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Abstract

Sometimes information in a network model is based on multi-agent, multi-attribute,
multi-object, multi-polar information or uncertainty rather than a single bit. An m-polar
fuzzy model is useful for such network models which gives more and more precision,
flexibility, and comparability to the system as compared to the classical, fuzzy and
bipolar fuzzy models. In this research article, we introduce the notion of m-polar fuzzy
graph structure and present various operations, including Cartesian product, strong
product, cross product, lexicographic product, composition, union and join of m-polar
fuzzy graph structures. We illustrate these operations by several examples. We also
investigate some of their related properties.

Keywords: m-Polar fuzzy graph structure (m-PFGSs), Composition, Cartesian product,
Strong product, Cross product, Lexicographic product, Join, Union of two m-PFGSs
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Background

Graph theory have applications in many areas of computer science including data min-
ing, image segmentation, clustering, image capturing, networking. A graph structure,
introduced by Sampathkumar (2006), is a generalization of undirected graph which
is quite useful in studying some structures including graphs, signed graphs, graphs in
which every edge is labeled or colored. A graph structure helps to study the various rela-
tions and the corresponding edges simultaneously.

A fuzzy set (Zadeh 1965) is an important mathematical structure to represent a collection
of objects whose boundary is vague. Fuzzy models are becoming useful because of their aim
in reducing the differences between the traditional models used in engineering and science.
Nowadays fuzzy sets are playing a substantial role in chemistry, economics, computer sci-
ence, engineering, medicine and decision making problems. In 1998, Zhang (1998) general-
ized the idea of a fuzzy set and gave the concept of bipolar fuzzy set on a given set X as a map
which associates each element of X to a real number in the interval [—1, 1]. In 2014, Chen
et al. (2014) introduced the idea of m-polar fuzzy sets as an extension of bipolar fuzzy sets
and showed that bipolar fuzzy sets and 2-polar fuzzy sets are cryptomorphic mathemati-
cal notions and that we can obtain concisely one from the corresponding one in Chen et al.
(2014). The idea behind this is that “multipolar information” (not just bipolar information
which corresponds to two-valued logic) exists because data for a real world problem are
sometimes from # agents (n > 2). For example, the exact degree of telecommunication safety
of mankind is a point in [0, 1]"(# ~ 7 x 10°) because different person has been monitored
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different times. There are many examples such as truth degrees of a logic formula which are
based on # logic implication operators (n > 2), similarity degrees of two logic formula which
are based on # logic implication operators (# > 2), ordering results of a magazine, ordering
results of a university and inclusion degrees (accuracy measures, rough measures, approxi-
mation qualities, fuzziness measures, and decision preformation evaluations) of a rough set.

Kauffman (1973) gave the definition of a fuzzy graph in 1973 on the basis of Zadeh’s
fuzzy relations (Zadeh 1971). Rosenfeld (1975) discussed the idea of fuzzy graph in 1975.
Further remarks on fuzzy graphs were given by Bhattacharya (1987). Several concepts on
fuzzy graphs were introduced by Mordeson and Nair (2001). Akram et al. has discussed
and introduced bipolar fuzzy graphs, regular bipolar fuzzy graphs, properties of bipolar
fuzzy hypergraphs, bipolar fuzzy graph structures and bipolar fuzzy competition graphs
in Akram (2011, (2013), Akram and Dudek (2012), Akram et al. (2013), Akram and Akmal
(2016) and Al-Shehrie and Akram (2015). In 2015, Akram and Younas studied certain
types of irregular m-polar fuzzy graphs in Akram and Younas (2016). Akram and Adeel
studied m-polar fuzzy line graphs in Akram and Adeel (2016). Akram and Waseem intro-
duced certain metrics in m-polar fuzzy graphs in Akram and Waseem (2016). Dinesh
(2014) introduced the notion of a fuzzy graph structure and discussed some related prop-
erties. Akram and Akmal (2016) introduced the concept of bipolar fuzzy graph structures.
In this research article, we introduce the notion of m-polar fuzzy graph structure and
present various operations, including Cartesian product, strong product, cross product,
lexicographic product, composition, union and join of m-polar fuzzy graph structures. We
illustrate these operations by several examples. We also investigate some of their related
properties. We have used standard definitions and terminologies in this paper. For other
notations, terminologies and applications not mentioned in the paper, the readers are
referred to Dinesh and Ramakrishnan (2011), Lee (2000) and Zhang (1994).

Preliminaries
In this section, we review some basic concepts that are necessary for fully benefit of this

paper.
In 1965, Zadeh (1965) introduced the notion of a fuzzy set as follows.

Definition 1 (Zadeh 1965, 1971) A fuzzy set p in a universe X is a mapping
w:X — [0,1]. A fuzzy relation on X is a fuzzy set v in X x X. Let u be a fuzzy
set in X and v fuzzy relation on X. We call v is a fuzzy relation on u if v(x,y) <
min{u(x), L(y)} Vx,y € X.

Recently, Akram and Akmal (2016) applied the concept of bipolar fuzzy sets to graph
structures.

Definition 2 (Akram and Akmal 2016) éb = (M,N1,Ns,...,N,) is called a bipo-
lar fuzzy graph structure(BFGS) of a graph structure (GS) G* = (U, E},E», ..., Ey,) if
M= (,uPM, M/\N/I) is a bipolar fuzzy set on U and for eachi =1,2,...,n, N; = (u&, ,u,%i) is
a bipolar fuzzy set on E; such that

1R (6y) < i) A by ), i, (o) = i) v i) Yay € B C U x UL
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Note that M&. (xy) =0= “%1 (xy) for all xye U xU —E; and 0 < ,u,f,i (xy) <1,
-1< uﬁ[[l (xy) < O0Vay € E;, where Uand E; (i = 1,2, ..., n) are called underlying vertex
set and underlying i-edge sets of G respectively.

