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Abstract

This research aims to investigate a model for pricing of currency options in which value
governed by the fractional Brownian motion model (FBM). The fractional partial differ-
ential equation and some Greeks are also obtained. In addition, some properties of our
pricing formula and simulation studies are presented, which demonstrate that the FBM
model is easy to use.

Keywords: Black-Scholes model, Fractional Brownian motion, Currency option,
Option pricing

Background

A currency options refers to an agreement that gives right to the holder in order to buy
or sell a defined amount of foreign currency at a constant exercise price on option exer-
cise. American options are traded at any time before they expire. European options can
be exercised only during a specified period immediately before expiration.

Black and Scholes (1973) put forward option pricing in 1973, which leads to be studied
by different scholars (Dravid et al. 1993; Toft and Reiner 1997; Kwok 2000; Duan and
Wei 1999) claim that two issues in stock markets are not able to be presented clearly in
this option pricing introduced by BS in accordance with Brownian motion (BM). These
concepts refer to asymmetric leptokurtic features and the volatility smile. In view of this,
the BS model was improved by Garman and Kohlhagen (1983) in order to assess Euro-
pean currency options by considering two prominent features;

1. The market volatility estimation of an underlying as obvious as price and time
functioning void of referring to the characteristics of a particular investor directly.
These characteristics could be functions of utility, measures of risk aversion, or yield
expecting.

2. Strategy of self-replicating or hedging.

However, it is significant to note that the mispriced currency options by the G—K model
were also substantiated in some studies (Cookson 1992). The most important reason of
inappropriateness of this model for stock markets is the fact that the currencies are dif-
ferent from stocks so that the currency behavior is not captured by geometric Brownian
motion (Ekvall et al. 1997). To tackle this problem regarding pricing currency options,
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various models were recommended by modifying the G—K model (Rosenberg 1998;
Sarwar and Krehbiel 2000; Bollen and Rasiel 2003; Shokrollahi and Kiligman 20144, b,
2015).

In view of this, the independency of logarithmic returns of the exchange rate was
pointed out in all these studies along with the distribution of normal random variables.
In addition, the empirical studies reveal that the logarithmic returns disseminations in
the asset markets widely manifest excess kurtosis with high possibility of mass around
the origin and in the tails, and indicate low possibility in the flanks in comparison with
normal distribution of data. It means that financial return series include the properties,
which are not normal, independent, linear and are self-similar, with heavy tails. Both
autocorrelations and cross-correlations and also volatility clustering are considered to
these properties.

In this regard, two fundamental features are considered in FBM namely self-similar-
ity and long-range dependence. Then, employing this process is more feasible in terms
of capturing the behavior from financial asset (Carbone et al. 2004; Wang et al. 2010).
Although, FBM is neither a semi-martingale nor a Markov process then, we are not able
to employ the conventional stochastic calculus for analyzing it. Fortunately, the research
interest in this field was re-encouraged by new insights in stochastic analysis based on
the Wick integration (see Hu and @ksendal 2003) called the fractional-Ito-integral. Using
this type of stochastic integration (Hu and @ksendal 2003) proofed that the fractional
Black—Scholes market presents no arbitrage opportunity and is complete. However, Bjork
and Hult (2005) argued that the use of FBM in this context does not make much eco-
nomic sense because, while Wick integration leads to no arbitrage, the definition of the
corresponding self-financing trading strategies is quite restrictive and, for example, in the
setup of Elliott and Van der Hoek (2003), the simple buy-and-hold strategy is not self-
financing. We noted that this arbitrage example in discrete-time does not, however, rule
out the use of FBM in finance. For example, Bender et al. (2007) showed that the exist-
ence of arbitrage opportunities depends very much on the definition of the admissible
trading strategies. Furthermore, Bender et al. (2008) stated that the financial market does
not admit arbitrage opportunities in a class of trading strategies if a continuous price pro-
cess has the conditional small ball property and pathwise quadratic variation. Hence it is
not too hard to accept this idea: some restrictions are sufficient to exclude arbitrage in the
fractional Brownian market. Indeed, some authors have used the geometric FBM to cap-
ture the behavior of underlying asset and to obtain fractional Black—Scholes formulas for
pricing options, including Necula (2002) and Bayraktar et al. (2004).

