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39406, USA These boundary conditions arise naturally from PDEs defined on a disk with Dirichlet

boundary conditions and the requirement of regularity in Cartesian coordinates. The
families of orthogonal polynomials are obtained by orthogonalizing short linear com-
binations of Legendre polynomials that satisfy the same boundary conditions. Then,
the three-term recurrence relations are derived. Finally, it is shown that from these
recurrence relations, one can efficiently compute the corresponding recurrences for
generalized Jacobi polynomials that satisfy the same boundary conditions.
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Background

When mapping PDEs to polar or cylindrical geometries to rectangular domains using
polar coordinates, it makes sense to use spectral methods (Shen 1997). Numerous algo-
rithms based on spectral-collocation and spectral-tau methods already exist. See, for
example, Canuto et al. (1987), Eisen et al. (1991), Fornberg (1995), Gottlieb and Orszag
(1977), Huang and Sloan (1993).

After applying separation of variables in polar coordinates, the resulting PDEs that
depend on the radial coordinate r and time ¢ can be solved numerically using a Leg-
endre-Galerkin formulation similar to that used for the steady-state problem (Shen
1997). It is natural to use bases of polynomials that satisfy the boundary conditions for
each PDE, and these can easily be obtained by taking short linear combinations of Leg-
endre polynomials.

Unlike Legendre polynomials, the bases used in Shen (1997) are not orthogonal with
respect to the weight function w(x) = 1. In Shen (2003) orthogonal bases were intro-
duced that also satisfy these same boundary conditions. They are generalized Jacobi
polynomials (GJPs) with indices «, 8 < —1, orthogonal with respect to the weight func-
tion w*?(x) = (1 —x)%(1 + x)f. GJPs corresponding to specific indices (o, ) were
introduced in Shen (2003) for the purpose of solving differential equations of odd higher
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order. Generalization to other (non-integer) indices was carried out in Guo et al. (2009)
to obtain families of orthogonal polynomials for Chebyshev spectral methods or prob-
lems with singular coefficients. However, although these GJPs can be described in terms
of short linear combinations of Legendre polynomials, at least for certain index pairs of
interest (Guo et al. 2009; Shen 2003), the three-term recurrence relations characteristic
of families of orthogonal polynomials have not been developed in these cases.

In this paper, we use the bases from Shen (1997) to develop families of polynomials
that are orthogonal with respect to w(x) = 1 and satisfy the requisite boundary condi-
tions, to facilitate transformation between physical and frequency space without using
functions such as the Legendre polynomials that lie outside of the solution space. These
families can also be efficiently modified to work with alternative weight functions, thus
leading to the development of new numerical methods. In particular, it is demonstrated
that these new families can be used to obtain three-term recurrence relations for the
GJPs that satisfy the same boundary conditions.

The outline of the paper is as follows. In section “Variational formulation’, we pro-
vide context for these families of polynomials by adapting the variational formulation
employed in Shen (1997) to the time-dependent PDE (1)—(3). In section “The case
m = 0” we develop orthogonal polynomials with unit weight function satisfying the
boundary conditions p(1) = 0. In section “The case m = 0” we do the same for the
boundary conditions p(—1) = p(1) = 0. In section “Recurrence relations for generalized
jacobi polynomials” we describe how these families of orthogonal polynomials can be
efficiently modified to obtain three-term recurrence relations for GJPs as described in
Guo et al. (2009), Shen (2003). Concluding remarks and directions for future work are

given in section “Conclusions”.

Variational formulation
In this section, we describe one possible context in which the sequences of orthogonal
polynomials discussed in this paper can be applied.

Conversion to polar coordinates
We consider the reaction-diffusion equation on a unit disk

ou
AU —al = — inQ:{(x,y):x2+y2<1}, t>0 (1)
ot
U=0 on 052, (2)
Ux,y,0) =F(x,y) on £2, 3)

where « is a constant.

Following the approach used in Shen (1997) for a steady-state problem, we can convert
the IBVP in (1)-(3) to polar coordinates by applying the polar transformation x = r cos 6,
y=rsin® and letting u(r,0) = U(rcos6,rsinf), f(r,0) = F(rcos6,rsind). The
resulting problem in polar coordinates is as follows:
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oy + ity + gy — o= 2%, (r,0) € Q = (0,1) x [0,27),
r r ot
u(l,t) =0, 0 €[0,27), uis2mw-periodicin, (4)
ou
u(r,0,0) = T

The solution is represented using the Fourier series

e e]

u(r,t) = Z [U1,m(7, t) cos(mb) 4 ug 1, (7, t) sin(mh)]. (5)

|m|=0

The Fourier coefficients uj,(r,t), uam(r,t) must satisfy the boundary conditions
ul,m(1,t) = uym(1,t) =0form =0,1,2,... Due to the singularity at the pole r = 0, we
must impose additional pole conditions on (5) to have regularity in Cartesian coordi-
nates. For u(r,0,t) to be infinitely differentiable in the Cartesian plane, the additional
pole conditions are Shen (1997)

u1,m(0,8) = up,,(0,£) =0 for m # 0. (6)

By substituting the series (5) into (4) and applying the pole conditions in (6), we obtain
the following ODEs, for each nonnegative integer m:

1 m? ou
—u,,—;u,+ <r2+a>u:at, 0<r<l,
u(r,0) =f(r), %
u0,t) =0 if m#0,
u(l,t) =0,

where u and f are now generic functions.