Definition 3 (Akram and Akmal 2016) Let éb = (M,N1,N,,...,N,) be a BFGS of
a GS G*=(U,E,E,...,E,). Let ¢ be any permutation on the set {E1,Es,...,E,}
and the corresponding permutation on {N1,Na, ..., Ny}, i.e, ¢(N;) = N; if and only if
¢ (E;) = EVi.

If xy € N, for some r and

wh g @) = 1 @) A g @) = \/ i &),

ji
M%Eb(xy) = wpr (0 v i 0) — N\ g, G i=1,2,..,m,
ji

thenxy € B(y/’,,,while mis chosen such that /LZ s (xy) > [,LZ »(xy) and u% s (xy) < //,x s (xy) Vi.

And BFGS (M, N‘p,Ng), e f,)) denoted by éfc, is called the ¢-complement of BFGS
Gp.

Chen et al. (2014) introduced the notion of m-polar fuzzy set as a generalization of a
bipolar fuzzy set.

Definition 4 (Chen et al. 2014) An m-polar fuzzy set (or a [0, 1]”-set) on X is exactly a
mapping A : X — [0,1]™.

Note that [0,1]" (mth-power of [0, 1]) is considered as a poset with the point-
wise order <, where m is an arbitrary ordinal number (we make an appointment
that m = {n|n < m} when m > 0), < is defined by x <y < p;(x) < p;(y) for each
iem(xyel0,1]"), and p; :[0,1]" — [0,1] is the ith projection mapping (i € m).
0=(0,0,...,0) is the smallest element in [0,1]” and 1 = (1,1,...,1) is the largest ele-
ment in [0, 1]”. Akram and Waseem (2016) defined m-polar fuzzy relation as follows.

Definition 5 (Akram and Waseem 2016) Let C be an m-polar fuzzy subset
of a non-empty set V. An m-polar fuzzy relation on C is an m-polar fuzzy sub-
set D of V xV defined by the mapping D:V x V — [0,1]" such that for all
x,y € V,pioD(xy) <inf{p; o C(x),pio C(»)}, i =1,2,...,m, where p; o C(x) denotes
the ith degree of membership of the vertex x and p; o D(xy) denotes the ith degree of
membership of the edge xy.

An m-polar fuzzy graph was introduced by Chen et al. (2014) and modified by Akram
and Waseem (2016).

Definition 6 (Akram and Waseem 2016), Chen et al. (2014) An m-polar fuzzy
graph is a pair G = (C, D), where C : V — [0,11" is an m-polar fuzzy set in V and
D:V x V — [0,1]™is an m-polar fuzzy relation on V such that
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pioD(xy) <inf{p; o C(x),p; 0o C(y)}

forallx,y e V.

We note that p; o D(xy) = O0forallxy € V x V —Eforalli =1,2,3,...,m.Cis called
the m-polar fuzzy vertex set of G and D is called the m-polar fuzzy edge set of G, respec-
tively. An m-polar fuzzy relation D on V is called symmetric if p; o D(xy) = p; o D(yx)
forallx,y e V.

m-Polar fuzzy graph structures

We first define the concept of an m-polar fuzzy graph structure.

Definition 7 Let G* = (U,E},E»,...,E,) be a graph structure (GS). Let C be an
m-polar fuzzy set on U and D; an m-polar fuzzy set on E; such that

pj o Di(xy) < inf{p; o C(x),pj o C(»}

for all x,yel, ien, jem and pjoD;(xy) =0 for xy e U x U\E;, Vj. Then
Gimy) = (C,D1, Dy, . ..,Dy) is called an m-polar fuzzy graph structure (m-PEGS) on G*
where C is the m-polar fuzzy vertex set of G,y and D; is the m-polar fuzzy i-edge set of
G(m)

We illustrate the concept of an m-polar fuzzy graph structure with an example.

Example 8 Consider a graph structure G* = (U, E1, E>) such that U = {a1, a, a3, as},
E; = {a1a2} and Ey = {azay, azaa}. Let C, Dy and Dy be 4-polar fuzzy sets on U, E; and
Ey, respectively, defined by the following tables:

c a az as as
proC 0.1 0.3 04 0.2
proC 0.0 0.6 0.0 0.0
p3oC 0.0 0.2 04 0.3
paoC 0.1 00 04 04
D; (a1a2)1 (azay)> (a2a4)>

p1 o D; 0.1 02 02

Py 0 D; 00 00 00

p3 0 D; 00 02 0.2

ps oD 00 00 00

By simple calculations, it is easy to check that G, = (C,Di1,D;) is a 4-polar
fuzzy graph structure of G* as shown in Fig. 1. Note that we represent xy € D; as
x9)i = (p1 o Di(xy), ..., pm o Di(xy)); in all tables and the figures.

Note that operations on m-polar fuzzy sets are generalization of operations on bipo-
lar fuzzy sets. We apply the concept of m-polar fuzzy sets on some operations of graph
structures.
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a1(.1,0,0,.1)

as(.3,.6,.2,0)

a4(2,0,.3,.4)

Fig. 1 4-Polar fuzzy graph structure

Definition 9  Let G(,,, = (C1,D11,D12, ..., D1,) and G?,) = (Ca, D1, D2, . . ., Day) be

two m-PFGSs. Then the Cartesian product of G(lm) and G(Zm) is given by

Gl % Gl = (C1 x Cy, D11 x Da1,D13 X Do, ..., D1y X Day)

where the mappings C; x Cy : Uy x Uy — [0,11” and Di; X Dy; : E1; X Egj — [0,1]"
(for i € n) are respectively defined by

pj o (C1 x Cr)(x1x2) = pj o C1(x1) Apjo Ca(xa), Varxa € Uy x Uy

and

pj © (D1 XD} ((xx2) (xy2)) = pj o C1(x) A pj 0 Daj(x2y2), Vx € Uy, x2y2 € Ea;,
pj o (D1;xD2)(%1y) (1)) = pj o Ca(y) A pj o D1i(x1y1),  Vy € U, x1y1 € Exj

where j varies from 1 to m.
We illustrate Cartesian product of G(lm) and G(Zm) with an example.