In this paper, the pricing formula is investigated for pricing currency options by using
the FBM model. Furthermore, we obtain risk neutral valuation model and fractional
Black—Scholes equation. Some properties and numerical studies of our pricing formula
are also analyzed. “Preparations” section deals with the definition and features of the
FBM process, and some results regarding quasi-conditional expectation are also inves-
tigated. In “Pricing model” section, option pricing formula for the European currency
options is derived by the FBM model. “Properties of pricing formula” section describe
the fractional differential equation and also investigates some Greeks of our model. We
show empirical studies and simulation in “Numerical studies” section in order to indi-

cate the efficiency of the FBM model and final section of the paper is “Conclusion”
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Preparations

This section deals with some assumptions and definitions which is needed for this study.
For get more information you can see Necula (2002), Cheridito (2003), Mishura (2008),
and Hu and @ksendal (2003).

Definition 1 A FBM, By (t) with Hurst exponential H € (0, 1) under the probability
space (2, F, P) is a continuous Gaussian process with these features:

1. By(0) =0.

2. E[By(t)] =0forallt > 0.

3. cov[By (£)Br (s)] = 4 [¢2H + s — |t — s|*|for all s, £ > 0.
4. If H = % the By (2) is equivalent to the Brownian motion.

Moreover, E(By(t) — By ()2 = |t — s|/* and By (¢) is stationary increments and is
H-self-similar in the sense that By (ct) and ¢/’ By (¢) have the similar distribution for
everyc > 0.If H > % the process By () represents long-range correlation, by the follow-
ing definition:

> E[B(1)(Bu(m + 1) — By (m))] = oo. (1)

m=1

Now, suppose (2, F, P) be a probability field such that B is a FBM with respect to P,
Some results represented that is required for the following (see Necula 2002).

Lemma 2 Counsider the fractional differential equation

dS; = uSdt + 0S;dB? Sy =5, 2

then

1
S = So exp (/uf + o*Bf[ — 202t2H>. 3)

Lemma3 LetO<t < Tando € Cthen

~ H H | o2 (T2H _ 2H
E, [e“BT} _ e"BT+UT(T —t )’ (4)
where E; shows the quasi-conditional expectation under risk-neutral measure.

Lemma 4 Suppose f be a function such that E, [f(B]T{ )} < oo. Thus foreach0 <t < T

ando € C, we have

(x — 03?)2

1
1= /R \/zﬂaz(TZH — £2H) P [_ 202(T?H — ¢2H)

E/[f (0B PWW~<$
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Let f(x) = 14 thus, the following corollary is obtained.

Corollary 5 Assume A € B(R). Therefore

- 1 (x —oB)?
Et[lA (aB?)] :/ X exp [— 14(x)dx.
2(T2H _ 42H 202(T2H — ¢2H
R \/2710 (T ) ( ) ©
Assume 0, w € R. Then, this process considered
Zi=60(Bf) =6Bf 40, 0<t<T. 7)

According to the Girsanov formula, there is a measure P* such that Z} is a new FBM. We
will denote E[[.] is a quasi-conditional expectation under P*. Consider

92
X; = exp (-er — ?tZH ) (8)

Lemma 6 Let fbe a function such that E, [f (0B!)] < oc. Thus for eacht < T,
~ 1~
E[f(6B7)] = 3 E: [ (6B7)X7]. ©)

Theorem 7 The price at every timet € [0, T] of a bounded F’T'[ -measurable claim F € L?
as follows

F,=e¢ " TUEF), (10)
where r shows the fixed rate of riskless interest.

