI —TI},
GIV(C)U {1}l €TMandG e IUTUTSUTIUTZUT,

Proof 1If |V(C)| =2, then C' = K; and G[{»y} U V(C')] = K3 € T'y. Let |V(C)| > 3.
If there is a vertex v in N(vp) N V(C') with degree |[N(v3) N V(C’)| then by
Claims 1 and 3, S —{v} is a TRDS of G, which is a contradiction. Hence for every
vertex v of N(v)) NV (C"), d(v) > IN(vy) N V(C')| + 1. If there is a vertex v in
N@) NV (C") — S(C"), then S — {v} is a TRDS of G, which is a contradiction. Thus
N) NV (C) CS(C). By the claw-freeness of G, N(vy) N V(C") =S(C’) and
G[V(C)H U {1} €T,

Assume that C ¢ " and S’ is a y-set of C. Then |S'| < |V(C)| — 2. If v/ € S/, then
S"U(S —V(C)) is a TRDS of G, which is a contradiction. Hence v' ¢ S’. However,
S"U (S — V(C)) U{ry}is a TRDS of G, which also is a contradiction. Thus C € I'. By
Claim 1, when C # Ky, v/ ¢ S(C). Assume that C € I's. Then by the claw-freeness of G,
v € L(C). Let v be the vertex in V(C) — S(C) — L(C). Let v" be the common neighbor of
v'and v, then V(G) — {v,V/,v"}is a TRDS of G, which is a contradiction. SoC € T — I's.

By the claw-freeness of G, when C € Tg UT';, v € L(C). When G[V(C’) U {v2}] = K3,
C € {Ky, P3} U (I'y — {K3)}). Otherwise, if C € (I'g — {K»}) U (T'1 — {P3}) and V" is the
neighbor of v/ in V(C), then V(G) — ({V/,v"} U V(C")) is a TRDS of G, which is a contra-
diction; if C = K3, then {v/,v1, 2} is a TRDS of G, which also is a contradiction.

Let G[S] has exactly two components. When C €Ty, if G[V(C')U {v}] =Ks,
then C=K; and G eTl'%; if G[V(C)U{v}] #Ks then when C =K, Gel}
and when C #Kj, G € I’g. Let C €Ty If C=Ps then clearly C —{V'} € T'y. Let
C # P3, v" be the vertex in V(C) — S(C) — L(C) and v be the common neighbor
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of vV/,v'. If C — {V'} & 'y, then V(G) — {v/,v",v""} is a TRDS of G, which is a contra-
diction. Hence C —v' € Tp. When C = P3 and G[V(C') U {v2}] = K3, G € I'3; when
GIV(C)Un)]#£Ks, GeT% when CeTlj—Py G[V(C)U {v)] # Ks(other-
wise S — ({v,v"") U V(C')U{vy, v} is a TRDS of G) and G € I'2. Let C € I'; and
vV e V(C)—S(C) — L(C). If v/ € L(C) and v"” is the common neighbor of v' and v”,
then V(G) — {v,v",v""} is a TRDS of G, which is a contradiction. Hence v' =v".
Then when G[V(C') U {1p}] = K3, G € '3 when G[V(C) U {n}] #K3; GeT3UT%
Let G[S] has the third component C”. Then by the claw-freeness of G, v; and v, have
a common neighbor in C” and N(v;) N V(C") = N(vp) N V(C"). If C # K, then by
Claim 1 and Claim 3, S — {v} is a TRDS of G, a contradiction. Hence C = Kj. Clearly
G[V(C") U {v1,v2}] # K4 and |V (C”)| > 3. If there is a vertex v/ € N(v1) N V(C”) such
that d(v"") = dgv(c7)uivim)1 (V1) then S — {v”} is a TRDS of G, which is a contradiction.
Hence for any vertex v/ € N(v1) N V(C"), d(V"") = dgrv(cryupvrmn(v1) + 1. It follows
that N(v1) N V(C") € S(C”). By the claw-freeness of G, N(v1) N V(C”) = S(C”) and
C” € T'y. Therefore when G[V(C) U {v}] =Kz, G € F%z; when G[V(C') U {1}] # K3,
Gerll O