Example 10 Let G(lm) = (C’, D}, D) be a 4-PFGS of graph structure G} = (U', E{, E})
where U’ = {b1, ba, b3}, E} = {b1b2} and E} = {byb3}. G(lm) is drawn and shown in the
Fig. 2.

The Cartesian product of G, (Fig. 1) and G(lm), given by Gy X G(lm) =
(C x C',Dy x D},Dy x Dj), is as shown in Fig. 3. In the figure, a D; x D}-edge can be
identified by the subscript “i” with the corresponding degrees of memberships of edge.

We now formulate Cartesian product of G(lm) and G(zm) as a proposition.

bi(.5,.6,.5,.6)

ba(.6,.6,.6, )

Fig. 2 4-Polar fuzzy graph structure
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Fig. 3 Cartesian product of two 4-PFGSs

Proposition 11  Cartesian product of two m-polar fuzzy graph structures is an m-polar

fuzzy graph structure.

Pl’OOf Let GS G* = (U; x Uy, E11 X Ep1,E12 X Epg, ..., E1, X Ey,) be the Carte-
sian product of GSs Gf = (U1,E11,E12,...,E1x) and G5 = (U2, E21,E2, ..., Eap).
Let G(lm) = (C1,D11,D19,...,D1,) and G(Zm) = (Cy,D91,Dy9,...,Dy,) be respective
m-PFGSs of GT and G; Then (C1 X Cz,Dll X Dgl,Dlz X Dzz,. . .,Dln X DZn) is an
m-PFGS of G*.By the Definition 9 of Cartesian product, C; x Cy is an m-polar fuzzy set
of Uy x Uy and Dy; x Do; is an m-polar fuzzy set of Ej; x Ey; for all i. So the remaining
task is to prove that D;; x Dy; is an m-polar fuzzy relation on C; x C; for all i. For this,
some cases are discussed, as follows:

Case 1. When x € U; and xyy, € Ey;

pj © (D1; X Da;i)((xx2)(xy2))
= pj o C1(x) A pj o Dai(x2y2)
< pj o C1(x) A [inf{p; o Ca(x2), pj o C2(y2)}]
= inf{p; o C1(x) A pj 0 C2(x2), pj o C1(x) A pj o Ca(y2)}
= inf{p; o (C1 x C2)(xx2), pj o (C1 x C2)(xy2)}, Vj € m.
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Case 2. When VAS U, X1)1 € Eq;

pj o (D1; X D) ((x19) (y13))
= pj o C2(y) A pj o D1i(x1y1)
< pj o C2(y) A linf{p; o C1(x1), pj o C1(y1)}]
= inf{p;j o C2(y) A pj o C1(x1), pj 0 C2(») A pj o C1(y1)}
= inf{p; o C1(x1) A pj 0o C2(y), pj o C1(y1) A pj o Cr(»)}
= inf{p; o (C1 x C2)(x1y), pj o (C1 x C2)(y1y)}, Vj € m.

Both cases hold for every i € n. This completes the proof. O

We define cross product of G(lm) and G(Zm) by an example.

Definition 12 Let Gl (C1,D11,D12,. . .,D1,) and G(Zm) = (Cy,D91,D23, . .., Day)

(m) =

be two m-PFGSs. Then the cross product of G(lm) and G(Zm) is given by

Gy * Gy = (C1 % Co, D11 % Da1, D % Doy, . .., D1y % Day)

where the mappings C; * Cy : Uy * Uy — [0, 11" and Dy; * Dy; : Eq; * Eg; — [0, 11" (for
i € n) are respectively defined by

pj o (C1 % Co)(x1x2) = pj o C1(x1) Apjo Calxa), Varxp € Uy x Uy =Uy x Uy
and
pj o (D1; * Daj)((x122) (¥1)2)) = pj o D1:(x1y1) A pj 0 Daj(x2y2), Vx1y1 € E1js x2)2 € Eaj,

where j varies from 1 to m.
We explain the concept of cross product of two m-polar fuzzy graph structures with

an example.

Example 13 Consider the 4-PFGSs G, and G (lm) shown in the Figs. 1 and 2, respectively.
The cross product of G,y and G(lm), given by G, * G(lm) = (C* C',Dy % D}, Dy % D)), is
as shown in Fig. 4. In the figure, a D; % D-edge can be identified by the subscript “i” with

the corresponding degrees of memberships of edge.
We formulate cross product of two m-polar fuzzy graph structures as a proposition.

Proposition 14 Cross product of two m-polar fuzzy graph structures is an m-polar

fuzzy graph structure.

PI”OOf Let GS G* = (U *Usy,E11 *Ex,E1n *Ey,...,E1,%Ey,) be the cross
product of GSs Gik = (U1, E11,E12,...,E1,) and G; = (U3, E»,Ep, ..., Eyy). If
Glpy = (C1,D11,D1,...,D1y)  and G, = (Cy,D21,D23,...,D2y) are  respective
m-PFGSs of G} and G then (Cy * Cy, D11 % Da1, D1 % D, . . ., D1y, % Do) is an m-PFGS
of G*. By the Definition 12 of cross product, C; * Cy and Dy; x Dy; are m-polar fuzzy sets
of U * Uy and Ey; * Egj, respectively, for all i. So remaining task is to prove that Dy; % Dy;
is an m-polar fuzzy relation on C; * C for all i. For this, proceed as follows:
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asb(.2,0,.3,.4) ashs(:2,0,.3, .4)

agb1(.2,0,.3, .4)
azbs(4,0, 4, .4) a1bi(.1,0,0,.1)

azby(4,0, .4, .4) & ’ - 2 a1by(.1,0,0,.1)