Pricing model
Since, the system in finance is considered as an intricate system in investments in which
investors avoid to make instant decisions after obtaining financial information in a frac-
tional system. It means that achieving information to its threshold limit value is the
major criteria for making decisions of investors rather than financial information with
high flexibility. The asymmetric leptokurtic and long memory properties result from this
behavior. In this regard, the beneficial model seems to be FBM model.

To derive the new currency option pricing formula in a fractional market. The follow-
ing hypothesis will be provided:

1. there are no transaction costs or taxes;

2. security trading is continuous;

3. The rate of domestic interest 74 and the rate of foreign interest r¢ are known and fixed
throughout time;

4. There are no riskfree arbitrage opportunities.

Now, we consider a fractional Black-Scholes currency market that has two
investments:
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(a) a money market account
dMy = ryM,dt, (11)

where r; show the rate of domestic interest.
(b) a stock whose price satisfies the following equation:

dS; = uS;+08,dB?  0<t<T S=5>0, (12)

where% < H < 1is Hurst parameter.
Let B = lﬁ?;i_rdt + Efl , hence respect to risk-neutral measure we have:
dSi = (ra—r7)Se +0SdB!  0<t<T  Sy=8>0. (13)
Then, the solution for Eq. (13) is
1
S = So exp <(rd — rf)t + chf — 202t2H). (14)
Theorem 8 The value at every t € [0, T] of a European call currency option with exer-

cise price K and expiration T is given by

C(t,St) = Sie T T Dd(dy) — Ke 4TV b (dy), (15)

where

In (57) + (rg — 1) (T — ) + % (T2 — ¢2H)
o /T — 21
dy = o\/T2H — 21, (16)

Corollary 9  The value of European put currency option is given by

dy =

P(t,S;) = Ke "4 T Do (—dy) — S;e T TDd(—dy), (17)
where
In (5 + (r —r )(T—t)—i—LZ(TZH —tZH)
K da—'f 2
o T2H —¢2H
dy = o/ T2H — 24, (18)

Properties of pricing formula
Assume that Vis the value of currency options which depends just on ¢ and S;. Thus, the

d) =

value of whole portfolio satisfies in the partial differential equation that present in this

theorem.

Theorem 10 The value of a currency options V (t, St) satisfies in the following PDE

aV

2V N
at

+ Ho‘2t2H71$2
L as2

A%
(rd_rf)StT&_rdVZO- (19)

Page 5 of 15



Shokrollahi and Kiligman SpringerPlus (2016)5:1145

Now, we discuss the properties of the FBM model such as Greeks, which summarize
how option prices change with respect to underlying variables that are critically impor-
tant in asset pricing and risk management. In addition, it can be used to rebalance the
portfolio to achieve desired exposure to a certain risk. It is significant to note that, know-
ing the Greek, a particular exposure can be hedged from adverse changes in the market
by employing the appropriate amount of other related financial instruments. Contrary to
option prices, observed in the market, Greeks can not be found and have to be calculated
by a model assumption. Typically, the Greeks are computed using a partial differentiation
of the price formula Shokrollahi et al. (2015, 2016).

Theorem 11 The Greeks can be written as

oC o (T—
A=go =T oW, (20)
aC
vV — ﬁ _ —e_rd(T_t)CD(dz), (21)
oC o (T—
pra = 5, =K(T = t)e 1T (dy), (22)
aC i (T—
p,:f = @ = St(T — t)e rf(T t)(b(dl)) (23)
aC i (T—1) —rg(T—t)
0 = = = Sirre” ! @ (d1) — Krge ' ®(d>)
H2H-1
_ G- TN 4
See md—" (d1), (24)
_PC _ LACY
957 Sey/o(T2H — 2H) >

aC
0o = — = ST T=D/T2H _ 2HY' (dy). (26)

Ba:

The Hurst parameter H play a significant role in the FBM model. Then, we represents

the influence of this parameter in the following theorm.