Claim 6 Let c,C be two components of G[S]. If
IN(v1) N V(C),IN(v2) N V(C)| = 2 and [N(v1) N V(C"| = IN(v2) N V(C)| =0, then
GIV(C)UV(C)U{v,n}leT2UT3,

Proof By the same discussing as the proof of G[V(C)U{r}]€ Ty in
Claim 5, we have G[V(C)U {v1}],G[V(C’) U {r3}] € I'y. Clearly, at most one of
GV (C) U {v1}], GIV(C") U {vy}] is isomorphic to K3. When one of them is isomorphic
to K3, G[V(C)U V(CHU{vi,m}l € l"fz; when neither of them is isomorphic to Kj,
GV C)UV(CHU{v, 1} € I'%. O

Claim 7 Let C be a component of G[S], N(v1) N V(C) = {v/}and N(v) N V(C) = {v"}.
If v =v', then G[V(C)U{v,vn}]lel3UT2uUT? Uly,. If Vv #V/ then
G[V(C) U {vy, v}l € T2

Proof Denote G =[V(C)U{vi,v»n}]l Let v =v". If C €{K, Ks3 Ps}, then
G' €'}, UT}, Let|V(C)| > 4. Assume that C — {v/} ¢ I'and S’ is a yy-set of C — {V'}.
If IS’ < |V(C)| — 4, then S" U {v,v1,13} U (S — V(C)) is a TRDS of G, which is a con-
tradiction. If Nc(v)NS' #£ @, then SU{¥'JU (S — V(C)) is a TRDS of G, which is
a contradiction. So |S'| =|V(C)| —3 and Nc(v)NS =@ Therefore d(v') < 4. If
N@G) ={vi,vo,u}, then N(u) —(SU{V}) £0. Let v € N(w)— (S'U{V}). Then
V(G) — {u,u/,v'} is a TRDS of G, which is a contradiction. Hence d(v') = 4. Therefore
Nc(V)=V(C) —{v'} = §. Let Nc(v') = {u,v'}. Then uu' € E(G), d(u),d(u') > 3 and
u,u' & S(C — {v'}). Therefore V(G) — {u,u’,v'} is a TRDS of G, which also is a contra-
diction. So y;,(C — {v'}) = |[V(C)| — 1 and C — {¢'} € T. Clearly C — {V'} # K3. When
C — {V'} = Ps, it is easy to check that G’ € Fg U F%z. Let C — {V'} # Ps. Let v/ be adjacent
to a vertex u in S(C — {v'}). Then by the claw-freeness of G, either v/ is adjacent to every
vertex of Nc_y(u) — L(C — {V'}) or Nc(v') = {u, '}, where v/ € N(u) NL(C — {V'}).
For the former, G’ € Fg U F%O U F%Z. For the latter, C — {v'} e 'gand G’ € F%O. Letv' only
be adjacent to a vertex in V(C — {¥'}) — S(C — {v'}). Then d(v') = 3. When V' is adjacent
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to one vertex of L(C — {v'}),C — {V'} e Tpand G’ € F%. When V' is adjacent to the vertex
inV(C—{v}) —S(C — {V'}) — L(C — {¥'}), by the claw-freeness of G, C — {v'} € T'; and
G €T3,

