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Abstract

In this paper we construct some real algebras by using elementary functions, and
discuss some relations between several axioms and its related conditions for such func-
tions. We obtain some conditions for real-valued functions to be a (edge) d-algebra.
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Background
The notions of BCK-algebras and BCI-algebras were introduced by Iséki and Iséki and
Tanaka (1980, 1978). The class of BCK-algebras is a proper subclass of the class of BCI-
algebras. We refer useful textbooks for BCK-algebras and BCl-algebras (Lorgulescu
2008); Meng and Jun (1994); Yisheng (2006). The notion of d-algebras which is another
useful generalization of BCK-algebras was introduced by Neggers and Kim (1999), and
some relations between d-algebras and BCK-algebras as well as several other relations
between d-algebras and oriented digraphs were investigated. Several aspects on d-alge-
bras were studied (Allen et al. 2007; Han et al. 2010; Kim et al. 2012; Lee and Kim 1999;
Neggers et al. 1999, 2000). Simply d-algebras can be obtained by deleting two identities
as a generalization of BCK-algebras, but it gives more wide ranges of research areas in
algebraic structures. Allen et al. (2007) developed a theory of companion d-algebras in
sufficient detail to demonstrate considerable parallelism with the theory of BCK-alge-
bras as well as obtaining a collection of results of a novel type. Han et al. (2010) defined
several special varieties of d-algebras, such as strong d-algebras, (weakly) selective
d-algebras and pre-d-algebras, and they showed that the squared algebra (X,[J,0) of a
pre-d-algebra (X, %, 0) is a strong d-algebra if and only if (X, *,0) is strong. Allen et al.
(2011) introduced the notion of deformations in d / BCK-algebras. Using such deforma-
tions, d-algebras were constructed from BCK-algebras. Kim et al. (2012) studied proper-
ties of d-units in d-algebras, and they showed that the d-unit is the greatest element in
bounded BCK-algebras, and it is equivalent to the greatest element in bounded commu-
tative BCK-algebras. They obtained several properties related with the notions of weakly
associativity, d-integral domain, left injective in d-algebras also.

In this paper we construct some real algebras by using elementary functions, and dis-
cuss some relations between several axioms and its related conditions for such func-

tions. We obtain some conditions for real-valued functions to be a (edge) d-algebra.
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Preliminaries
A d-algebra (Neggers and Kim 1999) is a non-empty set X with a constant 0 and a binary
operation "x" satisfying the following axioms:

I) x*kx =0,
(1) O0%x=0,
(II) xxy=0and y*x=0implyx = yforallx,y € X.

For brevity we also call X a d-algebra. In X we can define a binary relation "<" by x < y if
and only if x x y = 0.

An algebra (X, *,0) of type (2,0) is said to be a strong d-algebra (Han et al. 2010) if it
satisfies (I), (IT) and (IIT*) hold for all x, y € X, where

(III*) x *y = y * x implies x = y.

Obviously, every strong d-algebra is a d-algebra, but the converse need not be true (Han
et al. 2010).

Example 1 (Han et al. 2010) Let R be the set of all real numbers and e € R. Define
x*ky:=(x—y)- - (x—e)+e for all x,y € R where "" and "—" are the ordinary prod-
uct and subtraction of real numbers. Then x xx = e;exx = e; x *y = y xx = e yields
x—y) - x—e)=0,(y—x)-(y—e)=0andx =yorx =e =y, ie,x =y, ie, (R, *e)
is a d-algebra.

However, (R,*,e) is not a strong d-algebra. If x xy=y*xx < (x—y)-(x—e) +e
=@)-x)-@-—ete S@x—yx—e)=—x—-N-0—e) & x—y)-x—et+y—e)
=0 x—y) - (x+y—2) =04 (x=y or x+y=2e), then there exist x = e+«
and y = e — a such that x + y = 2e, i.e, x x y = y x x and x # y. Hence, axiom (III*) fails
and thus the d-algebra (R, %, €) is not a strong d-algebra.