”rl}bl("l-,[)-, 4, ‘l) albiﬁ('lvovov'l)
[ ]

ashi(.3,.6,.2,0)

asbs(.3,.6, .2, 0) ashs(.3, 4,.2,0)

Fig.4 Cross product of two 4-PFGSs

If x1y1 € Eq;and xyyy € Eyj, then

pj o (D1; * Do) ((x1x2) (¥1y2))
= pj o D1;(x1y1) A pj 0 Da2i(x2¥2)
< [inf{p; o C1(x1), pj o C1(y1)}] A [inf{p; o Ca(x2), pj 0 C2(y2)}]
= inf{p; o C1(x1) A pj 0 Ca(x2), pj o C1(y1) A pj o Ca(y2)}
= inf{p; o (C1 * C3)(x1x2), pj o (C1 * C2)(y1y2)}, Vj € m.

This holds for every i € n. Hence Dy; * Do; is an m-polar fuzzy relation on C; * Cy, for all

i, which completes the proof. O
We now define lexicographic product of m-polar fuzzy graph structures.
Definition 15 Let G(lm) = (C1,D11,D13,...,D1,) and G(Zm) = (Cy,D31,D99,...,D9y)
be two m-PFGSs. Then the lexicographic product of G(lm) and G(Zm) is given by
Gimy ® Gim) = (C1 # C2, D11 @ D1, D12 @ D, ..., D1y Do)

where the mappings CreCy:U;elUy— [0,11" and Dq; @ Dy; : E1; ® Ey; — [0,1]™ (for
i € n) are respectively defined by

pj o (C1 e Co)(x1x2) = pj o C1(x1) Apjo Calxa), Vxixp € Uyely=1U1 x U

and

pj © (D1; ® D) ((xx2) (xy2)) = pj o C1(x) A pj o Dai(x2y2), Yx € Uy, x2y2 € Ea;j,
pj o (D1; @ D) ((x1%2) (¥1¥2)) = pj © D1i(x1y1) A pj 0 Dai(x2y2),  Vx1y1 € E1y, %22 € Eaj,

where j varies from 1 to m.

We explain the concept of lexicographic product of m-polar fuzzy graph structures by

the following example.
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Example 16 Consider the 4-PFGSsG(;,,)and G (1m) shown in the Figs. 1 and 2, respectively. The
lexicographic product of G, and G(lm), given by G, @ G(lm) = (CeC',D1 eDj,D; e D)),
is as shown in Fig. 5. In the figure, a D; e D}-edge can be identified by the subscript “i” with the
corresponding degrees of memberships of edge.

We formulate Lexicographic product of two m-polar fuzzy graph structures as a
proposition.

Proposition 17 Lexicographic product of two m-polar fuzzy graph structures is an
m-polar fuzzy graph structure.

Proof Let GS G* = (Ujely Ej;eEy,EipeEs,...,Ej,eEy,) be the lexico-
graphic product of GSs G] = (U1, E11,E12,...,E14) and G5 = (U, E21,En, . . ., Eoy).
If G(lm) = (C1,D11,D12, ..., D14) and G(Zm) = (Cy,D21,D19,...,Dy,) are respective
m-PFGSs of G} and G then (Cy e Co, D11 @ D31, D12 @ Doy, ..., D1y, @ Do) is an m-PFGS
of G*. By the Definition 15 of lexicographic product, C; e Cy and Dj; e Dy; are m-polar
fuzzy sets of Uy e Uy and Ej; e Ey;, respectively, for all i. Now, remaining task is to prove
that Dy; e Dy; is an m-polar fuzzy relation on C; e C, for all i. For this, we discuss two
cases as follows:

Case 1. When x € U; and xyy, € Ey;

pj © (D1; ® Da;)((xx2) (xy2))
= pj o C1(x) A pj o Dai(x2)2)
< pj o C1(x) A [inf{p; o Ca(x2), pj o C2(y2)}]
= inf{p; o C1(x) A pj 0 C2(x2), pj o C1(x) A pj o Ca(y2)}
= inf{p; o (C1 @ C2)(xx2), pj o (C1 @ C2)(xy2)}, Vj € m.

9.0 > 5 agbs(.2,0,.3,.4) QJ%
M\’\\'” M

2,0,.3,.4),

a;;b;;(."l, 0, 1. ’l) a1b1<.1, 0, 0, l)

— 2

= =

~ -

S =

= =

< —

S =
azby(4,0, 4, 4) arbs(.1,0,0,.1)

ashi(:3,.6,.2,0) ashs(.3, 4,.2,0)

azbz(.s, .6, 2 0)
Fig. 5 Lexicographic product of two 4-PFGSs
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Case 2. When x1y; € Ej;and xpy5 € Ey;,

pj © (D1; ® Do) ((x1%2) (y1¥2))
= pj o D1i(x1y1) A pj 0 Dai(x2y2)
< [inf{p; o C1(x1), pj o C1(y1)}] A [inf{p; o Ca(x2), pj 0 C2(y2)}]
= inf{p; o C1(x1) A pj 0 Ca(x2), pj o C1(y1) A pj o Ca(y2)}
= inf{p; o (C1 @ C2)(x1x2), pj o (C1 @ C2)(y1)2)}, Vj € m.

This holds for every i € n. Hence Dj; @ D»; is an m-polar fuzzy relation on C; e Cy, for all

i, which completes the proof. O

We now give definition of strong product of m-polar fuzzy graph structures.