Theorem 12  The impact of the Hurst parameter as follows

0C _ o —n—0® (T InT — t*" In¢)
= _ e

oH T2H _ ;2H

' (dy). Q27)

Fig. 1 shows the impact of parameters on our pricing formula.

Page 6 of 15
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Fig. 1 European Call currency option. Parameters fixed are
rg =0321,rr =0252,0 =021, T =2,k =0.1,K=16255 = 1512,andt = 0.1

The following theorem presents the estimation of volatility by R | S method.

Theorem 13  Assume 0 < T1 < T be given, and let a partition of this interval is chosen,
Ti =ty <ty <--- <ty = Ty Suppose S, show the time series of observed price. Thus, the
volatility of interval [Ty, T>]is

1 n—1 S; 2
2 1
o= — log —2—— | . (28)
-1 ,; ( S >
Remark 14  The relationship of call-put parity is given by

C(t,S;) — P(t,S;) = Spe rT=D — Ke7a(T=0), (29)

Remark 15 'The relationship of put-call parity satisfies

8C(t, St) _ 3P(t;St) — e—rf(T—t).
8St 8St

(30)
Remark 16 The delta of spot exercise price has a space-homogeneity feature, such that
for every b > 0,
bC(t,S;) = bS;e T T Do (dy) — bKe 4T d(dy), (31)
and
bP(t,S;) = bKe " T d(—dy) — bS;e T T Do (—dy). (32)
Furthermore, differenting both sides with under b and thus by b = 1 we have

dC (¢, S, d0C (¢, S,
( t)+K ( t),

Ct,S,) =S
(6,50 = 5 3S; K

(33)
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and

dP(t, S, JdP(t, S
( t)+K ( t)‘

P(t,S;) =S
(650 =St 3S; K

(34)

In fact, these equation is other model of the pricing currency option, when the value of
stock is measured in a various unit. Moreover, Cgt (t,S1), Cic (£, Sp), Pgt (t,S¢) and Py (t, St)
can be obtained by comparing this model with Eqgs. (15), (17). These methods gives a
new model for calculate delta.

Numerical studies

This section deals with how implement the FBM model and shows the impact of Hurst
parameter H. In the present study, we consider the real call currency options values from
Philadelphia Stock exchange (PHLX) in order to investigate some information concern-
ing our pricing formula. By applying the R/S method, we estimate the exponent parame-
ter for EUR/USD and then we obtain H = 0.6102. Furthermore, the volatility estimation
is obtained by utilizing the historical volatility as follows;

L—In (‘1’“), 35)
qi

_ | XLi—L)? _ 1 )
o= N1 L_NZL,, (36)

where g; show the daily value of exchange rate.

These data are extracted from 01/06/2010 to 01/12/2010 (six months) with the follow-
ing parameters:

K =1.35,0 =0.1201,74 = 0.0231,rf = 0.0352, T = 0.5, and t=0.1. We use the
MATLAB software for obtaining results by different models such as G-K, BS and FBM
models. The values calculated by these models are represented in Table 1, where Pg s,

indicates the price of call currency options from PHLX, and the Pgs is the values com-
puted by the BS model. In addition, the Prpas points to the values calculated by FBM
model. According to Table 1 our findings are more consistent with the actual price

Table 1 Results by different pricing models

Exchange rate Pgs Prgm Pactual
1.351 0.0377 0.0358 0.0338
1.357 0.0408 0.0388 0.0362
1.362 0.0433 0.0414 0.0391
1.368 0.0464 0.0444 0.0423
1373 0.0490 0.0470 0.0456
1.379 0.0521 0.0501 0.0484
1.383 0.0542 0.0522 0.0503
1.389 0.0573 0.0553 0.0537
1.392 0.0589 0.0569 0.0548

1.398 0.0620 0.0601 0.0589
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rather than the results of the other models. These properties reveal that our FBM model
is able to get the behavior from financial market, which leads to creation of a satisfactory
currency pricing model.