Weighted formulation
We will extend (7) to the interval (—1,1) using a coordinate transformation as in Shen
(1997). Using the coordinate transformation » = % in (7) and setting v(s) = u (%), we

obtain

1 m? o 19v
—Vgs — —— Vs + + — VZEE; sel=(-L1),

s+1 (s+1)2 4
v(s,0) = g(S),‘ (8)
v(=1,t) =0, if m#0,
v(1,t) =0,

where g(s) = f (%) To formulate a weighted variational formula for (8), we must find
v € X (m) such that

2

m
((s + Dyvs, (ww)) + (S 11

o 1 _ 1 1 av
v,w>w+4((s+ w,w), = 4((s—l— )at,w> )

w
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where X (m) = H&w(l) if m#0, X(0)= {v € Hal)(l) cu(l,t) = 0} and o is a weight
function.

Legendre-Galerkin method
To approximate (9) using the Legendre-Galerkin method, we let w = 1 and we have to
find vy € Xy (m) such that Vw € Xy (m),

(s + )(vx) >+(’”2 >+“((+1> >—<(+1)3VN>
S VN )s» Ws S+1VN7W 4 S VN>W)y = S at»W;

VN (s,0) = Ing(s), (10)

where Iy is the interpolation operator based on the Legendre—Gauss—Lobatto points.
That is, (Ing) (t) = g(ti),i = 0,1,...,N, where {t;} are the roots of (1 — £2) L} (¢) and Ly
is the Legendre polynomial of degree N.

Thecasem =0
In the case where m = 0, (10) reduces to

VN o ovN
((s + 1),ws> +—((s+ vy, w) = <(s + 1),W>, Yw € Xn(0).
ds 4 ot

As before, we let L (¢) be the kth-degree Legendre polynomial, and define X (0) to be
the space of all polynomials of degree less than or equal to N that vanish at 1. This space
can be described as Shen (1997)

Xn(0) = span {¢i(8) = Li(t) — Lixa(8) : i =0,1,...,N — 1},

where ¢;(¢) is the ith basis function. By applying the Gram-Schmidt process (Burden,
Faires 2005) to these basis functions, ¢;(¢), we can obtain a new set of orthogonal poly-
nomials that will be denoted by éi,i=0,1,2,..., where the degree of ¢; and Giisi+ 1.
The new basis functions, ¢;, can be found by computing

i-1 { &, b:
s <¢k’¢l> ~
éi = i k§<ék’&k>¢k. (11)
Fortunately, for0 < k <i—2,
<¢~’kr¢i> = <¢~’er1' - Li+1>

= <¢;eri> - <¢~5er1'+1>

0, (12)

due to the orthogonality of the Legendre polynomials, thus greatly simplifying the com-
putation of ¢;.



Richardson and Lambers SpringerPlus (2016)5:1567 Page 5 of 29

To start the sequence {¢:), we let

b0 = Po
=Lo—1L;
=1—u,
so then
~ <é07¢1>~
pr=¢1— ——%0
<¢0,¢0>
_( 3.2 1\ =253,
—< 2x +x—|—2) 8/3 1—-x)
_3,,3 3
TN TRy
and

. <<50: ¢2> ; <<131, ¢2>

P ade) " (and)

1( 5% + 3% + 3x — 1) O oy - 23243, 3
=—(—5x x x—1)——Q—%)— ——(—=a"+ -2+ -
2 8/3 910\ 2" T4 Ty

55,5, 11 1
=—=x"4+-x"+—x—-.
2 6 6 6
The first several polynomials b0, b1, . . ., paare shown in Fig. 1.
Now, comparing ¢; with é1 and ¢, with ¢, we can find a general formula for the é; in
terms of ¢;. By subtracting ¢; from &;, we obtain

Graph of ~d; form=0

-1 -0.5 0 0.5 1

Fig.1 Graphsof g, i =0,1,2,3,4
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7 2,3 3 2
¢1—¢1:—§x +1x 4—(—296 +x+2>
1 1
=ity
1-
= 3% (13)
and
$2— 2= — x3+2 2—1—% —2—(—§x3+3x2+;x—;>
(2ot d)
9 2 4 4
4 -
= 5% (14)

This suggests a simple recurrence relation for ¢; in terms of ¢;. Before we prove that this
relation holds in general, we need the following result.

Lemmal LetN; = <¢~>k,q~5k>. Then

2k +2)? s
Tk )22k +3) (15
Yk > 0.
Proof 'We proceed by induction. For the base case, we have
No = <<130,</’;0,>
1
= [ durdots) d
-1
1
= / 1—x)1 —x)dx
-1
_ 8
=3
For the induction step, we assume that there is a k > 0, such that Ny_; = 132((/;:_1312) We

~ 2.
must show that the formula found in Eq. (15) is true for k. Given ¢y = ¢y + (k%l) Pr_1,
and using

2
2k +1

(L, L) = ; (16)

Page 6 of 29
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we have

Ny = <<l~5kr¢~5k>

k \2- k \2-
= <¢k + (k—i—l) dr—1, Pk + <k—|—1> ¢k—1>

= (&K, D) +2<kf_1>2<¢kr<5k—1> + (/(_]|(_1>4<¢~5k—1’¢;k—1>

k \? ko\*
= (L + Liy1, L + L) — 2(k+1> (Lo L) + (k > 1> Ni—1
8(k +1) 4k> kK \*
= - 2 + Nk—l
k+12k+3)  (k+1*2k+1) k+1
_ 4(BK*+6k+2) ( k )4
Tk D22k + 1)k +3)  \k+1) KT
2>k +2)2

T k4 122k +3)

We can now establish the pattern seen in (13), (14).

Theorem 1 If bo(x) =1—x and ¢; is obtained by orthogonalizing ¢; = Lit1 — L;
against b0, b0, - . ., i1, then

¢i = ¢i + cii1 (17)
N2
fori=1,2,...,wherec; = (h%l) .

Proof Again we proceed by induction. For the base case, we will show that the theorem
holds wheni = 1:

<</30, ¢1> .

