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Abstract

We study the matrix representation of Poincaré normalization using the Carleman
linearization technique for non-autonomous differential systems with quasi-periodic
coefficients. We provide a rigorous proof of the validity of the matrix representation
of the normalization and obtain a recursive algorithm for computing the normalizing
transformation and the normal form of the differential systems. The algorithm pro-
vides explicit formulas for the coefficients of the normal form and the corresponding
transformation.
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Background

The main aim of this paper is to develop a recursive algorithm for constructing trans-
formations to the Poincaré normal form for non-autonomous differential systems with
quasi-periodic coefficients (Arnold 1983), suitable for performing on a computer. The
algorithm is based on the Carleman linearization technique (Carleman 1932).

Several applications of Carleman linearization have been presented up until now. Bell-
man (1961) used Carleman linearization to obtain approximate solutions to nonlinear
systems. Babadzanjanz (1978) studied the existence of continuations and representa-
tion of the solutions in celestial mechanics. Steeb and Wilhelm (1980) and Kowalski and
Steeb (1991) studied nonlinear dynamical systems and generalizations of Carleman lin-
earization. Carleman linearization technique has been used in a series of applications
in the field of control theory, for example, to controlability and observability of infinite-
dimentional linear dynamical systems (Mozyrska and Bartosiewicz 2006, 2008) and to
stochastic systems (Germani et al. 2007).

The connection between Carleman linearization and the Poincaré-Dulac normal form
for autonomous differential systems has been the subject of work by Tsiligiannis and
Lyberatos (1989), Della Dora and Stolovitch (1991). The refinement of classical normal
form for dynamical systems was proposed by Chen and Della Dora (1999, 2000).
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In this paper, we apply Carleman linearization to the problem of constructing the
Poincaré normal form for non-autonomous differential equations with quasi-periodic
coefficients, as proposed in Chermnykh (1987).

Poincaré normalization for non-autonomous differential systems with quasi-periodic
coefficients is used, for example, in celestial mechanics to construct the GPT-method
of general planetary theory (Brumberg 1970; Brumberg and Chapront 1973) and GPT-
compatible methods of the general Earth’s rotation theory (Brumberg and Ivanova 2011)
and the Moon’s motion theory (Ivanova 2014). Planetary theories have been historically
developed to provide ephemerides of planetary bodies; reviews of planetary theories can
be found in Seidelmann (1993) and Kholshevnikov and Kuznetsov (2007).

The first step of GPT-method is to reduce the differential system in the vicinity of
unperturbed motion by a proper choice of coordinates to the form

d

X =10, (D
where the components of vector f are holomorphic functions with respect to the compo-
nents of vector X € C"; f depends on ¢t by means of quasi-periodic functions; f(0, £) = 0;
the Jacobi matrix (9f/0X)|x—¢ is of Jordan form (even diagonal) with purely imaginary
eigenvalues.

The second step of the GPT-method is to construct iterative transformations of the
differential system (1) with quasi-periodic coefficients to the normal form (Birkhoff
1927). The system (1) is subjected to the normalizing iterative transformations excluding
all short-period terms and leading to the secular system with slowly changing variables.
As a result, one obtains the solution of the secular system avoiding the appearance of the
non-physical secular terms.

The most cumbersome operation of GPT-method is the Poincaré normalization of
the differential system (1). The evaluation problem in celestial mechanics is of particular
importance owing to the large number of terms in the series. The analytical calculations
in GPT-method are performed by the Poisson series processor (Brumberg 1995; Ivanova
2001).

In the present paper we develop a recursive algorithm based on Carleman lineariza-
tion for computing the series. The algorithm provides explicit formulas for the coeffi-
cients of the Poincaré normal form and the normalizing transformation. Therefore, the
Carleman linearization technique may be advantageous for constructing normal forms
in a literal form.