A BCK-algebra is a d-algebra X satisfying the following additional axioms:

V) (xxy) * (x*2)* (z*y) =0,
(V) (e*x(xxy)*xy=0forallx,y,z € X.

Example 2 (Neggers et al. 1999) Let X := {0, 1,2, 3,4} be a set with the following table:

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 1
2 2 2 0 3 0
3 3 3 2 0 3
4 4 4 1 1 0

Then (X, %, 0) is a d-algebra which is not a BCK-algebra.

Let X be a d-algebra and x € X. X is said to be edge if for any x € X, x * X = {«,0}. It is
known that if X is an edge d-algebra, then x % 0 = x for any x € X (Neggers et al. 1999).
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Analytic real algebras
Let R be the set of all real numbers and let “«” be a binary operation on R. Define a map
A:R x R — R.If we define x x y := A(x,y) for all x,y € R, then we call such a groupoid
(R, %) an analytic real algebra.

Given an analytic groupoid (R, *), we define

tr(x,A) = / Alx,x) dx

—00

We call tr(x, 1) a trace of 1. Note that the trace tr (%, A) may or may not converge. Given an
analytic groupoid (R, ), where x x y := A(x,y),if x xx = Oforallx € R, thentr(x, 1) =0,
but the converse need not be true in general.

Example 3 Let xg € R. Define

_Jo if x # xo,
A, %) = { 1 otherwise

Then tr(x, ) = ffo Ax, x) dx = 0, but A(xg,x0) = 1 # 0, i.e., xg * x9 %~ O.

o0

Proposition 4 Let (R,*) be an analytic real algebra and let a,b,c € R, where
xxy:=ax+by+c for all x,yeR. If |tr(x,A)| <oo, then tr(x,A)=0 and
xxy=a(x—y)forallx,y € R.

Proof Given x € R, we have xxx = (a+ b)x +c. Since |tr(x,1)| < oo, we have
| [, [(@ + b)x + cldx| < oo.Now [[(a+ b)x + ] dx = (a+ b)A- + cA = A[2A + ¢]
for a large number A, so that if |¢r(%, 4)| < oo, then a +b =0 and ¢ = 0, i.e., we have
xxy=a(x —y),and thusx xx = 0forallx € R. (]

n,n

Theorem 5 Leta,b,c,d,e,f € R. Define a binary operation "x" on R by
x*y:=ax’ +bxy+cy* +dx+ey+f

forall x,y € R If|tr(x, 1) < coand 0xx = 0 for all x € R, then x xy = ax(x — y) for all
x,7 € R.

Proof Given x € R, wehave x xx = (@a+b+c)x> +(d+e)x+f. Let A:=a+b+c,
B:=d+e If we assume |tr(x,A)| < oo, then |f_°°oo(Ax2 + Bx + f) dx| < co. Now
fOL(Ax2 +Bx+f) dx = %L3 + ng +fL = L(%L2 + g + f) for a large number L so that
[tr(*, )] < coimplies A=B=f =0,ie,a+b+c=0,d+e=0,f =0.It follows that

xxy=(ax—cy+d)(x—y) (D

If we assume 0 * x = 0 for all x € R, then, by (1), we have

0=0xx
= (a0 —cx+d)(0—x)

= cx? — dx,

for all x € R. This shows thatc = d = 0. Hence x * y = ax(x — y) for all x,y € R.[J
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Corollary 6 Leta,b,c,d,e,f € R. Define a binary operation “«” on R by
xxy =ax’+bxy+cy? +dx+ey+f

for all x,y e R.If x+xx=0and 0xx =0 for all x € R, then xxy = ax(x —y) for all
%,y € R.

Proof The condition, x x x = 0 for all x € R, implies |¢r(x, A)| < oo. The conclusion fol-
lows from Theorem 5. g

Proposition7 Leta,b,c,d,e,f € R. Define a binary operation “<’ on R by
xxy:i=ax’ +bxy+cy’ +dx+ey+f

for all x,y e R. If |tr(x,4)| < oo and the anti-symmetry law holds for “«, then
(ax —cy+d)> + (ay —cx +d)?> > Oforx #y.