Letv' # v”. Then by the claw-freeness of G, either G[S] is connected or G[S] has exactly
two components C, C’ and Ngr[v1] = Ngr[v2], where G’ = G[V(C’) U {v1,v3}]. For the
latter, C = K. Otherwise there is a vertex v(# v”) adjacent to v. When v'v"" € E(G),
by the claw-freeness of G, v’ € E(G) and S — {V'} is a TRDS of G; when v'v"" € E(G),
since C is connected, there is a path v'v---v" and S — {V'} also is a TRDS of G. By
Claim 3, G[N(v1) N V(C")] ~ Ky (vy)—1- If there is a vertex v in N (v) N V(C" - S(C),
then V(C)U(V(C') —{v}) is a TRDS of G, which is a contradiction. Hence
N@)NSIC) #@. If Nvp)) NV(C") £ S(C'), then S — (N(v1) N V(C') — S(C")) is a
TRDS of G, which is a contradiction. Hence N (v;) N V(C’) € S(C"). Clearly G” # Ky. By
the claw-freeness of G, N(v1) N V(C’') = S(C’) and G — E(C) € T'y. Therefore G € Fé.
For the former, let S’ be a y;-set of G — {v113}. Since §" is a TRDS of G, |S'| > n — 2. By
vi,v2 € L(G — {viva)), vi,vo, vV, V" € §'.

Let |S'| =n. Then G — {vr1vp} € .. When |V(C)| =2, G = C4. When |V(C)| =3,
G =Cs Let|V(C)| > 4. Then G — {n1vy} € Tgand G € Fg.

Let IS | =n—2. Clearly [V(C)| > 4 and at least one of
(NO)—={nhHNnS,(NW') —{»n}) NS is empty. Let only one of them be empty.
Without loss of generality, let (N(v') — {v1}) NS’ = @. Then dc (V') < 2. Assume that
Nc (V') = {w,w'}. Thenw,w' ¢ S’, ww' € E(G) and one and only one of w, w' is 2-degree.
Without loss of generality, let d(w) = 2. Then (S’ U {w'}) — {v1,V'} is a TRDS of G, which
is a contradiction. Thus d¢(v') = 1. Let N¢(v') = {w} and w' be the vertex in N(w) — §'.
Then d(w) = 2. Otherwise there is a vertex w”(# v/, w’) adjacent to w and S’ — {v'} is
a TRDS of G. Let u be any vertex in (N(v"") — {rp}) N §". By Claim 1 and the connec-
tivity of C, d(u) > 2 and when w'v’ € E(G), w'u € E(G). If d(v"') > 4, then there are at
least two neighbors of v/ in §’ and S — {v”, v»} is a TRDS of G, which is a contradiction.
Hence d(v") < 3. Assume that w' & N(u) or w' € N(u) and d(x) > 3. Then S’ — {vo, "}
is a TRDS of G, which is a contradiction. Thus N (u) = {v/,w'}. If v'w € E(G), then
(8" — {u,vy,v"}) U {w,w'} is a TRDS of G, which is a contradiction. Thus v'w ¢ E(G) and
d('") = 2.Ifd(w') > 3, then by the claw-freeness of G, d(x) > 3, a contradiction. Hence
d(w') = 2. It follows that G = C; € Fg.

Let N(V)—={mihNS =N —{mhNS =@ Therefore d('),d®") <3 and
Vv € E(G). Assume that Nc(V)NNc(V') ={v}. Then N®u)—{V,v'} #0. Let
ueNw)—{V,v'). Then &' = V(G) — {u,v}. By the claw-freeness of G, uv’' € E(G) or
uv” € E(G). Whether the former or the latter holds, we will get S’ — {v"} or §' — {v'}
is a TRDS of G, which is a contradiction. Thus either Nc(v') N Nc (V") = {u,v} or
Nc (V) N N¢ (V') = @. For the former, N[u] = N[v] = {u,v,v,v"}. Then V (G) — {v,v1,V'}
is a TRDS of G, which is a contradiction. Hence the latter holds and (V) = d(v") = 2.
Let N(v') = {v1,u} and N(v") = {vo, t/'}. Then {&, '} = S — S’ and uu’ € E(G). Clearly,
duw) =dW) =2and G = Cs. O

Claim 8 Let Cbe a component of G[S]. If[N(v1) N V(C)| = 2and [N(v2) N V(C)| = 2,
then C € Toand G[V(C) U {v1,1,}] € T2.
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Proof If |V(C)|=2, then C=Kyelp and G[V(C)U{v,nl]=Kse F%.
Let |V(C)|>3. Then by Claim 3, for every vertex u of N(vi)NV(C),
dc(m) > IN(vi) N V(C)|. It follows that N(vi) NV (C) € S(C). By the same rea-
son, N(v2) N V(C) € S(C). By the claw-freeness of G and the connectivity of C,
N) NV(C) =N(y) NV(C) = S(C). Therefore C € I'p and G[V (C) U {v1,10}] € I‘%.