¢1=¢1 — <~~>¢0

@0, Po
e B3 1 2280
IR S YR
P e
1-
=¢1+ E(Ibo. (18)

Note that Eq. (18) is equivalent to Eq. (13). For the induction step, we assume that there
isa j > 0, such that

NG
o =¢; + (;+]1) 1. (19)

Page 7 of 29
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We show that (17) holds when i = j + 1. We have

Gj+1 = i1 + Z <Z;:,¢ik>>

= Qi1 — <Z;:g;> o

<Lj+1’¢;j> - [<Lj+2;¢j> + (1%)2<L;‘+2,03j71>} _
= Qj+1 — — o

%y
o <L/+1,03j> -
- ¢}+1 <$j, ¢~51> ¢]
o (Lit1,¢j) + (;+1) < Lis1,j-1 >¢;’
ey
=¢jr1 — <§;;Z;> é
=¢H1_<%+bh>j<ﬁ+b@+ﬁéi
(oré)
<L1+1» 1+1>

= ¢j+1 + W ).

Therefore, using Lemma 1 and (16), we obtain

¢3j+1 dj+1 + (2(l+21)+1)¢;
()

2 (j+1)%(21+3) -
0+3 2+2)]

1 -
—¢,+1+<j+ )¢

= ¢j+1+

We now prove a converse of Theorem 1.

Theorem 2 If bo(x) =1—x and ¢; is defined as in (17) for i =1,2,...

<q~5k, ¢~>,> = O0when j < k.

, then

Page 8 of 29
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Proof Casel:j<k—1

(bdy) = <¢k+<ki1) Bty + <+1> B >

= (b0 ) + (ki 1) <¢k 1,¢,>

kK \?/-
= (Li, Lj) — (L, Ljs1) — (Ls1, Lj) + (L1, L) + ((> <¢k—1’¢j>

k+1
k \%/-
<k 1) <¢k—1y¢j>
0.
Case2:j=k—1

<¢~’k’¢~)j> (k> Pr—1) + <ki1> <<5k—1,¢/<—1>

k 2
= (Lk — Lit1, L1 — L) + (k+1> <¢k 1 Pk 1>
k 2, -
— (Lo L) + (k+1> (fr1 i)

_< 2 >+( k )2 2((k — 1) 4+ 2)2
2k +1 k+1 ((k—1)+1)2@2k —1) +3)

=0.
t
All orthogonal polynomials satisfy a general three-term recurrence relation that has
the form
Bidir1(x) = (x — o) B (x) — yj—1¢hj—1 (), (20)

where a;, B and y; are constants. By enforcing orthogonality, we obtain the formulas

(¢17x¢]>
i 21
AR 1)
(i1, %)
==, 22
& (Gis1, Bia1) (22)
(B+1,55)
| = =~ =~ - 23
"= (23)

First, we will find the value of ;.
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Theorem 3  Let o; be defined as in (21). Then aj = — Vj > 0.

(j+1)1(j+2) ’
Proof Base case: When j = 0, we use (21) to obtain
<(50: X(50>
<$01 (50>
[ do)xdo () dx
21 do@)do () dx
_ IY (% = 242 + x) dx
Jh (x2 = 2x 4+ 1) dx

1
5"

oy =

For the induction hypothesis, we assume there isa j > 0 such thatj 1 = — ](/%1) From

<"3f’x"~>f > = z i \2 )
aj = ~—-and ¢; = ¢ + ¢j¢;—1, where¢; = (ﬁ) , we obtain
() 1

<¢~>px¢3j> = <¢j + qugjflfx(@ + qu;jfl)>
= <¢j + i1, x5 + xcj<51>1>
= (#pxty) +26:(F-1,30 ) + S (G-1,5051). (24)
Now, from the recurrence relation for Legendre polynomials, we obtain
(djx¢) = (Lj — Li1,%(Lj — Lit1))
j+1 j j+2 j+1
={(Lj— L, L L) — (=L + =1,
(- tawn (§ntem + b ) - (st st
j+1 j+1
= — (¥ )(@,L) - ( == (L1, L
(2]+3>< /) 1> (2}+1>< j+1 ]+1>
3 j+1 2 j+1 2
N 2j+3/\2+1 25j+1)\2/+3

__—4+D (25)
2+ 1(©2j+3)

Page 10 of 29
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j
J /= j+1 /-
= 1B bm) =~ g (g
g N IR (1Y
B 2]+1< "1’L"1> 2j+3<¢’_1+< j > ¢"2’L/>
/s _jH1 j=1\*/~
=i\ b))~ g () ¢ <,> <¢,_2,L,>]
i /s j+1
= m< 1—1'L1‘—1> - m<¢j—bL/>
i /- j+1
= m< 1—1rLj—1>+m<Ljr i)
J j+1
= o1 b b) — gl )] + o= (L)
J j+1
=3+l (1= g-1) (L1, Lj-1)] + m@i’m
-7\ (- () 55 s )
241 j 2 —1 2j+3\2+1

2(2 4+ 3j +3)

= ¥ = 26
j(2+1)(2+3) 20

To calculate the middle term in Eq. (24) we will multiply 2¢; by the result from Eq. (26):

) N2 2(%+3+3)
2Cj<¢j—lrx¢i> =2<j4]-1> (j(Zj]-i- 1) (]21+3)>

4j(j% +3j + 3)

S . @7)
(+1)7(2+1)(2+3)
We rearrange the formula for o to obtain the following:
<q;j71’ x$j71> = a]’*l <¢~>j71, ¢~>j71>
1 G+’
j+1)72(2+1)
_ 20+
s +1)
Therefore,
. 4 .
2/ 7 g _ ] _2(] + 1)
I v = (757) </'3<2j 1)

G+ (2+1)

Page 11 of 29
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Now we can use the results from Eqs. (25)—(28) to determine the numerator of o;.