This paper is organized as follows. In the next section, we describe our notations. In
sections “The Weierstrass matrix’ and “The Carleman matrix; we study two classes of
infinite matrices, corresponding to nonlinear mappings and differential systems. In sec-
tion ‘Transformations; we study the transformations of infinite matrices. Section ‘Nor-
mal form of a Carleman matrix’ presents the recursive algorithm for constructing the
Poincaré normalization. The proofs of the propositions are given in section ‘Proofs.
Finally, we give an example and discuss the results.
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Notations

R—real number field,

C—complex number field,

K—either real or complex number field,
Z—the ring of integer numbers,

No—the set of integer non-negative numbers,

Ny = def {n = (n1,...,n) | ng € No}—the set of multi-indices,
def
In| = 370, A
xn & xm s xm
v
e o,..., 1,...,0),

N

o
~<—the precedence sign in Ny,

=<—the sign of precedence or equality in N,
(m:n def{leN”|m<l<n}
(m:n déf{leNEHm<ljn},
[m:n)déf{leN5|mjl<n},
I6,v) € {n e Ny | In| = u},
500, card 1, v) = S,
(, )—scalar product,
—algebra over K of quasi-periodic functions R — K, defined by K-valued finite trig-
onometric sums,
——differential operator in A.

dt

The Weierstrass matrix
Let A[v] be algebra over K of mappings R x K — KV, represented by a formal power
series:

Yo=2tX) =Y > gle,n]X",

u=lnel(n,v)

withX, Y e K", gleg,n] €A, e =1,...,v.
We introduce the countable sets of variables:

{x[n] =X" |neNj}, {y[n]=Y"|neNy}. )

Letx[n] = 1forn ¢ Njand g[m,n] =O0for(m ¢ Nj)) vV (n ¢ Nj) v (n=0) vV (m = 0).

Proposition 1  The variables yim] and x|m] satisfy the linear equations

y[m]—z Z [m, n]x[n

pn=1nel(u,v)



Chermnykh SpringerPlus (2016)5:1347 Page 4 of 19

where the coefficients g[m, n] for|m| > 1 may be obtained by the recursion formula

n|—1 v
1 n|

g[m,n] = —| Z Z Z myg[m — ey, k] gley, n — KkJ. (3)

|m
pn=|m|—-1kel(u,v) a=1

We introduce natural ordering for the set Nj. Let k <1 for k, 1 € N, if [k| < [1] or
|k| = [1] and there exists a number 8 such that k, = [, fora < fand kg > Ig.

Using the ordering of NJ, we introduce infinite-dimensional vectors x = (x[n]),
y = (y[n]) and the matrix G = (g[m, n]) for m, n € Nj such that

y = Gx.
Definition 1 The infinite matrix G is said to be a Weierstrass matrix with a range v
Ge W)
if the elements g[m, n] € A satisfy the condition given by (3) for /m| > 1.
Let y denote the constructed correspondence between mappings and matrices
¥ Alv] = WY A).
The following proposition describes the structure of Weierstrass matrices.
Proposition 2 1. A Weierstrass matrix G consists of rectangular blocks Gg,p =
(s(at, v) x 5(B,v)) such that Go,g = 0 foro > B.
for g € Alv] be upper triangular with a main diago-

X=0
nal A = (A1,..., %) € K" Then, ¥ (8) is an upper triangular matrix with main diago-

0
2. Let the Jacobi matrix (g)
X

nal elements g[n,n] = A

Definition 2 1. The mapping g € A[v] is said to be invertible if there exists g~ € A[v]
such that g o g=! = 14;,]—identity mapping.
2. A matrix G € WV(A) is said to be invertible if there exists G™' € W"(A) such that

G-G!=E

Proposition 3 Weierstrass matrices WV(A) form a semi-group with multiplica-
tion, which is isomorphic to the semi-group of mappings Al[v] with composition:

V(fog) =) (g forf, geAlv]

Corollary 1 Invertible Weierstrass matrices W' (A) form a group with multiplication,

which is isomorphic to the group of invertible mappings A[v] with composition.

Corollary 2 Let f,g<c Alv] and g be invertible. We introduce the mapping
bg:f —>glofog Let F, G e W(A) and G be invertible. We introduce the mapping
Bg:F— G IFG.
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Then, the following diagram is commutative

WY(A) — WY(A).
By (g)

The Carleman matrix
Here, we construct a class of infinite matrices representing ordinary differential
equations.

Let A[v] denote linear space over K of vector fields f = (f1, .. .,f,) € A[v], represented
by a formal power series:

d > n
S X=EX0, =3 > flewnlX @)

u=lnel(n,v)

forXeK', teR, a=1,...,v.
Let fleq,n] =0forn ¢ Njorn = 0.