Proof If |tr(x,A)| < oo, then by (1) we obtain x *y = (ax — ¢y + d)(x — y). Assume
the anti-symmetry law holds for “«” Then either x % y # 0 or y x x # 0 for x # y. It fol-
lows that (x % )2 > 0 or (y xx)> > 0, and hence (x * y)> + (y * x)> > 0. This shows that
(ax — cy+d)?* + (ay — cx + d)> > 0. O

Note that in Proposition 7 it is clear that if (ax — ¢y + d)? + (ay — cx + d)? > 0 for
x # v, then the anti-symmetry law holds.

Corollary 8 If we define x x y := ax(x — y) for all x,y € R where a # 0, then (R, %) is a
d-algebra.

Proof It is easy to see that x xx = 0 = 0 xx for all x € R. Assume that x # y. Since
x %y = ax(x — y) = ax> — axy, by applying Proposition 7, we obtain b= —a,c =0,
d=e=f=0. It follows that (ax—O0y+0)>+ (ay— O0x + 0)> = a®x? + a’y*
= a?(x*> + y*) > O when a # 0. By Proposition 7, (R, *) is a d-algebra. O

“w,»

Proposition9 Leta,b,c,d,e,f € R. Define a binary operation “<” on R by
xxy:=ax’+bxy+cy? +dx+ey+f

forall x,y € R. If|tr(x,A)| < coand x «0 =x for all x € R, then x xy = (1 — cy)(x — ¥)
forallx,y € R.

Proof If |tr(x,1)| < oo, then by (1) we obtain x*y = (ax — ¢y +d)(x — y) for all
x,9 € R.If we let y := 0, then x = x x 0 = (ax + d)x. It follows that ax? + (d — 1)x = 0
for all x € R. This shows thata = 0,d = 1. Hence x xy = (1 — cy)(x — y) for all x, y € R.

O

Theorem 10 If we define x xy :== (ax — ¢y +d)(x — y) for all x,y € R where a,c,d € R
with a + ¢ # 0, then the anti-symmetry law holds.
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Proof Assume that there exist x #y in R such that x*xy=0=yxx Then
(ax —cy+d)(x —y) =0and (ay — cx + d)(y — x) = 0. Since x # y, we have

ax—cy+d=0=ay—cx+d 2)
It follows that (a + ¢)(x — y) = 0. Since a + ¢ # 0, we obtain x = y, a contradiction. [

Remark The analytic algebra (R,*), xxy=ax(x—y) for all «x,y€R,
was proved to be a d-algebra in Corollary 8 by using Proposition 7. Since
x %y = ax(x —y) = (ax — 0y + 0)(x — y), we know that a + 0 = a # 0. Hence the alge-
bra (R, %) can be proved by using Theorem 10 also.

Note that the analytic real algebra (R, %) discussed in Corollary 8 need not be an edge
d-algebra, since x * 0 = ax(x — 0) = ax? # x.

Analytic real algebras with functions
Letw, B : R — R be real-valued functions. Define a binary operation “<” on R by

x*xy:=a@xx+ BO)y+c 3)
where ¢ € R.

Proposition 11  Let (R, x) be an analytic real algebra defined by (3). If x xx = 0= 0% x
forallx € R, thenx xy = 0forall x,y € R.

Proof Assume that x xx = 0 for allx € R. Then

O=xx*xx
=a@®)x+ x)x+c
=[a) +BH)]x +c

If we let x := 0, then ¢ = 0. If x # 0, then a(x) + B(x) =0, i.e., B(x) = —a(x) for all
x # 0in R. It follows that

x*y=ax)x —a@®)y 4

Assume 0 % x = 0 for all x € R. Then

0=0xx
=a(0)0+ Bx)x + ¢
= B(x)x

It follows that 8(x) = O for all x # 0in R. Hence we have x *x y = O for all x,y € R. ]