<¢;. xq3‘> __ —4G+D 4j(j* +3j + 3) N —2j
P @ D@43 (+1)2(2+1)(2+3) (+1)°(2+1)
—2(j +2)

)

Hence,

o 20+2) (+1)*(2+3)

T+’ @ +3)  2(+2)°
1

(+1)(+2)

Now, we will find the value of 8.
Theorem 4 Let B} be defined as in (22). Then f; = %, Vj > 0.
Proof For the base case, we consider j = 0:
<¢~)1: x$0>
Bo= 1+
<¢1, ¢1>
[h i @xdo () dx
J1 $1@)é1 ) dx
I (—%xz +2x+ %)x(l —x) dx

= (—%xz +3x+ %) <—%x2 +3x+ %) dx
2
"3

For the induction step, we assume there is a j > 0 such that g1 = % From
o <4~’j+1vx<13/‘>
/ <43j+1v¢~5;+1>

<‘Z’j+1:x‘7;j> = <¢j+1 + Cj+1d;;',x(¢;' + C/’¢~’j—1)>
= (pj+1,x¢5) + Cj<</3j—1,x¢j+1> + Cj+1<q;j’x¢j>
+ et <¢3,~,xq3j71 > (29)

- - 2
and ¢; = ¢ + cj¢j—1 wherec; = (/{) , we obtain

Page 12 of 29
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Using the recurrence relation for Legendre polynomials, we obtain

<¢’/+1’x¢1>

and

j+1 j j+2
= (L1 — Lisa, L L) - L
<’“ v <2]+1 AT 1) <2j+3 2t

j+ 2
= S (Ljs1, L) + Iz

j 2
_2j+1<2j+3>+

(Li1 = Liya,x(Lj — Liv1))

i+ 1
yesh))
2j+3
j+1
%+3 (Ljx2,Lit2)
j+2 [ 2

2% +3\2/+5

2452 + 12/ +7)

2j+1
j+1

(30)

T @+ D@ +3)(2+5)

<<l~5j71,x¢j+1> = <¢~>1>1,ij+1 - ij+2>

j+1
2 +3

j+2 j+3 j+2
= i—1, L L L L
<¢’ ! (2j+3 2t ’) (2/+5 AERIETIWCCA

o j+1 2
2 +3\2+1

2(j+1)
(2 +1)(2+3)

We then have

2(j +1) )

G{d-1x071) = <;+]1>2 <_(21’+1)(2/'+3)

_ -2
)@+ +3)

€2y

The last term in (29) is obtained as follows:

(550)

=2/+1<¢” ’+1>+2 +1<¢” i- 1>

~ Jj+ j j+2
) L L L;
<¢’ (2 +1’“+21+1’1) (21'+3’+2+

)

243

= £+3<¢” ’>

j+1 j+1
m( (Liv1,Ljs1)) + % +1[ 61— Ci—1)<Li—1va—1>]—m[(l—ci)@iiiﬂ
_j+1 ( 2 )+ j 2\ j+1 2

2j+1\2j+3 2j+1 (j+1)2 2j+3 (j+1>2

- 2(+2) (2 +j+1)
(+1)7(2+1)(2i+3)

Page 13 of 29
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We then have

s (LY 0 )

j+2 (G+1)%(2+1)(2+3)
_ <2 .
St (32)
(+2)(2+1)(2j+3)
We rearrange the formula for ;1 to obtain the following:
<¢~>j,x¢~5/>1> = ,3j71<¢~)j» ¢~>;>
1 2((+2)°
2%+1(j+1)%(2 +3)
I A
G+1)(Z+1)(%+3)
Therefore,
N2 2 . 2
o r o N j+1 2(j+2)
= i (33)
G+1)(2+1)(2+3)
Now we can use the results from Egs. (30)—(33) to determine the numerator of ;.
<q§, x$'> 24 +12j+7) B 2%
T QA D@ +3)(2+5)  (+1)(2+1)(2+3)
- 2(2+j+1) N 2j2
(G+2)(2+1)(2/+3)  (i+1)(2+1)(2+3)
_ 2343
(+2)(2+3)(2 +5)
Hence,
. 2(j+3)° (i +2)*(2 +5)
T+ (2 +3)(2+5)  2(j+3)
_jt2
T2 +3
O
Using the same approach as in the preceding proof, we obtain
L 2(j +3)° (i +1)*(2 +3)
T+ (@ +3)(2+5)  2(i+2)°
(i +1)°G + 3)2 (34)

T (+2°(2+5)
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In summary, the polynomials {¢;} satisfy the recurrence relation

j+22 1 - FG+2? 0

TR = (x + .,>¢>'(x) -3 %-1W).

j+3"7 G+DG+2)7 (41225 +3) 33)
We can rewrite Eq. (19) as ¢~3,' — cj¢~>j,1 = ¢;. In matrix form, we have

1 —C1

®=0C, C= 1. , (36)

where ® = [¢o(X) ¢1(X) -+ ¢u(x) |and @ = [ Jo(x) F1(X) --- @n(x) ), with x being a
vector of at least n 4+ 2 Legendre—Gauss—Lobatto points. This ensures that the columns
of @ are orthogonal.

Then, given f € X,,+1(0), we can obtain the coefficients f, in

n
&) = figi(x)
i=0
by simply computing ﬁ = (qgi,f)/Ni, where N; is as defined in (15). Then the coefficients
fiin
n
[ = figi(x)
i=0
can be obtained by solving the system Cf = f using back substitution, where C is as

defined in (36). These coefficients can be used in conjunction with the discretization
used in Shen (1997), which makes use of the basis {¢;}.

Thecasem # 0

In the case where m # 0, we work with the space
Xn(m) = {p € Pnlp(=1) = p(1) = O}.