Proposition 4 The variables x|n] (2) satisfy the following differential equations:

%x[m]= > Y fim,n]xln],

pu=|m| nel(u,v)

where the coefficients f[m,n] for|m| > 1may be obtained from (4) by the formula

flm,n] :Zmaf[ea,n—m—f—ea]. (5)

a=1

Using the ordering of N¢, we introduce the infinite-dimensional vector x = (x[n]) and
matrix F = (f[m, n]) for m, n € N such that:

/

g x = Fx, (6)

/
where T denotes differentiation of components.

Definition 3 The infinite matrix F is said to be a Carleman matrix of range v
FeC'(4)
if the elements f[m, n] € A for|m| > 1 satisfy the condition (5).
Let ¢ denote the constructed correspondence between vector fields and matrices
@ Alv] = CY(A).

It is easy to see that ¢ is an isomorphism of linear spaces. The following proposition
describes the structure of the Carleman matrix.

Page 5 of 19
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Proposition 5 1. The Carleman matrix F consists of rectangular blocks Fo g = (s
(o, v) x s(B,v)) such thatFo g = 0 fora > B.

for £ € Alv]be upper triangular with a main diago-
X=0
nal = (A1,...,4) € K" Then, ¢(f) is an upper triangular matrix with main diago-

. . [ of
2. Let the Jacobi matrix| —
X

nal elements f[n,n] = (n, 4).

Transformations
Now, we consider the substitution

x = Gy (7)

defined by the Weierstrass matrix G into differential equation (6) defined by the Carle-
man matrix F. We prove that the result of the substitution (7) gives the differential equa-
tion defined by the Carleman matrix (Proposition 6) and may be interpreted in terms of
vector fields (Proposition 7).

Proposition 6 Let G € WV(A) be invertible, F € C"(A). Let Ag denote the mapping

_ci(rc_ &
Ag(F) =G (FG = )

Then, Ag : CV'(A) — CY(A).

0
Proposition 7 Let g(t,X) € A[v] be invertible and Jg = (B)g(> Let ag : A[v] — A[v]
denote the mapping

9
ag(f) =]g1<fog— af)

Then, the following diagram is commutative:

Ay —2=  A[]

*”l l*”
Cv(A) — C¥(A).

Ayp(g)
Normal form of a Carleman matrix
In this section, we provide a definition of the normal form of a Carleman matrix. We
also introduce a method for reducing the corresponding differential equations to the
normal form.

Let C}.(A) denote the linear space over K of upper triangular Carleman matrices with
main diagonal elements from K. Let W7.(4) denote the semi-group of upper triangular
Weierstrass matrices with main diagonal elements from K.

Let A be the algebra over K of K-valued finite trigonometric sums

Z alk] exp(iwt, k) for alkle C, teR
keze
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which determine quasi-periodic functions of ¢ with a frequency set w € R°. If K = R, let
alk] = a[—k].
Consider the matrix H € CJ.(A) with elements

h[m,n] = Z h[m, n, k] exp(iwt, k).
kez®

Let 4 € K" denote the first v main diagonal elements of H : 1o = hiley,eql a0 =1,...,v.

Definition 4 (m, n, k)—resonance holds if the following condition is satisfied:
(m, A) = (n, 4) + i(k, w),

where m, n € Njj, k € Z°. The harmonic #[m, n, k] exp(iwt, k) is said to be resonant if
(m, n, k)—resonance holds. A Carleman matrix H is reduced to the normal form if all of
its non-zero harmonics are resonant.

Theorem For any Carleman matrix F € Cy.(A), there exists an invertible Weierstrass
matrix G € Wy (A) reducing F to the normal form H € CJ.(A):

H = Ag(F).
Proof We obtain the components of G and H in the following order:

1L - (22— 1,2~ 33 —> (23 > L3 > . (®)

We restrict ourselves to the case g[n,n] = 1forn € Ny,
/

It follows from the equation FG — 7 G = GH that we can make the non-resonant

harmonic /[e,, n, klexp(iwt, k) vanish by a proper choice of each g[ey, n, k], namely

onkl= —
gl Kl = o T i@l

x ( S Y flewialglink—al— > Zg[ea,j,b]h[j,n,k—b]). )

ic(ey:n]acZ’ jEleq:n) beZ

If (ey, n, k)—resonance holds, we cannot eliminate the corresponding resonant har-
monic via a choice of g[e,, n,k]. In this case, g[ey, n, k] may be assigned an arbitrary
value. Then, one obtains the resonant harmonic in H as follows

hewnkl= Y Y flei alglink—al

ic[ey:n] acZ®

— > ) glea,j,blhljnk —b] — (iw,k) gles, n, k. (10)

je(eq:n] beZo

By Proposition 6, one obtains the components of G and H below the v-row by (3) and (5),
respectively. O
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Remark 1 The leading v rows of G and H determine the normalizing transformation

d
X = g(¢,Y) and the normal form of the differential equation %X = h(¢, X), respectively,
where G = ¥ (g) and H = ¢(h).