Definition 18 Let Gl (C1,D11,D12,. . .,D1,) and G(Zm) = (Cy,D91,D23, . .., Day)

(m) =

be two m-PFGSs. Then the strong product of G(lm) and G(zm) is given by

Gy B G,y = (C1 ) Cy, D1y W Dyy, D1y W Dy, ..., Dy B D)

where the mappings C; X Cy : Uy X Uy — [0,1]™ and Dy; X Dy; : Eqy; X Ey; — [0,1]7
(for i € n) are respectively defined by

pj o (C1 X Cy)(w1x2) = pj o Ci(x1) ApjoCalnz), Varxp € Uy KUy =1U x U
and

pj o (D1; X Do) ((xx2) (xy2)) = pj o C1(x) A pj 0 Daj(x2y2), Vx € U, x2y2 € Enis
pj o (D1; X Dyj) ((x1)) (13)) = pj o C2(y) A pj o D1i(x1y1),  Vy € U, %191 € Enis
pj o (D1; X Do) ((x1%2) (0132)) = pj © D1i(x1y1) A pj 0 Dai(x2y2),  Vxiy1 € E1y, x2y2 € Eoj,

where j varies from 1 to m.
We illustrate the idea of strong product of m-polar fuzzy graph structures by the fol-
lowing example.

Example 19 Consider the 4-PFGSs G(;;) and G(lm) shown in the Figs. 1 and 2, respectively.
The strong product of G(,,;) and G(lm), given by G,y X G(lm) = (CX C',D; X D},Dy, X D)),

is as shown in Fig. 6. In the figure, a D; X D/-edge can be identified by the subscript “i
with the corresponding degrees of memberships of edge.

We formulate strong product of G(lm) and G(Zm) as a proposition.

Proposition 20 Strong product of two m-polar fuzzy graph structures is an m-polar

fuzzy graph structure.

Pl’OOf Let GS G* = (U3 XUy, E11 W Ey,E19 X Ey,...,E1, X Ey,) be the strong
product of GSs G’f = (U1, E11,E12,...,E1;) and G; = (U, E21,Ey, ..., Ey,). Let
G(lm) = (C1,D11,D12,...,D1,) and G%m) = (Cy,D21,D99,...,Dy,) be respective
m-PFGSs of GT and G; Then (C1 X C2,D11 |ED21;D12 &Dzz, e ’Dln X D2n) is an
m-PFGS of G*. By Definition 18 of strong product, C; X C; is an m-polar fuzzy set of
Uy X Uy and Dy; X Dy; is an m-polar fuzzy set of E1; X Ey; for all i. So the remaining task
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Fig. 6 Strong product of two 4-PFGSs

is to prove that D;; X Dy; is an m-polar fuzzy relation on C; X C; for all i. For this, some
cases are discussed, as follows:

Case 1. When x € U; and x2y € Ey;

pj o (D1; X Do) ((xx2) (xy2))
= pj o C1(x) A pj o Dyi(x2)2)
< pj o Ci(x) A [inf{p; o Ca(x2), pj o C2(y2)}]
= inf{pj o C1(x) A pj 0 Ca(x2), pj 0 C1(x) A pj o Ca(y2)}
= inf{p; o (C1 K Co)(xx2), pj o (C1 K Ca)(xy2)}, V) € m.
Case 2. When y € Uy, x1y1 € Ey;

pj o (D1; ¥ Do) ((x1) (1))
= pj o C2(y) A pj o D1i(x1y1)
< pjo Gy Alinf{p; o C1(x1), pj o C1(y1)}]
= inf{p; o C2(y) A pj o C1(x1), pj o C2(y) A pj o C1(y1)}
= inf{p; o C1(x1) A pj 0 C2(»), pj o C1(31) A pj o C2(»)}
= inf{p; o (C1 K C2)(x1Y), pj o (C1 K C2) 1))}, Vj € m.
Case 3. When x1y; € Ej;and xpy, € E;,

pj o (D1; X Da;) ((x1%2) (y1¥2))
= pj o D1i(x1y1) A pj 0 Da;(x2y2)
< [inf{p; o C1(x1), pj o C1(y1)}] A [inf{p; o Ca(x2), pj 0 C2(y2)}]
= inf{pj o C1(x1) A pj o Ca(x2), pj o C1(y1) Apjo Ca(y2)}
= inf{p; o (C1 X Cy)(x1x2), pj 0 (C1 K C2)(y132)},  Vj € m.

All three cases hold for every i € n. This completes the proof.
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We define the notion of composition of two m-polar fuzzy graph structures.

Definition 21 Let G/,,) = (C1,D11,D1,. .., D1,) and G, = (Ca, D21, D23, . . ., Day)
be two m-PFGSs. Then composition of G(lm) and G(Zm) is given by

Gy © Gipy = (C1 0 Cp, D11 0 Do1, D13 0 Dy, ... ., D1y 0 Do)

where the mappings C; o Cy : Uy o Uy — [0,1]" and Dy; o Dy; : Eyj 0 E3; — [0, 1] (for
i € n) are respectively defined by

pj o (C1 o0 C)(x1xp) = pjo Cr(x1) ApjoCalxa), Vxrxp € Uyolly =U x Uy

and

pj © (D1; 0 Dyj)((wx2) (xy2)) = pj o C1(x) A pj o Doi(x2y2), Vx € Ui, x2y2 € Eaj,
pj © (D1 0 D) ((x1) (019)) = pj o C2(9) A pj o Dri(x1y1),  Vy € U, x1y1 € Eviy
pj © (D1; 0 Do) ((x1%2) (¥1¥2)) = pj 0 D1i(x1y1) A pj 0 Ca(x2) A pj o Ca(y2),

Vx1y1 € E1j, %2, y2 € Uy, such thatxy # yo,

where j varies from 1 to m.

We discuss the notion of composition of two m-polar fuzzy graph structures by the

following example.