As discussed in Shen (1997), this space can easily be described in terms of Legendre
polynomials:

Xn(m) = span{¢;(¢t) = Li(t) — Liy2(t), i=0,1,...,N —2}
Applying the Gram-Schmidt process to the basis functions {¢;}, we obtain a new set of

orthogonal polynomials that will be denoted as {¢;}. These basis functions are obtained
in the same way as in Eq. (11). First, we let

b0 = o
=Lo— Ly
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and

é1=¢1
=L — L3
5, 5

= ——x X.
2 +2

Then, we have

<¢30,¢2> . <¢§1,¢2> A
- >¢1

< $o —

<¢§o, d30> <¢A51 ¢1

K (lowe@)dx 7 (hwew) ds
J

5

S-

T (bt dr T (b ) "

35,2, 7\ <25( 3, 3\ 0 (5,5
4 8 12/5 2 2 20/21 2 2

Il
/|\
o | W

= 3‘?5964 + 5x g
and
b 2Ly (), (B
(bodo) " (o) (duda)
o ffl (@o(x)%(x)) dx ~ fl_l (q@l(xwg(x)) dx (¢2(x)¢3(x)) dx
IR T P T e I (2o )
3

45 5 27 0 (3,,3\ =2/7( 55 5
- - —— -+ = S+
4 8 125\ 2" T2) 202\ 2" 727

I
/T\
| 8

wn

The graphs of the first several members of the sequence {¢;} are shown in Fig. 2.
Again, we will compare ¢, with <,{32 and ¢3 with qgg to find a general formula for the val-

ues of ¢;. We obtain the following formula

P 354,50 0 354,21 7
—p= — —x x—— — ="+ —x— =
2" 8 8 8 478

1, 1

= — —X —

2 T

1(3,,3

= ——X —

6\ 2 2

1, (37)
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Graph of "q&l form=0

=

1.5

0.5

-0.5 -
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Fig.2 Graphsof ¢;,i =0,1,2,3,4

and

5
—x - —x— | ——x"+ —x"— —x
8 +2 8 8 +4 8

I
!
|

X

. 63 . 21 5, 21 63 5 45 5 27
@3 — @3

These results suggest a simple recurrence relation for ¢A>,' in terms of ¢; and ¢A5i_2, in which
the coefficient of qAﬁ,',z is a ratio of triangular numbers d; = i(i — 1)/[(i + 1)(i + 2)]. We

therefore define

q}—qa«—ii(i_l) b i=23,...,N—2 38
i — i (l+1)(l+2) i—2 i ) ) ( )

with initial conditions

~ 2 N 5 3

Pox) = go(x) =1 -7 $1(x) = h1 (%) = _(x — 7). (39)
To prove that these polynomials are actually orthogonal, we first need this result.

Lemma2 Let d;(x) be defined as in (39), (39), and let Ny = (¢, %), ¥ = 2. Then

o 2(j+3)(j + 4)
" @+5)(+2)(+1)

(40)

Page 17 of 29
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Vj > 2and

JU — . A ,
¢ o + (-4—(1)(]))¢’ 2 j=z2, ¢i=¢, j=1L

Proof For the base case, we compute Ny and N; directly. We have

No = (o, ¢o)
= {0, Po)
= (Lo — Ly, Lo — L»)
= (Lo, Lo) + (L2, L2)

12
~ 5

’

and

= (1, 1)

= (¢1,¢1)

= (L1 — L3, L1 — L3)
= (L1,L1) + (L3, L3)
20

=7

%(j+3)

e Nov

For the induction step, we assume there is a j > 2 such that N; » =
we must show that the formula (40) is true for j. We have

-1 -1,
<¢1r¢}> <¢/ (]+1)( )¢1 2»¢1 (,+1)(j+2)¢12>
25— 1) G-\ .
-+ g )+ (i) ()
)+ et + (i ) e

T @r)E+5) (12 G+1)(+2

B (2j +3) 2j(j—1) 2 j(i—1) 2 4
T (2+1)(2+5) + G+1)(+2) (2j~|—1> + ((j+1)(j+2)> Nj-2
_ a3y +< G -1) )220+no+n
G+10(+2)@+1)(2+5 \(G+1)(+2)) [jli-1)(2+1)
2(j+3)(j +4)

T+ +2) @ +1)

O

Theorem 5 Let d;,' be obtained by orthogonalizing ¢; against <130, d;l, ... Then qSo = ¢o,
¢1 = ¢1, and

b= +digj2 j=2, (41)

)

where dj = (1+(1})(]+2)

Page 18 of 29
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Proof For the base case, we first show that b1 = ¢1and ¢y = ¢y are already orthogonal.

We have

<<131,<130> =(Ly — L3, L, — Ly)

= (Lo, L1) — {L1,L2) — (Lo, L3) + (L2, L3)
=0.

Next, we show directly that the theorem holds when j = 2:

<¢§0, ¢2> . <¢A51, ¢>2> .

br=br— ~———tdo— —Lh
(do.do)  (dudr)
35 21 7 —2/5 3 3 0 5 5
= — at - TNt o —7/ D) - ——— (- =
8 4 8 12/5 2 2 20/21 2 2
1.
=¢2+ g¢0« (42)
For the induction step, we assume that qgo, e éj_l are all orthogonal, where j > 2, and
that

b = ¢j +dii—a,

Whered = m Then

¢;+1 = @j+1 + ;% Md)k

<(i§j—1: L;‘+1> - <<13j—1rLj+3> ;

Bt <<Z>j—1,<137—1> "
o <¢j—1 +C;—1<§/—3,Lj+1> N
= ¢j+1 <<13j_1,<13/_1> Pj-1
b o)
" <¢31—1;¢31—1> "
<¢/ 1 }+1>

= ¢j+1 — $j—1
' <¢/ 1,¢/ 1> '
Li_1—Liyq,L; n
= ¢l — < j lA /J:l 1+1>¢j_1
<¢j—1,¢j—1>
<LJ+1’ /+1>

<¢; 1,¢/ 1>
1 N

2
2 +3 <qgj_1,¢gj_1>¢"‘1

= ¢1+1 + ‘2;

=¢jir1 +

Page 19 of 29
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Using Lemma 2, we obtain

2 j(i+1)(2+3)
2 +32(j+2)(j+3)
_ ji+1) o
SOt i)

¢3j+1 =¢jr1 + d,;jfl

O
We now confirm that the polynomials defined using the recurrence (41) are

orthogonal.
Theorem 6 Let qAﬁk be defined as follows:

k(k—1)

¢k=¢k+m¢k—2, k>2, ¢r=¢r, k=1L

Then <<f;k:<13;‘> =0forj # k.