Proposition 12 Let (R, *) be an analytic real algebra defined by (3). If x xx = 0 and
xx0=uxforallx e R, thenx xy=x —yforall x,y € R.
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Proof If we assume x * x = O for all x € R, then by (4) we obtain x % y = a(x)x — a(y)y.
Assume that x *0 =« for all x € R. Then x =x %0 = a(x)x — @(0)0 = a(x)x. This
shows that «(x) = 1forany x ## 0in R. Hence x xy = x — y for all x,y € R. O

Let a,b1,by,¢c,d,e : R — R be real-valued functions and let f € R. Define a binary
operation “«” on R by
xXxYy = a(x)x*> + by @) ba(y)xy + c(y)y2 +d@x)x+e()y+f (5)

forall x,y € R. Assume 0 * x = O for all x € R. Then

0=0x*xx

c(x)x? + e(x)x + f
= [c(@)x +e)]x + f

for all x € R. It follows that f =0 and c(x)x + e(x) =0 for all x # 0 in R. Hence
c(y)y* + e(y)y = 0 for all y € R. Hence
Xky= a(x)x* + b1 (x)by xy + d(x)x (6)
Assume x * x = 0 for all x € R. Then by (6) we obtain
O=xx*xx
= a(x)x> + by (x)by(x)x® + d(x)x
It follows that d (x)x = —[a(x)x? 4 by (x)b(x)x*]. By (6) we obtain

x %y = b1(x)x[b2(y)y — ba(x)x] (7

Theorem 13 Let b1, by : R — R be real-valued functions. Define a binary operation “x”
on R as in (7). If we assume by (x)x # by(y)y and b3 (x)x> + b3(y)y* > 0 for any x # y in
R, then (R, %) is a d-algebra.

Proof Assume the anti-symmetry law holds. Then it is equivalent to that if x # y then
xxy#0or yxx #0, ie, if x # y then (x x y)% + (y xx)> > 0. Since x * y is defined by
(7), we obtain that if x # y then

(B3 x)x2 + B2(1)y?) (b2 (x)x — bay()y)* > 0

By assumption, we obtain that (R, %) is a d-algebra. O

Example 14 Consider x*y:=ax(x —y) for all x,y € R. If we compare it with
(7), then we have b1(x) = a,ba2(y) = —1 and ba(x) = —1 for all x € R. This shows
that  bo(x)x —by(y)y=(—Dx— (-1)y=y—x#0 when x#y  Moreover,
b2 (x)x2 + b2 (y)y* = a*x* + b (y)y* > 0 since a # 0. By applying Theorem 13, we see
that an analytic real algebra (R, %) where x * y := ax(x — ), a # 0is a d-algebra.

Example 15 Consider x xy := xtan2x[e’y — e*x] for all x,y € R. By comparing it
with (7), we obtain b; (x) = tan 2x, by(y) = € and ba(x) = €. If x # y, then it is easy to
see that xe* # ye¥ and b?(x)x% + b2 (y)y? = (tan 2x)%x2 + (tan 2y)%y*> > 0 when x # y.
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Hence an analytic real algebra (R, x) where x x y := x tan 2x[e’y — e*x] is a d-algebra by
Theorem 13.

In Theorem 13, we obtained some conditions for analytic real algebras to be d-alge-
bras. In addition, we construct an edge d-algebra from Theorem 13 as follows.

Theorem 16 If we define a binary operation “x” on R by

_bh® ;
xXxy = {x[l bi(}/)] 1fy#9’
X otherwise

where b1(x) is a real-valued function such that by (y) # 0 if y # 0. Then (R, %) is an edge
d-algebra.

Proof Define a binary operation “¢” on R as in (7) with additional conditions:
by (x)x # ba(y)y and b% (x)x% + b% ()y? > 0 for any x # y in R. Assume x * 0 = x for all
x € R. Then

x=xx%x0
= b1(%)x[b2(0)0 — by (%)x]
= — bi(x)by(x)x>

Combining with (7) we obtain

x %y = by (x)ba(y)xy — b1 (%) by (x)x”
= b1 (x)ba(y)xy + x
= x[b1(xX)ba(y)y + 1]

If we let xy # 0O, then

1
Xky= x{ln(x)(—) + 1}

b1(y)
. {1 3 bl(x)}
b1(y)
If we let x x y := x when y = 0, then (R, %) is an edge d-algebra. O

Example 17 Define a map bj(x) := e’ for all x€R. Then x xy=x[1— 2%]
= x(1 — e’ ) when y # 0. If we define a binary operation “+” on R by

[ x( =My ify £0,
rxy-= { x otherwise,

then (R, %) is an edge d-algebra.