Example 22 Consider the 4-PFGSs G(;;) and G(lm) shown in the Fig. 1 and The composi-
tion of G, and G(lm), given by Gy, o G(lm) = (C o C',Dy 0 D}, D, o D)), is as shown in

“w:n
l

Fig. 7. In the figure, a D; o Dj-edge can be identified by the subscript “/” with the corre-

sponding degrees of memberships of edge.
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We present composition of two m-polar fuzzy graph structures as a propostion.

Proposition 23  Composition of two m-polar fuzzy graph structures is an m-polar fuzzy
graph structure.

Proof Let GS G* = (Ujoly,E110E2,E120E,...,E1y0Ey,) be the compo-
sition of GSs GT = (U1, E11,E12,...,E1;) and G; = (Uy, Eq1,Eo), ..., Ey;). Let
G(lm) = (C1,D11,D19,...,D1,) and G%m) = (Cy,D01,D9),...,Dy,) be respective
m-PFGSs of G and G. Then (C; o Cy, D11 0 D1, D12 0 Dy, . .., D1y 0 Doy) is an m-PFGS
of G*. By Definition 21 of composition, Cj o Cy is an m-polar fuzzy set of U; o U, and
Dy, 0 Dy is an m-polar fuzzy set of Ej; o Ey; for all i. Therefore the remaining task is to
show that Dj; o Dy; is an m-polar fuzzy relation on C; o C; for all i. For this, consider the
following cases:

Case 1. When x € U; and xyy, € Ey;

pj o (D1; 0 Da;)((xx2) (xy2))
= pj o C1(x) A pj o Doi(x2y2)
< pj o C1(x) A [inf{p; o Ca(x2), pj o C2(y2)}]
= inf{p; o C1(x) A pj 0 C2(x2), pj o C1(x) A pj o C2(y2)}
= inf{p; o (C1 0 C3)(xx2), pj o (C1 0 C2)(xy2)}, Vj € m.

Case 2. When y € Uy, x1y1 € Ej;

pj o (D1; 0 D2) ((x1y) (y19))
= pjo C2(y) A pj o Dii(x1y1)
< pjo Gy Alinf{p; o C1(x1), pj o C1(y1)}]
= inf{p; o C2(y) A pj o C1(x1), pj o C2(¥) A pj o C1(y1)}
= inf{pj o C1(x1) A pj o C2(y), pj o C1(y1) A pj o Ca(y)}
= inf{pj o (C1 0 C2)(x1Y), pj o (C1 0 C)(1y)}, Vj e m.
Case 3. When x1y; € Ej; and xp, 5 € Uy, such that xp # ¥y,
pj © (D1; 0 Do) ((x1%2) (y1¥2))
= pj o D1i(x1)1) A pj o Ca(x2) A pj o Ca(y2)
< [inf{p; o C1(x1), pj o C1(yD}] A pj 0 Ca(x2) A pj 0 C2(¥2)
= inf{[pj o C1(x1) A pj o Ca(x2) A pj o C2(y2)],
[pj o C1(31) A pj o Ca(x2) A pj o Ca(y2) 1}
< inf{[pj o C1(x1) A pj 0 Ca(x2)], [pj o C1()1) A pj o CrL(y2)]}
= inf{pj o (C1 0 Cp)(x1%2), pj 0 (C1 0 C2)(1y2)},  Vj € m.

All three cases hold for every i € n. This completes the proof. I

We now introduce the concept of union of two m-polar fuzzy graph structures.

Definition 24 Let G(lm) = (Cy1,D11,D19,...,D1,) and G(zm) = (Cy,Dq1,D9,...,Dyy)
be two m-PFGSs. Then union of G(lm) and G(Zm) is given by

G(lm) U G(Zm) = (C1 U Cy, D11 UDay1,D12U Doy, ..., D1, U Dyy)
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where the mappings C; U Cy : U3 U Uy — [0,11" and Di; U Dy; @ Eq; U Eyj — [0,1]7
(for i € n) are respectively defined by

pjoCi(x), Vxe U\l
pio(CLUC)(x) = ¢ pjoCaw), Vxelb\l
pjoCix) VpjoClx), VYxelh Nl

and

pj o D1i(x1x2), Vxixp € E1\Ey;
pj o (D1; UDgj)(x1%2) = ¢ pj o Dai(x1x2),  Varxp € Egi\Ey;
pj o D1;(x1x2) V pj 0 Daj(x1x2), Vx1x2 € Eq; N Ey;

where j varies from 1 to m.

We describe the concept of union of two m-polar fuzzy graph structures with an

example.

Example 25 Consider the 4-PFGSs G, and G(lm) shown in the Figs. 1 and 2, respec-
tively. The union of G, and G(lm), given by G, U G}m) = (CUC,D1UD|,DyUD)),is
as shown in Fig. 8. In the figure, a D; U D}-edge can be identified by the subscript “i” with
the corresponding degrees of memberships of edge.

Proposition 26 Union of two m-polar fuzzy graph structures is an m-polar fuzzy graph
structure.