Remark 2 The elements of the inverse matrix G~! = (¢*[m, n]) may be obtained
together with the elements of G in the order (8). By equation G"'G = E, one obtains
that:

g'imn]=— > ¢*[mkiglk,n].

ke[m:n)

Proofs

In this section, we provide proofs of the propositions introduced above.

Proof of Proposition 1 Using the properties of homogeneous polynomials, we obtain:

v

1 0Y™”

v
y[m] - mi 9%, “= Iml ;may[m eq]yleq]

Z Z Z Z (Zmag[m—ea,k]g[ea,l]>x[k+1]

y Im|—1 kel (y,v) 8= 1161(81))

% Z Z Z Z (Z mag[m - ea,k]g[eoxrn — k])x[n]

y=|m| nel(y,v) p=m|—1kel(u,v)

O

Proof of Proposition 2 Part 1. It is an immediate consequence of the definition provided
in (3).
Part 2. Let G = v (g). We prove that g[m,n] # 0 for m < n only. By (3), g[m,n] # 0
yields
((m—ey) € Ng) A ((n—k) € Ng) A ((m —ey) <Kk) A (eg < (n—k))
L/?l:_h;‘*l I(u,v). It accordingly follows that
m < n O

for at least one « =1,...,v and one k € |

For later considerations, it will be useful to prove a property of Weierstrass matrices.

Lemmal LetG = (g[m,n]) € WY(A)andi, j, n € Nj. Then:

[n]—j|
glitjnl= > > glikiglin-kl.

=il kel(u,v)
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Proof

Hi+il =yl =Y Y gliklalkl) > glilall

n=[il kel (u,v) 8=lj| 1l (8,v)

In|—ljl

=3 S Y 3 dlikglhin—k |anl

y=lil+ljlnel(y,v) \ u=[il kel(p,v)
O

Remark 3 Another definition of a Weierstrass matrix may be introduced. Let
a=1,...,vandm € Nj. Then:

[n|—|m]
glm+exnl= Y > gley,kiglmn—K]. (11)
n=1 kel(u,v)

Proof of Proposition 3 LetF, G € W"(A) and H = FG. We prove that H € W"(A). We
have

n|

hm+e,nl= > Y flm+eyilglin]

y=|m|+1iel(y,v)

n| y—Im|

= > > glinl > > flewjlfim,i—j]
y=|m|iel(y,v) §=1 jel($,v)
[n|—|m| n]

= > > flewjl Y D glinlfim,i—j]
s=1 jel(,v) y=Im|iel(y,v)
[n|—|m]| n|

= > Y flewjl Y > gll+ijnlfim,1I]
6=1 jel(s,v) y=Im|lel(y,v)
|n|—|m)| [n] [n|—y

= > D flewjl Y. > fim11 > > gl kiglln —K]
6=1 jel(s,v) y=Im|lel(y,v) e=8 kel(g,v)
In|—|m| [n|—|m|

=> Y [ X > flewilglikl

e=1 kel(ev) \ o=1 jel(S,v)

n|
X Z Zf[m,l]g[l,n—k]
y=|m|lel(y,v)
In|—|m]|
= Z Z hley, K] hi[m,n — K].
e=1 kel(s,v)

Condition (11) is satisfied, i.e., H € WV (A). O
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Proof of Proposition 4 One obtains that:

d ! d
7 x[m] = ; Mex[m — ey ] 7 x[eq]

= Z Z quf[ea,k]x[k—i—m—ea]

n=1kel(u,v) a=1

= Z Z (quf[ea,n—m—i—ea])x[n].

pu=|m| nel(u,v) \a=1

This mathematics proves the proposition. O

Proof of Proposition 5 Part 1. It is an immediate consequence of definition (5) Part 2.
We prove that f[m, n] # 0 for m < n only. By (5), f[m, n] # 0 yields:

((n—m+ea) GNS) A((n—m+ey) > ey)
for atleast one @ = 1, ..., v. From this statement, it follows that m < n. O
Lemma2 LetF = (f[n,m]) € C’(A)andi, j, n € Nj. Then:
fli+j,n] =f[i,n—jl+f[j,n—il.
Proof One obtains that:
Ld x[i +j] = xl[i] L3 x[j] + «[j] La x[i]
H= ac™V Wt

dt
SN fhalsla+il+ Y. Y fliplalp+jl

e=ljl qel(e,v) 8=li| pel(6,v)

> > (flin—jl+flin—il) sln]

w=lil+jl nel(p,v)

O

Remark 4 Another definition for the Carleman matrix may be introduced. Let
a=1,...,vand m € Nj. Then:

fIm+ ey, n] =f[m,n —e,] + fleg, n —m]. (12)

Proof of Proposition 6 Step 1. Let H= G~ 'FG and G~! = (¢g*[m, n]). We prove that
H € CV(A). By (11), one obtains that:
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|n| [n]
h[m + ey, n] = Z Z g*[m—l—ea,l(]z Z fIk,11g[1,n]
y=|m|+1kel(y,v) s=y lel(8,v)
I y—|m| n|
= Y > > > glewplgimk—pl> Y flk1iglln]
y=|m|+1kel(y,v) e=1 pel(e,v) o=y lel(8,v)
[n|—|m| [n|—1 In|
= > > glewpl Y. > gmil Y > flp+iliglln]
e=1 pel(ev) y=m|i€l(y,v) d=e+y lel($,v)
=%+ X,
where
[n|—|m]| [n|—1 In|
Ti= Y. Y gflewpl D, Y, gmil > Y fIp1-ilglln]
e=1 pel(e,v) y=|m|i€l(y,v) S=e+y lel(S,v)
In|—|m| In|—1 In|—y
= > > glewpl D, > g'mil Y > fIpriglr+in]
e=1 pel(e,v) y=|m|i€l(y,v) s=¢ rel(5,v)
[n|—|m]| [n|—|m] [n]—1
= > > glewpl Y. D flprl Y Y gfIm,ilglr+i,n]
e=1 pel(e,v) §=¢ rel(S,v) y=|m|i€l(y,v)

|n|—|m| |n|—|m| [n|—1

= > D glewpl Y, D flprl Yy Y gmiil
e=1 pel(e,v) §=¢ rel(S,v) y=|m|i€l(y,v)
[n|—6 [n|—|m] [n|—|m]

x Y > glislgltn—si= Y > g'lewpl Y. Y. flpr]
o=y sel(o,v) e=1 pel(ew) d=¢ rel(S,v)
In|—§ n|—-1

x >y glnn—sl Y > gfIm,ilglis]
o=|m| sel(o,v) y=m|i€l(y,v)

[n|—|m] [n|—|m]|

= > > g'lewpl D, D fIprlglr,n—m]=hleg,n—m]
e=1 pel(e,v) d=¢ rel(S,v)

[n|—|m] [n]—1 In|

o= > Y glewpl Y D> gfmyil Y Y fli,1-plglln]
e=1 pel(e,v) y=|m|i€l(y,v) S=e+y lel(8,v)

[n|—1 In|—1 [n|—|m|

= > ) gmil Y > flijl > Y g'lea plglp+jnl
y=|m|i€l(y,v) d=Im|jel($,v) e=1 pel(s,v)

[n|—1 In|—1 [n|—|m|

= > > gmil > Y Sl > Y ¢'lewpl
y=|m|i€l(y,v) d=Im|jel($,v) e=1 pel(s,v)
In|—e In|—1 [n|—1

x> glislglpn—si= > Y gmil > > flij
o=4§ sel(o,v) y=|m|i€l(y,v) S=|m| jel(5,v)
[n|—1 |n|—|m|

x> > glissl > Y glew,plglpn—s]
o=§ sel(o,v) e=1 pel(ev)

[n|—1 In|—1

=3 Y gmil Y S flijlglin - e = him,n - e,l.

y=Im|iel(y,v) d=|m]|jel(8,v)
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Consequently, the elements of H satisfy definition (12), i.e. H € C¥(A).