Page 7 of 9
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Proposition 18 [fwe define a binary operation “x” on R by

_bh®y
x*y:={x[1 oyl 770

X otherwise

where by(x) is a real-valued function such that by (y) # 0 if y # 0. Assume that if x # v,
then either by (x * y) = b1(x) or by (x * (x x y)) = b1(y). Then

(xx(x*y)*xy=0 )]

forallx,y € R.

Proof By Theorem 16, (R, ) is an edge d-algebra and hence (8) holds for x %y = 0 or
y = 0. Assume x * y # 0 and y # 0. Then

b1 (x) }

x*(x*y):x{l—bl(x*y)

It follows that

(o () %y = x5 (3 )] [1— ’W}

3 { by (x) H bﬂx*(x*y))}
=x|1-— 1—
bl(x*y) bl(y)

=0,

proving the proposition. ]

Conclusions

We constructed some algebras on the set of real numbers by using elementary functions.
The notions of (edge) d-algebras were developed from BCK-algebras, and widened the
range of research areas. It is useful to find linear (quadratic) polynomial real algebras
by using the real functions. In "Analytic real algebras" section, we obtained some linear
(quadratic) algebras related to some algebraic axioms, and found suitable binary opera-
tions for (edge) d-algebras. In "Analytic real algebras with functions" section, we devel-
oped the idea of analytic methods, and obtained necessary conditions for the real valued
function so that the real algebra is an edge d-algebra. We may apply the analytic method
discussed here to several algebraic structures, and it may useful for find suitable condi-
tions to construct several algebraic structures and many examples.

Authors’ contributions
All authors read and approved the final manuscript.

Author details
! Department of Mathematics, Research Institute for Natural Sci., Hanyang University, Seoul 04763, Korea. > Department
of Mathematics, Chungbuk National University, Cheongju 28644, Korea.

Competing interests
The authors declare that they have no competing interests.

Received: 2 May 2016 Accepted: 20 September 2016
Published online: 29 September 2016



Seo and Kim SpringerPlus (2016)5:1684 Page 9 of 9

References

Allen PJ, Kim HS, Neggers J (2007) On companion d-algebras. Math Slovaca 57:93-106

Allen PJ, Kim HS, Neggers J (2011) Deformations of d/BCK-algebras. Bull Korean Math Soc 48:315-324
Han JS, Kim HS, Neggers N (2010) Strong and ordinary d-algebras. J Mult Valued Log Soft Comput 16:331-339
lorgulescu A (2008) Algebras of logic as BCK-algebras. Editura ASE, Bucharest

Iséki K (1980) On BCl-algebras. Math Semin Notes 8:125-130

Iséki K, Tanaka S (1978) An introduction to theory of BCK-algebras. Math Jpn 23:1-26

Kim HS, Neggers J, So KS (2012) Some aspects of d-units in d/BCK-algebras. J Appl Math ID 141684

Lee YC, Kim HS (1999) On d-subalgebras of d-transitive d*-algebras. Math Slovaca 49:27-33

Meng J, Jun YB (1994) BCK-algebras. Kyungmoon Sa, Seoul

Neggers J, Dvureéenskij A, Kim HS (2000) On d-fuzzy functions in d-algebras. Found Phys 30:1805-1815
Neggers J, Jun YB, Kim HS (1999) On d-ideals in d-algebras. Math Slovaca 49:243-251

Neggers J, Kim HS (1999) On d-algebras. Math Slovaca 49:19-26

Yisheng H (2006) BCl-algebras. Science Press, Beijing

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Analytic real algebras
	Abstract 
	Background
	Preliminaries
	Analytic real algebras
	Analytic real algebras with functions
	Conclusions
	Authors’ contributions
	References