Proof Let GS G* = (U;UUy, E;1 UEy,E19UEy,...,E1,UEy,) be the union
of GSs GT = (Ul,EH,Elz, . :Eln) and G; = (Uz,Ezl,Ezz, ce ,Egn). Let
Gl = (C1,D11,D1,...,D1,) and  G{,) = (Cy,Da1,Daa,...,D24) be  respective
m-PFGSs of Gf and G;. Then (C; U Cy,D11 UDy1,D12UDsy,...,D1,UDy,) is an
m-PFGS of G*. From the Definition 24 of union, C; U C; is an m-polar fuzzy set of
Uy U Uy and Dq; U Dy, is an m-polar fuzzy set of Ey; U Ey; for all i. So the remaining task

as(.4,0, 4, 4)

as(.3,.6,.2,0)

Fig. 8 Union of two m-PFGSs
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is to show that Dy; U Dy; is an m-polar fuzzy relation on C; U C; for all i. For this, con-
sider following cases:

Case 1. When xjxy € E;\Eo;, then there are three possibilities (i) x1,x € Uy (ii)
x1 € Up,xp € Uy NU (i) xp € Uy, xp € Uy NU.Soforallj € m

pj o (D1; U Dg;) (x1%2)
= pj o D1;(x1%2)
< inf{p; o C1(x1), pj o C1(x2)}
inf{p; o (C1 U Co)(x1), pj 0 (C1 U Cr)(x2)},  ifx1,%0 € U,
inf[p; o C1(x1), max{p; o C1(x2), pj o Ca(x2)}]
= inf{pj o (C1 U C2)(x1), pj o (C1 U Cr)(x2)}, ifx; € Uy,xp € Up NU,.
< inf[max{p; o C1(x1), pj 0 C2(x1)}, pj o C1(x2)]
inf{p; o (C1 U Co)(x1),pj 0 (C1 U C)(x2)},  ifxy € Uy, %1 € Uy N L.

A

A

Case 2. When x1xp € Ep;\Ey;, then there are three possibilities (i) x1,x2 € Uy (ii)
x1 € Up,xp € Up NUy (ii) xp € Up,x1 € Uy NUy. Soforall j e m

pj © (D1; U Da;) (x1%2)
= pj o Dy;(x1x2)
< inf{p; o C2(x1), pj 0 C2(x2)}
= inf{p; o (C1 U Cy)(x1),pj 0 (C1 U Cp)(x2)}, if x1,%2 € Ua.
< inf[p; o Ca(¥1), max{p; o C1(x2), pj 0 C2(x2)}]
= inf{p; o (C1 U Cr)(x1), pj o (C1 U &) (x2)},  ifxy € Un, %3 € Uy N L.
< inf[max{p; o C1(x1), pj o Ca(x1)}, pj 0 Ca(x2)]
=inf{p; o (C1 U Cy)(x1),pj 0 (C1 U C)(x2)}, ifxa € Up,x1 € Uy N L.

Case 3. When x1xy € Ey; N Eqj, then x1,x9 € Uy N Us. So

pj o (D1; U Do) (x1x2)
= [pj o D1i(x1x2)] V [pj 0 Dai(x1%2)]
[inf{p; o C1(x1), pj o C1(x2)}] V [inf{p; o Ca(x1), pj 0 Ca(x2)}]
= inf[inf{p; o C1(x1), pj o C1(x2)} V {pj 0 Ca(x1)},
inf{p; o C1(x1), pj o C1(x2)} V {pj 0 Ca(x2)}]
< inf[{p;j o C1(x1)} V {pj 0 Ca(x1)}, {pj 0 C1(x2)} V {pj 0 Ca(x2)}]
= inf[p; o (C1 U Co)(x1), pj o (CLU CY)(x2)], Vj € m.

IA

All three cases hold for every i € n. Hence Dy; U Dy; is an m-polar fuzzy relation on
C1 U G, for all i. This completes the proof. (]

Theorem 27 If GS G* = (U1 U Uy, E11 U Eg1, E12 UEsy, ..., E1, U Eyy) is the union of
GSs G} = (U1, E11,Er2, . . ., E1n) and G = (Ua, Ex1,En, . . ., Eay). Then every m-PFGS

(C,D1,Ds, ..., Dy) of G* is the union of an m-PFGS G|, of G} and an m-PFGS G?,,, of G .
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Proof Observe that C = C; U Cy, D; = D1; U Dy; and Cy, Cy, Dy; and Dy; are m-polar
fuzzy sets on Uy, Ua, E1; and Ey;, respectively, for i € n if for every j, we define Cy, Cy, Dy;
and D»; as:

pjoCi(x) =pjoCx), ifue ll\lh.
pjoCx) =pjoCx), ifuelhb\U.
pjoCi(x) =pjoCrx) =pjoClx), ifuellnNU.
pj © D1j(x1x2) = pj o Dij(x1x2), if (x1x2) € E1;\Eo;.
Dj © Dyj(x1%2) = pj o Di(x1%2),  if (x1x2) € Ep;i\E1;.
pj o D1i(x1x2) = pj 0 Dai(x1x2) = pj o Di(x1x2), if (x1x02) € E1; N En;.

For k = 1,2, Dy; is an m-polar fuzzy relation on Cy, since
pj 0 Dyi(x1x2) = pj o Di(x1x2) < inf{p; o C(x1), pj o C(x2)} = inf{p; o Ci(x1), pj o Cy(x2)}.

Therefore, Gfm) = (Ct;Dr1y -+ D) is @ m-PFGS of Gj for k =1,2 and m-PFGS
(C,D1,...,D,) is union of m-PFGS G(lm) = (C1,D11,D12,...,D14) and m-PEGS
G(Zm) = (C3,D21,D2, . .., D). Hence every m-PEGS of G* = J; G, is the union of
some m-PFGSs of G for k = 1, 2. O

Finally, we study the concept of join of two m-polar fuzzy graph structures.

Definition 28 Let G|, = (C1,D11,D12,...,D1,) and G, = (Ca, Da1, D23, .. ., Dap)
be two m-PFGSs such that U; N Uy = @. Let Uy; = {x € U; : All the edges incident with
x are E1; — edges} and Uy; = {x € Uy : All the edges incident with x are Ey; — edges)}. Then
join of G(lm) and G(Zm) is given by

Gl + Gy = (C1+ Co, D11 + D21, D13 + Do, ..., D1y + Day)

where the mappings C; + Cy : U1 + Uy — [0,11" and Di; + Dy; : Eq; + Eo; — [0, 11"
(for i € n) are respectively defined by

| _[pioCiw), Vxell
pjo(C1+C)x) = {pj o Cy(x), Vxelh

and

pj o D1i(x1x2), Vx1xp € Ey;
pj o (D1; + Da;)(x1%2) = § pj o Dai(x1%2), Varxp € Ey;
inf{p; o C1(x1), pj 0 Ca(x2)}, V1 € Uy, x3 € Uy;

where j varies from 1 to m.