O

To complete the proof, we discuss the following three cases.

Case 1 G[S] is connected. When d(vi)=d(»)=2 by Claim 7,
GelsuU Fg U F% U F%O U T2, When only one vertex of vy, v3 has degree at least 2, by
Claim 4,G € T2 UT2 UT?,. Whend(v1),d(v2) > 3,by Claim 8,G € T'2.

Case 2 GI[S] has exactly two components C and C’. Let G' = G[V(C) U {v1, v2}] and
G" = G[V(C) U {v1, 1}l

Case 2.1 vivp is a cut edge of G. Then N(v1) N N(v2) = @. By Claims 2, 5 and 6,
G e (U ,THUTI,

Case 2.2 vy isn't a cut edge of G. Then there is a component of G[S] such that
both of vi,vy are adjacent to at least one vertex of it. Let C be such a compo-
nent and N(v1) N V(C') #@. By Case 1, G’ € F% U (U}iGFiZ). It is easy check that
G ¢rjuUrgury,

If|V(C)| =2, then C" = Ky and N(v1) N V(C’) € S(C"). Let |V(C")| > 3. Obviously,
for any vertex v of N(v1) N V(C"), dc(v) > [N(v1) N V(C')|. If there is a vertex v in
N1 NV(C) —S(C, then S — {v} is a TRDS of G, which is a contradiction. Hence
N (1) N V(C’) € §(C’). By the connectivity of C' and the claw-freeness of G, for any ver-
texvof N(v)) N V(C'), dc'(v) = IN(v1) N V(C")|,C" € Tgand N(v1) N V(C') = S(C").

Case 2.2.1 G' ¢ Fg. Then dg (vi) =2 or dg(vy) = 2. Without loss of general-
ity, let Ng/(v1) = {v3,V'}. Since Ng/(v1) N Ng/(v2) =@, by the claw-freeness of G,
N@)NV(IC)=Nw)NV(C).IC # Ky thenv' ¢ S(C)and S — {v'}isa TRDS of G,
which is a contradiction. Hence C = K3 and G’ = Cy. Clearly G” # Ky When C’ # K,
both of v1, vy are adjacent to every vertex of S(C’); when C' = Ky, v1, v, is adjacent to the
same vertex v of C’. Hence G € Fé.

Case 2.2.2G' € F%. Then C € I'g and both of v1, v are adjacent to every vertex of S(C).
Clearly G’ # Ka. Let N(v2) N V(C') = . When C' = K, G € I'2 UT'3. When C' # Ky,
G’ e€Tgand G € Fé. Let N(vp) NV(C") #@. When C' =Ky, IN(»p) N V(C')| = 1.
If Nu)NNw)NV(C)=0 then GeT% If N@)NNw)NV(C) £
then G € I'2. When C’ # Ky, N(v3) N V(C') C S(C'). By the claw-freeness of G,
N(v2) N V(C') = S(C’)and by Claim 3, G[{vo} U V(C")] € 5. Thus G € T'2.

Case 223 G ¢ Fg. Then dg(v1) =2,dg(v2) =3 or dg () =3,dg(v3) =2.
By G having exactly two components and Claim 4(1), (2), C = K3 and by the proof of
Claim 4(2), G € T2.