Proof We will show that for each k > 0, <q§k,q3j> = 0for 0 <j < k. The case k = 1 was

handled in the proof of Theorem 5. Proceeding by induction, we assume q’;o, cey ék, jare
all orthogonal, and show that <¢A’k» <]3}> =0forj=0,1,...,k—1.

Casel:j<k—2
<¢3k»<13/> = <¢k,¢3;'> + ﬁ%<ﬁ£k—2»$j>
= <Lk - Lk+2y¢3/>
0.

Case2:j=k—2

<¢§k’¢§j> = ¢k,¢3/> + M@k—b 431’>

(k+1)(k +2)
k(k —1)
(k +1)(k +2)

D (Gadis)

(b

{
<Lk - Lk+2r€£k—2> +
{

Lk’¢k72> + m
~ kk—1) 7+«
= — {Li, Lg) + GrDk+2 <¢k—2;¢k—2>

B 2 k(k — 1) ( 2k + 1) (k +2) )

T 2%k+1  (k+ Dk +2) \k(k— 1)k +1)
=0.
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Case 3: j = k — 1. If k > 3, then we have

<¢3kr</3j> = <¢kr<i3j> + (kf_(/;)%@k—zr ¢A’;>

kk—=1) /-
GrD&+2) <¢k—2,¢k—1>

Ly — Lk+2,¢3k—1>

(
(1)

<¢k’¢§k—1> +

(k—1)(k—2) »
LioLg—y = Liyr + — 3>

k(k+1)

If k = 2, then the steps are the same, except that the term with Pr_s is not present. [
Like all families of orthogonal polynomials, the {qAbk} satisfy the recurrence relation

Bid+1(x) = (x — @) (x) — yj-1-1 (). (43)
By analogy with (21), (22) and (23), we have

o=, (44)

(Bj+1, %)

:34 = A ~ ’
T (i, Bi)

(45)

(<73;'+1,x<131>
yi= 46
! (&, &) (46)

Because ¢3; contains only terms of odd degree if j is odd and of even degree if j is even,
just like the Legendre polynomials, it is easily shown that & = 0 for j = 1,2,... We will
now find the values of 8; and y;.

Theorem 7 Let fj be defined as in (45). Then f; = ;_Tss’ Vi > 0.

Proof We show the base case j = 0 directly:
<(£1; X($0>
Bo=—-L
<¢17 ¢1>
_ f_ll b1 (x)xdo (x) dx
f—11 $1(x) 1 (x) dx

For the induction step, we assume there isa j > Osuch that 8; 1 = %

. (busd) o e
Then, using (45), we have f; = m and ¢; = ¢; + dj¢; > where d; = (EHIEE
For the numerator, we have

Page 21 of 29



Richardson and Lambers SpringerPlus (2016)5:1567

<<13j+1,x03j> = <¢j+1 +dj1¢y,x (¢j + dj(f’;’—z) >
= ($j+1,2¢)) + d1<¢31>2»x¢/+1> +djn1 <¢3/71, x¢f> (47)
+d;dj1 <¢3j7bx$j72>'

We now compute each part of this numerator as follows:

(Bj+1,2¢5) = (Lis1 — Lit3,x(L; — Lj12))
j+3 j+

j+ j
={Lii1 — L3, L Li_i ) — L L
<’+1 it+3 <2}+1’+1+2j+1’1> (21+5’+3+2]+5’“>>
j+1 j+
=2 L, L Liii, 212 (Liys, L
2j+1< j+1 1+1> 2 +5< j+1 }+l> 2}.+5< j+3 1+3>

_jH1 /2 j£2( 2\ j+3( 2
T2 4+1\2/+3/) 2/+5\2/+3/) " 2/+5\2/+7

20/ +2)
Qi+ (2 +7)

. . j+2 j+1 j+4 j+3
o, Xp; = o, | Z/—=L; ESELEEy S [N L EREny
<¢’1 ”d’/“> <¢” 2 <2j+3 2t g 7T gy

= %@’1 2 1>

j+1

= 2]+3<L1’L]>

j+1 2

- 2j+3(2j+1)

_2+Y) (48)
(2/4+1)(2 +3)

Then

A b xd: = j(j_l) — 2(j+1)
d,<¢172, ¢>/+1> = <<j+1)(j+2))< (2j+1)(21+3>>
—2j(j - 1) (49)
BEDITRCED)

For the third term in (47), we have

A j+ j j+3 j+2
, , L ) - L L
<¢/ 1"¢’> <¢’ ! (2;+1 it o 1) <2j+5 AERIETISAS

+1 /4 i+2 /.
B 2]+1<¢] b ]+1> * m<¢j—l’]“j_1> B m<¢’/‘—1,L/‘+1>
j+1 j
B ﬁ(_<L’+1’Lf+1>) ST (1= dj1) (-1, L)
j+2
g5l (i)
__j+1<2>+j 4 _j_|_2<2>
T2 +1\2+3) " 2+1\j(j+1)/) 2+5\2+3

6(j + 3)
G+1)(2+1)(2+5)
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and therefore

d/’+1<<131'—1,x¢/'> 1i+1) <( oG +3) )