Example 29 Consider the 4-PFGSs G(;,) and G(lm) shown in the Figs. 1 and 2, respec-
tively. The join of G,y and G, given by Gm) + G{,,, = (C 4+ C', D1 + D}, D3 + Dj), is

as shown in Fig. 9. In the figure, a D; 4 Dj-edge can be identified by the subscript “i
with the corresponding degrees of memberships of edge.
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a3(.4,0, 4, 4)

by(.4, 4, 4, 4)

a4(.2,0,.3, .4)
Fig.9 Join of two m-PFGSs

Proposition 30 Let GS G* = (Uj;+ Uy E11+Exn,Eio+Ed,...,Ein+Ex) be
the join of GSs GT = (U1,E11,E12, ..., E1n) and G5 = (Uy, Ex1,Ed,...,Ex). Let
G(lm) = (C1,D11,D12, .. .,D1y) and G(Zm) = (Cy, D21, D1, . . ., Dyy,) be respective m-PEGSs
of G} and G3. Then (C1 + Ca, D11 + Da1,D12 + Daa, . . ., D1y + Do) is an m-PEGS of G*.

Proof From the Definition 28 of Join, C; 4+ C; is an m-polar fuzzy set of U; + U and
D1; + Dy; is an m-polar fuzzy set of Ej; 4 Ey; for all i. So the remaining task is to show
that Dy; + Dy; is an m-polar fuzzy relation on C; + C; for all i. For this, consider follow-
ing cases:

Case 1. When x1x3 € Ey;, then x1,x2 € U1. So

pj o (D1; + Da;) (x1%2)
= pj o D1;(x1%2)
< inf{p; o C1(x1), pj o C1(x2)}
= inf{p; o (C1 + C2)(x1), pj o (C1 + C2)(x2)}, Vj € m.

Case 2. When x1x9 € Ey;, then x1,%2 € Us. So

pj o (D1; + D2 (x1%2)
= pj 0 Dy;(x1x2)
< inf{p; o C2(x1), pj 0 C2(x2)}
= inf{pj o (C1 + C2)(x1), pj o (C1 + C2)(x2)}, Vj € m.

Case 3. When x1 € Uy;, x3 € Uy;, thenx € Uy, xy € Us. So

pj © (D1 + Da;)(x1x2)
= [pj o C1(x1)] A [pj 0 Calx2)]
= [pj o (C1 + C2)(x1)] A [pj 0 (C1 + C2)(x2)]
= inf[p; o (C1 + C2)(x1), pj o (C1 + C)(x2)], Vj € m.
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Hence D1; + D»; is an m-polar fuzzy relation on C; + C; in all three cases. All cases hold
for every i € n. This completes the proof. O

Theorem 31 If GS G* = (Uj + Uy, E11 + E21,E12 + Eoa, ..., E1n + Eop) is the join
of GSs G = (U1, E11,E12, . . .,E1n) and G} = (U, Eo1,Ex, . . ., Eay). Then every strong
m-PEGS (C,D1,Ds,...,Dy,) of G* is the join of a strong m-PFGS of G} and a strong
m-PEGS of G} []

Proof Let(C,D1,Do,...,Dy,) be a strong m-PFGS of G*. Define Cy, Cy, D1; and Do; for

every j, as follows:

pjoCix) =pjoCx), ifuelh,
pjoCx) =pjoCx), ifucll,
pj o D1i(x1x2) = pj o Di(x1%2), if (x1%2) € Eny
pj © Dai(x1%2) = pj o Di(x1x2),  if (x1x2) € Ey;.

Observe that Cy, Cy, D1; and Dy; are m-polar fuzzy sets on Uy, Us, E1; and Ey;, respectively,
fori € n. For k = 1,2, Dy, is an m-polar fuzzy relation on Cy, so Gé‘m) = (Cr; Dr15 - -+ » Diy)
is a strong m-PFGS of G, since

p] o Dki(x1x2) :p] o Di(xle) = mf{p/ [e] C(xl); p; ] C(xz)}
= inf{p; o Cx(x1), pj o Cx(x2)}

for all x1x; € Ej. Moreover, C = C1 + Cy and D; = Dy; + Dy;, since pj o Di(x1x2) =
pj © (D1; + Do) (x1x2) for all x1xp € E1; UEy and pj o Di(x1x2) = inf{p/' o C(x1),
pj o Clx2)} = inf{p; o C1(x1), pj 0 C2)(x2)} = pj o (Dy; + D) (x1x0)forallxy € Uy, x0 € Uoy;.
Therefore m-PFGS (C, Dy, . ..,Dy) is join of m-PFGS G(lm) = (C1,D11,D12, . ..,D1,) and
m-PFGS G(Zm) = (Cy,D21,D23, . .., D). Hence a strong m-PEGS of G* = G} + Gj is the

join of a strong m-PFGSs of G} and a strong m-PFGSs of G5. Which completes the proof. [J

Conclusions

A graph structure is a useful tool in solving the combinatorial problems in different areas
of computer science and computational intelligence systems. It helps to study various
relations and the corresponding edges simultaneously. We have introduced the notion
of m-polar fuzzy graph structure, and presented various methods of their construction.
We are extending our work to (1) domination in bipolar fuzzy graph structure, (2) bipo-
lar fuzzy soft graph structures, (3) roughness in graph structures, (4) intuitionistic fuzzy
soft graph structures, and (5) multiple-attribute decision making methods based on
m-polar fuzzy graph structures.
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