!

d
Step 2. Let H = G™! = G. We prove that H € CV(A). Let the superscript point denote

differentiation o Here, we have:

In]

him+e,nl= ) ) g'[m+e,klglkn]
y=|m|+1kel(y,v)

In| y—Im]|

= > > glknl > D g'les,plg*m k —p]
y=|m|+1kel(y,v) 8=1 pel(S,v)
In|—|m| In|
= > > glewpl >, > glknlg*imk—p]
5=1 pel(5,v) y=Im|+5 kel(y,v)
In|—|m| In|—1
= > > g'lewpl Y, Y &ll+pnlgim]]
s=1 pel(,v) y=Im|lel(y,v)
[n|—|m| [n|—1
= > Y glewpl Y, D g'm1
8=1 pel(,v) y=Im|lel(y,v)
In]—8
x 373" (¢ qlglp.n —ql +gllql¢lp,n — ql)
o=y qel(o,v)
In| -1 In|-1 In|—|m|
=Y D gmud > g Y. D g'lesplglpn—ql
y=|m|lel(y,v) o=y qel(o,v) 8=1 pel(8,v)
In|—|m| In|—s In|—1
+ >0 > glewpl Y, Y. élpn—ql > Y g'mligllq]
8=1 pel(S,v) o=|m| qel(o,v) y=|m|1lel(y,v)
In|—1 In|—|m|
= > > gmlgln—ed+ Y > g'les,plglp,n—m]
y=|m|lel(y,v) é=1 pel(s,v)

= h[m,n — e,] + /ey, n — m].

The elements of H satisfy definition (12), i.e., H € CV(A).
Step 3. It is easy to see that if Hy, Hy € C"(A), then H; + Hy € CY(A). Consequently,
Ag: C'(A) — CV(A). O

Proof of Proposition 7 Step 1. Let G € WV (A). We prove that:

v [n|—|m|+1
gimnl=>"my Y > glegliglm—eqn—1]. (13)
a=1 e=1 lel(e,v)

Letm e I(1,v), m =e,, y =1,...,v. Setting g[0, 0] = 1, one obtains that:

n|

> ) gley,11gl0,n —1] = ¢le,,n].

e=1lel(s,v)

These calculations prove (13) for [m| = 1. Let [m| =2, m = e, + es5, where y, § =
1,...,v. Then:
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[n|—|m[+1

Zma Z zgea,l]g —eg,n—1]

e=1 lel(e,v)

[n]—-1 |n|—1
=Y > gleyliglesn—11+ > > glesjlgle,,n—jl
o=1 lel(o,v) =1 jel(¢,v)
[n]—1 [n|—1
=Y > gleyliglesn—11+ > > gles,n—kigley, k]
o=1 lel(o,v) =1 kel(Z,v)
In|—1
=> Y (éley Ngles,n — 1]+ gles,n —Nigle,,1]) = gle, + es,n].
o=1 lel(o,v)

These expressions prove (13) for |[m| = 2. Suppose by induction that (13) holds for

Im| > 2. Then, for 8 = 1,..., v, one obtains:
[n|—|m]
g[m 4 eg,n] = Z Z (g[eﬂ,k]g[m,n — k] +gleg, k] g[m,n — k])
y=1 kel(y,v)
[n|—|m]| In|—y+Im|+1
Z Z g[eﬂ:k]zma Z Z gleq,1]1g[m —ey,n —k —1]
y=1 kel(y,v) e=1 lel(g,v)
[n|—|m| v |n|—|m|
+ Y > dlepkiglmn—Ki=Y my » > ileyll
y=1 kel(y,v) a=1 e=1 lel(ew)

[n|—&—|m|+1

X Z Z gleg,klg[m — ey, n —1—Kk]

y=1 kel(y,v)

[n|—|m]|

+ Z Z gleg, k] g[m,n — k]

y=1 kel(y,v)

[n|—|m|

—Zma > Y glewligim —eq +epn—1]
e=1 lel(e,w)

[n|—|m]|

+ > Y dlegligimn—1]

y=1 lel(y,v)
[n|—|m|
_Z(ma—i-(?) Z Z glew,11g[m — ey, +eg,n —1]

e=1 lel(gw)

where 85 is the Kronecker symbol. These calculations prove (13).
Step 2. We prove the equality of Carleman matrices:

90" (Fog)) =W (@) o)y (g (14)

To prove this equality, it is sufficient to show that the leading v rows of matrices are
equal. Let X = g(¢,Y), w(t,Y) = ]g_l(t, Y) - (fog)(¢,Y). Then:

Jg 6 Y) =Jg 1 (6 X) gy = g1 0 ®)EY).
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It follows that:

wp = ((gmd(gﬁ_l)) 0g)tY) - fog)t,Y)

=ZZ Z nqg*leg,n] Z Z g[n — ey, m] y[m]

a=1y=1nel(y,v) d=y—1mel(5,v)
00 [e'9)
3 flea k1D DT glkilyli]
e=1kel(e,v) o=¢iel(o,v)

=2 220 > > ) mg'lepnlflenk]

é=11€l($,v) a=1 y=1nel(y,v) e=1 kel(g,v)

o0

Z Z gln — ey, 1 —i]glk,i] | y[1] Z ii Z

o=¢iel(o,v) 6=1 (6,v) a=1y=1nel(y,v)

x> )" nag*lep,nlfles,klglk +n — eq, 1] yll]

e=1 kel(e,v)

ST Y Y Y e

s=11el(8,v) y=1nel(y,v) e=1jel(e,v)

x (Z Mof €a,j —n + ea]>g[j, 1y

a=1

00 S ]
=3 (X Y lepmd] > finjighi 1|y

s=11el(8,v) \y=1nel(y,v) e=y jel(s,v)

This mathematics proves (14).

Step 3. Now, we prove the equality of Carleman matrices:

19 _d
w(lglaf) = (¥ (g)) 1@ v (g). (15)

Let: X =g(t,Y), u= ]_1 g . Then, we have:

ag(t,Y)
ot

:ZZ Z mag"lep, m] Z Z glm — ey, k] y[k]

a=1y=1mel(y,v) s=y—1kel($,v)

x> Y glewnlyin]=>" > 3" > g*[eg,m]

e=1 nel(g,v) 8=11el(8,v) y=1mel(y,v)
v S—y+1

sza Z Z g[eo[, g[m ea,l_”l]y[l]

e=1 nel(g,w)

up = (grad(gg") o §)(t,Y) x
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Hence, by (13):

0 )
up =Y Yo Y. glepmigm1] |y

5=11el(8,v) \y=1mel(y,v)

which proves (15).
Step 4. Since ¢ is a linear mapping, by (14) and (15):

0
(poag)®) = 905 (Fog) — 00" 5
d/
= W@ eV - W) - v®

= (Ayg) o p)(D).
These calculations prove the proposition.

Example
In this section, we give an example of the algorithm introduced above. Consider the fol-

lowing system of ordinary differential equations with quasi-periodic coefficients with a

frequency setw = (1, 7):

dZ1
=iz1 +azizr + 2zf22,

dt
dZZ . — 2
I = —izg +az1zp + 22125,

where Z = (z1,22) € C%,21 =73, a = 1 + €'t + ™%, We shall compute a third order nor-
mal form. For calculating the Carleman matrix F we can use either the formula (5) or the

direct differentiation of monomials:

% (z%) = 2i2% + 207z, + o(uzn‘*),
% (122) = @z, +aziz} + 0(1ZI"),
% (zg) = —2iz2 + 2anz% + o(nzn‘*),
% (zf’) =303 + o(||Z||4),
% (222) = iztza + 0(1211*),
% (z1z§) = —ind + o(||Z||4),
% (zg) — —3i + o(uzn‘*).
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Then we have the following Carleman matrix F:

F 1 2 3 4 5 6 7 8 9
1L,o o1 20 @O O2 G0 <D (12 (©3)

1 (1,0 i a 2

2 (0,1 —i a 2

3 (2,0 2i 2a

4 (1,1) 0 a a

5 (0,2 —2i 2a

6 (3,0 3i

7 (21 i

8 (1,2 —i

9 (0,3) —3i.

The elements of the Weierstrass matrix G of normalizing transformation Z = g(Y),
Y = (y1,y2) and the normal form H are calculated in the order (8). The elements of the
leading two rows of G and H are calculated by (9) and (10), respectively. One obtains the
elements of G and H below the second row by (3) and (5), respectively.