Case 2.24 G ¢ Ffo. Then by the connectivity of C, dg/(v1) = dg/(v2) = 2, v1,v2 have
a common neighbor v in G’ and C — {v} € Ty. Clearly N(v2) N V(C’) = #. When
C=P;Ge F%O. By the claw-freeness of G, Claims 1 and 3, G[{v1} U V(C")] € I'y U Ps.
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When C = K3, G[V(C)U{v1}]# K3 and G € F%O. Let C # P3,K3. Assume that v
is adjacent to each endpoint u,u’ of a pendant edge of C — {v} and u € S(C — {v}),
then (S —{u,v})U{v;} is a TRDS of G, which is a contradiction. Hence
N@) = {v1,12} US(C — {v})and G € T},

Case 2.2.5 G' ¢ F%z. Then by the connectivity of C, dg/(v1) =dg (v2) =2, vi,v2
have a common neighbor v in G’ and G’ — {v2} € I'1. Assume that G’ — {v,} # Ps.
Let v/ € V(G) — S(G) — L(G). Then V(G) — {v,v5,v'} is a TRDS of G, which is a
contradiction. Hence, G’ — {v3} = P3 and v € S(G' — {v2}). If N(»p) N V(C') =0,
then G[V(C)U{n} € {Ps,K3}UTy and GeT2UTZ Let N(vp) NV(C) # 0.
When C' =Ky, |[V(CYNN@)| <L If Nvi) NN(vp)NV(C') =0, then G € I’é. If
N@) NNw) NV(C) # @, then|[N(v1) N V(C)| =1and G € F%. Let C’ # Kj. Then
by the claw-freeness of G and Claim 3, N(v2) N V(C’) = S(C') and G” € I'y. Therefore
Gerll

Case 3 G[S] has three components Cj, C and Cs By the claw-freeness of G,
both v; and vy are adjacent to at least one vertex of exactly two components of
G[S]. Without loss of generality, let N(v1) N V(C1) # 0 # N(v1) NV (Cy) and
N(y) N V(Cy) # @ # N(vp) N V(Cs). By similarly discussing to the proof of C’ € g in
Case 2.2, we have Cq, C3 € I'g and when C; = Ky(or C3 = K3), N(v1) N V(Cy) € S(C1)
(or N(v2) N V(C3) € S(C3)); when Cy # Ky(or C3 # Kp), N(v1) N V(Cy1) = S(Cy)or
N (v2) N V(C3) = S(C3)). By the claw-freeness of G, N (v1) N N (v2) # .

Case 3.1 N(v1) NN () = {V'}. Assume that Cy # Ky. Then v/ ¢ S(Cy) and S — {V'}
is a TRDS of G, which is a contradiction. Hence Cy = Kj. Clearly G[V(Cy) U {v1}] and
G[V(C3) U {rp}] can’'t be isomorphic to K3 at the same time. Let one of them be iso-
morphic to K3. Without loss of generality, let G[V (C1) U {v1}] = K3. If C3 = K3, then
G e 1"%2; if C3 # Ky, then G € Fé. Let neither of them be isomorphic to Ks. If one of
C1, C3is Ky, then G € Fg; if neither of C1, C3is Ky, then G € Fg.

Case 3.2 [N(v;) NN(v3)| > 2. By Claim 8, Cy € T'g and G[V(Cp) U {v1,v2}] € F%.
Clearly Cy # Ky and G[V (Cy) U {v1}], GIV(C3) U {v2}] can’t be isomorphic to K3 at the
same time. By similarly discussing as Case 3.1, we have when one of them is isomorphic
to K3, G € F§ U F%Z and when neither of them is isomorphic to K3, G € I‘g U I‘g. O

Conclusions

The study focuses on the total restrained domination in claw-free graphs. Firstly, in
the course of analysis, I construct 12 kinds of connected claw-free graphs with order #
and the total restrained domination number # — 2. Let I'? denote the set of these claw-
free graphs. Secondly, by discussing all possible cases of the induced subgraph of the
minimum total restrained dominating set, I show that if the total restrained domina-
tion number of a connected claw-free graph with order # is n — 2, then the graph must
belong to I'2. In a word, as for a connected claw-free graph with order 7, the conclusion
gives a method to judge whether the total restrained domination number of it is # — 2.
Further research can focus on the construction of connected claw-free graphs with order
n and total restrained domination number # — 3 and characterize these graphs, although
it may be very difficult and complicated.
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