T G+2)(+3)\ )2+ 1) (2 +5)
_ 6/
REDICEDCED] (50)
We rearrange the formula for 8;_; to obtain the following:
<<13/—1,x<23;'—2> = /3/—2<(£j—1¢(73j—1>
_jH12((+2)(j+3)
C 2+ 1j(j+1)(2+3)
_ 2(j+2)(j +3)
(% +1)(%+3)
Therefore,
S S V) jU+1) 2(j+2)(j +3)
i1 (§y-1,3-2) = ((j+ 1)(j+2)> ((j+2) (j+3)> <1(21+ 1) (2 +3)
2j(j—1)
=7 ; ; . 51)
G+ +1@+3) (
Now we can use the results from Eqs. (48)—(51) to determine the numerator of ;.
. A\ 2(j +2) B 2i(j—1) 6j
em8) = Grin+7) (T )@ T 0@
2i(j—1)
G+1)(2+1)(2/+3)
_ 2(j+4) (i +5) (52)
(+2)(2+5)(2+7)
Thus,
g — 2(j+4)(j+5) (G+2)(+3)(2+7)
"+ @45 +7)  2(+4)(+5)
. j+3
2 +5
O
From (46), (52), and Lemma 2, we obtain
o 2(+4)(+5) (+1)(+2)(2+5)
V= (G+2)(2+5)(2+7) 2(j+3)(j+4)
G+ D(j+5) 5

T G+3(2+7)
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In summary, we have

j+3 . Ca j(i+4) -
%+5@H@O—x@@) GI?RZ:ES@AMl (54)

Equation (41) can be rewritten as ¢; = qgj — d,(ﬁj_g. Now, we have the system

(10 —d,
1 0 —ds
A 1 0o .
®=&D, D= . (55)
1 .o —d,
0
L 1 -

where @ = [ go(x) $1(x) -+ ¢,(x) Jand & = [ Jo(x) d1(x) -+ Pu(x) ], with x being a
vector of at least n + 3 Legendre-Gauss-Lobatto points. This ensures that the columns of
d are orthogonal.

Then, given f € X,42(m), we can obtain the coefficients fl in

f@) = fidix)
i=0

by simply computing f, = (¢i,f)/N;, where N is as defined in (40). Then the coefficients
fiin

f@) = figi(x)
i=0

can be obtained by solving the system Df = f using back substitution, where D is as
defined in (55). These coefficients can be used in conjunction with the discretization
used in Shen (1997), which makes use of the basis {¢;}.

Recurrence relations for generalized jacobi polynomials
The families of orthogonal polynomials developed in the preceding two sections are
orthogonal with respect to the weight function w(x) = 1. In Guo et al. (2009), Shen
(2003), families of generalized Jacobi polynomials/functions (GJP/Fs) are defined in
such a way as to satisfy specified boundary conditions, such as the ones employed in this
paper. These functions are orthogonal with respect to a weight function that is deter-
mined by the boundary conditions. However, it can be seen from (10) that an alternative
weight function may be preferable when solving certain PDEs. In this section, we discuss
the modification of sequences of orthonormal polynomials and their three-term recur-
rence relations as a consequence of changes in the underlying weight function.

Let J, be the n x n Jacobi matrix consisting of the recursion coefficients corresponding
to a sequence of polynomials p;(¢), j = 0,1,...,n — 1 that is orthonormal with respect
to the inner product
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1 PR—
(800 = / T dio),

where d.(t) = w(t) dt, and let ], be the n x 1 Jacobi matrix for a sequence of polynomi-
als pj(¢), j = 0,1,...,n — 1that is orthonormal with respect to the inner product

1 — ~
(00 = / e i

where the measure d z(t) = () dt is a modification of dA(¢) by some factor. The follow-
ing procedures can be used to generate j,, from J,;:

o Multiplying by a linear factor: In the case di(t) = (t — ¢) dA(t), we have

- 81\ 2
]n:LTL+cI+<g 1) eqel, (56)

nn

where w(J, — cI) = LLT is the Cholesky factorization (Gautschi 2002; Golub and
Kautsky 1983).

o Dividing by a linear factor: In the case dj,(t) = (¢t — ¢) "1 d)(¢), where c is near or
on the boundary of the interval of integration, the inverse Cholesky (IC) procedure
(Elhay and Kautsky 1994) can be used to obtain J,. We have

- Sy
I, = L_llnL —c + Z 1e,,cT,

nn

where I = (J, — cI)LLT + e,d” and c and d are vectors that need not be computed if
one is content with only computing J,—1.

In either case, the original and modified polynomials are related by L:
p(t) = Lp(?),
where p(t) = [po(®) ... pu1(®)]" and p(¢) = [po(®) ... pu1@®) ]
While three-term recurrence relations for the Jacobi polynomials are well-known,
we are not aware of similar recurrence relations for GJPs. We now present efficient
algorithms for modifying either of the families of polynomials {qgj}, {qAbj} to obtain such

recurrences.

Boundary condition p(1) =0

We first demonstrate how the polynomials {q~5j} from section “The case m = 0” can be
modified to obtain the three-term recurrence for the GJPs

(G

() = 1 —x)] () =

which are orthogonal on (—1,1) with respect to the weight function (1 —x)~! (Guo
et al. 2009; Shen 2003). Like the {<13j}, these polynomials satisfy the boundary condition
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Let

o Yo
Bo a1

Jn = (58)

Bn—3 op_2 Yn-2
Bn—2 ap-1

be the matrix of recursion coefficients for the {q;,- };’;01, where a;, Bj and y; are as defined in
(21), (22), (23), respectively. First, we apply a diagonal similarity transformation to sym-
metrize J,, which yields

ao So

30 (03] 81

dn—3 Ap—2 Sp_2
dp—2 ay—1

where §; = | /y;B; for j =0,1,...,n — 2.