The Weierstrass matrix G of normalizing transformation takes the form:

G 1 2 3 4 5 6 7 8 9
(Lo 1 o0 @ ©O2 G0 21 1,2 (0,3

1 (1,0 1 b ¢

2 (0,1 1 b d ¢

3 (2,0 1 2b

4 (1,1 1 b b

5 (0,2 1 2b

6 (3,0) 1

7 (21 1

8 (1,2 1

9  (0,3) 1,

where b, ¢, d are as follows:

b=i-— i et d:_}+ 1 eint_; 2int,
T—1 2 -1 2(r — 1)2
c=e ¢t — _ b — leiﬂf — ;eit—iﬂt + ;eint—it
7w~ 1) 7 -1 (r— 172

The Weierstrass matrix G~ ! of the inverse of the normalizing transformation Y = g~1(Z)
takes the form:

“

1 2 3 4 5 6 7 8 9
(1,0) (0,1 (2,00 (LD (©02 G0 (21 (L2 (0,3)

1,0 1 —-b bb—c b*—d

0,1) 1 b »—d bb-¢

(2,0) 1 —2b

1,1 1 —b —b

0,2) 1 —2b

(3,0) 1

(2,1) 1

(1,2) 1

(0,3) 1.

O ® N U W
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The normal form H of the Carleman matrix F takes the form:

H 1 2 3 4 5 6 7 8 9
1o ©1n 20 @& ©2) G0 2D 12 (©3)

1 (1,0 i p q

2 (01 —i P 7

3 (2,0 2i 2p

4 LD 0 pop

5 (0,2 —2i 2p

6 (3,0 3i

7 (1) i

8 (1,2) —i

9 (0,3) —-3i,

where p, g are as follows: p = e, q=2— Zj i

For example, consider the calculation of the elements g;7 =g[(1,0),(2,1)],
h17 = h[(1,0),(2,1)]. From the proof of the theorem we have:

7 6
d
%gm = (f1,1 —f7,7)g1,7 + Zfl,ygyi - Zgwhﬂ )
y=2 y=1
7 6
(fix —fr7)g17 + Zfl,ygyi - Zgl,yhyi
y=2 y=1
= fiaga7 +fi7877 — @iy — graha; = ab+2 — hy; — bp
o T 2 i deit _ jeit 1 i eIt _ jgimt 4 i pit—int
T—1 T —1 T—1
i ein’t—it _ h1,7~
T —1

One can see, that the harmonic 2 — Z—j i is resonant. In this case, g[(1, 0), (2, 1), (0, 0)]
may be assigned an arbitrary value. Let g[(1,0),(2,1),(0,0)] =0. Then we have
hy;=2-— Z—j i. The coefficients of non-resonant harmonics in g; 7 are calculated by (9):

it 1 » 1, 1 o 1 —
gi7=e i it imt __ it it mt_|_ imt—it

A —1) T (T —1)2 (1 —1)2
Consider the calculation of the element g5 s = g[(0,2), (1,2)]. From (3) or (11) we have:

g58 = g[(o’ 2)’ (lr 2)] - g[(o’ 1) + (0! 1): (11 2)]

2
= > &l0,1),klgl(0,1),(1,2) — k]

n=1kel(u,2)
= g[(0,1),(1,0)]g[(0, 1), (0, 2)] + g[(0, 1), (0, 1)]g[(0, 1), (1, 1)]
+g[(0,1), (1, 1)g[(0, 1), (0, D] + g[(0, 1), (0,2)1g[(0, 1), (1,0)] = 2g2.4 = 2b.

Finally, the leading two rows of H determine a third order normal form for the system
of ordinary differential equations:

dy
dt
dy>
dt

= iy1 + py1y2 + @yiy2 + O(IIY (%),

= —iyy + py1y2 + 913 + O(IY[*).

Page 17 of 19
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Results and discussion
The algorithm presented here for constructing the normal form and normalizing trans-
formation is based on Carleman linearization of differential equations (4) to the form (6)
by (5). This algorithm permits us to write the normalizing transformation in matrix form
(7) by (9), (3) and the normal form of the differential system by (10), (5) in the sequence
(8).

Performing this algorithm using computers presents no difficulties. The algorithm
provides explicit recursive formulas for the coefficients of the normal form and the cor-

responding transformation.

Conclusions

In this paper, we apply Carleman linearization to the problem of constructing the Poin-
caré normal form for non-autonomous differential equations with quasi-periodic coef-
ficients. We obtain a recursive algorithm for computing the normalizing transformation
and the normal form of the differential system. We also provide a rigorous proof of the

validity of the matrix representation of the normalization.
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