Let J, be the Jacobi matrix for the polynomials ¢;(x). Since its measure is a modifica-
tion of that of J, and J, by dividing by a linear factor, certainly the IC algorithm can
be used to compute Tt directly from J,» but this requires O(#®) arithmetic operations,
which exceeds the cost of computing the entries of J, directly as inner products using
the Rodriguez formula (57).

Alternatively, we can invert the procedure described above for handling modification
by multiplying by a linear factor. First, we let T), = I — J,, in view of the modification
d:l(t) = (1 — t)"'d(t). Then, we solve the (1, n) entry of the matrix equation

. 2
Sn—
T,=LTL+ <zl> eqel
nn

2

7w we choose the

for €2, where L is lower triangular. As this equation is quadratic in ¢
larger root. The entry 8,_10f J, can be computed using (57).
Next, we compute the factorization

N 2
Sp_

T, — n-l ene,{ =LTL,
g}’l}’l

which amounts to performing a Cholesky factorization “in reverse’;, as reversing the

order of the rows and columns of this matrix equation leads to a Cholesky factorization.
Finally, we obtain
Ju=1-LLT.

This matrix actually differs from the correct J, in the (1, n) entry. Therefore, deleting the
last row and column yields the correct jnfl. The entire procedure can be carried out in
only O(n) arithmetic operations, due to the fact that L is actually lower bidiagonal.

Page 26 of 29
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Boundary conditions p(—1) = p(1) =0
We now show how to efficiently obtain recursion coefficients for the GJPs
(-1y d

o Sla-wtass ), j=o1... (60)

@j(x) =

which are orthogonal on (—1, 1) with respect to the weight function (1 —x)~1(1 +x) L
Like the {¢A>j} from section “The case m = 0’; these polynomials satisfy the boundary con-
ditions ¢;(—1) = ¢;(1) = 0.

Let /,, J, be defined as in (58), (59), except that aj, Bj and y; are as defined in (44),
(45), (46), respectively, and let 7, be the Jacobi matrix for the polynomials ¢;(x). Since its
measure is a modification of that of /, and J, by dividing by two distinct linear factors,
the IC algorithm can be applied twice to compute J,_s directly from J,, but as before, we
seek a more efficient approach.

The main idea is to apply the process from section “Boundary condition p(1) = 0"
twice. In this case, however, it is more complicated because we do not have all of the
information we need. As an intermediate step, let J, be the Jacobi matrix for polynomi-
als ¢;(x) that are orthonormal with respect to the weight function w(x) = (1 — %)L The
goal is to first obtain Jo—1 from j,,, and then obtain fn,z from J,_1.

As before, we let T,, = I — J,. We then need to solve the (1, 1) entry of the matrix
equation

< 2
T, = LTL+ <8nl> e,,e,{ 61)
nn
for E%m, where §,_1 = (*@u—2, Pu—1)a. However, unlike in section “Boundary condition
p(1) = 0, the value of 8,_1 is unknown. For now, we leave it as a variable and describe
the remainder of the procedure.
Proceeding as before, we compute the factorization

S 2
T, = ( "‘1> enel =17L,
Z}’l}’l

and then obtain J, = I — LLT. As this differs from the true J, in the (n, n) entry, we
delete the last row and column to obtain J,,_1.

To accomplish the modification of the weight function by dividing by (1 + x), we can
proceed in a similar manner. We set T,—1 =1+ J,_1, and then solve the (n — 1,n — 1)
entry of the matrix equation

. 2

_ . Sp—

Ty1=LTL+ (ﬁ "1 2 1> e,_1el ;
n—1l,n—

for EZ—M—P where 3,,,2 can be computed using (60).

After computing the factorization

~ 2
_ S8, .
Tp1 — o2 )\ _ T}
ﬂnfl,nfl
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we finally obtain
7}171 = ZZT - I:

and delete the last row and column to obtain J,_o.

To overcome the obstacle that §,_1 is unknown, we note that correct value of the
(n—2,n—2)entry of fn_z is known; its value can be obtained using (60) but in this case,
it can be determined using properties of even and odd functions that its value must be

zero. We therefore solve the nonlinear equation
F(5,-1) =0,

where F(8) is the (n — 2,n — 2) entry of f,,_z obtained from J, using the above procedure,
with 5_”_1 =34.

This equation can be solved using various root-finding methods, such as the secant
method. By applying the quadratic formula in solving (61), it can be determined that
the solution must lie in (0, 1 / 2]. Choosing initial guesses close to the upper bound of
1/ 2 yields rapid convergence. To improve efficiency, it should be noted that it is not
necessary to compute any of the matrices in this algorithm in their entirety to obtain the
(n —2,n — 2) entry of T only a select few entries from the lower right corner of each
matrix are needed. As such, it is possible to solve for §,_1 in O(1) arithmetic operations,

and compute Ju—2in O(n) operations overall.

Conclusions

We have obtained recurrence relations for generating orthogonal polynomi-
als on the interval (—1,1) that satisfy the boundary conditions (1) p(1) = 0 and (2)
p(—1) = p(1) = 0. These families of orthogonal polynomials can be used to easily imple-
ment transformation matrices between physical and frequency space for function spaces
of interest for solving PDEs in polar and cylindrical geometries.

While these polynomials are orthogonal with respect to the weight function w(s) = 1,
it has been shown that they can easily be modified to be orthogonal with respect to the
other weight functions. When modified as such to obtain GJPs, recursion coefficients
can be obtained with far greater efficiency than by computing the required inner prod-
ucts directly.

Future work includes the development of numerical methods that make use of these
families of orthogonal polynomials, or modifications thereof. This includes the adapta-
tion of Krylov subspace spectral methods (Palchak et al. 2015) to polar and cylindrical
geometries (Richardson and Lambers 2017).
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