To further understand the preference of the FBM model, we calculated the theoretical
prices of the our pricing formula and then we compare it with derived results from the
G-K model and the BS model. For our propose, these parameter valuation are selected:
rg = 0.0210, 7y = 0.0320,0 = 0.1050,¢ = 0.1, H = 0.78, St =49 for out-of-the-money
case, S; = 61 for in-the-money case with different exercise price K € [50, 60] and expira-
tion date, T € [0.11, 20].

Figures 2 and 3 show the theoretical value discrepancy by the G—K model, FBM model
and BS model, for in-the- money case and out-of-the-money case, respectively. These
figures reveal that our pricing model are better matched with the G-K model. Then,
from Table 1 and Figs. 2 and 3, we can conclude that our FBM model seems reasonable.

Option value

. 50 0 2
Strike Price Time to Maturity (Year)

Fig. 2 Relative difference among the G-K model, the FBM model and BS model in the in-the-money case

Option value

Strike Price

Time to Maturity (Year)
Fig. 3 Relative difference among the G-K model, the FBM model and BS model in the out-of-the-money case
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Conclusion

This study provided a new framework for pricing currency options in accordance with
the FBM model to capture long-memory property of the spot exchange rate. In addition,
a obtained a new formula for pricing European call currency options and the volatility
estimation were presented. Some certain features and Greeks of currency options model
are also obtained. Finally, we reported the empirical results for several models, which
demonstrate that the FBM model would be reasonable.
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Appendix
Proof of Theorem 8 In a risk neutral world, from Theorem 7 a European call currency

option with maturity T and strike price K can be display as

cw,S,) =E {e—’d(T—“ Sy — K)ﬂ
= e 7a(T-OF, [ST13T>K] — Ke 7aT-OF, [15T>1<]. (37)
We will first consider Et[lST >k |. By setting
K 2

di=Ing — (ra—1y)T + . (38)

From Eq. (3), we have
H L 2oy
St =Soexp | ut +oB; — 50‘ t . (39)
Then

E't [lST >K] = Et |:1x>d§ (O'Bi—[>:|

+o0 1 (x —oBH)?
- / , P | =5 2y |
i\ [2moR (T2 — )
—+00
! e‘édz

d¥—oBH /
2 t
[o2 (T2H —3H) 27
UB{{—d;

_ /.—fg_z(rz—ﬁ,[z_ﬂ) %e*% dz = ®(dy). (40)

0]
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2 (x—o BIT)?

* d;_UBfI
where z° = W_ttm): thus x > d3 means that z >

N and the last equality

follows since o B = In % — (rg —rp)t + ";tZH.

Now, we consider Et [ST1ls,~k]; setting
U(Bfl)*:a(BfI—atZH). 41)
Let
L 9on
Xy =Sexp|oB; — 50 t . (42)
Then we have X; = e™"*S;. According to the Lemma 6, we obtain

E[St1s,-k] = ¢"E, [XT1x>d; (031%{)}
= ertXtE;k [1x>d; (GBI}()}

= ertXtE';k [15T>1<]. (43)
But

1
InSy =InS+ (ry—rf) T +oBY — 5(;ZTZH

1

*

=lnS+(rd—rf)T+o(B¥) +§02T2H. (44)
By setting d} = In & 5= (rg—rp)T — 702T2H, we obtain

E;k [15T>1<} =E [1x>df (‘7 (Bg{»*}

/+OO exp |- = 2B o B)")” dx
dr \/27,02 T2H _ (2H) P 202(TH — 2H)
1

= ¥ —o (BH))* —==e 2dz
fzi Ty VT
D'BH d"<
22
- / Vo (T2 e~ Tdz = d(d)). (45)
A/ 2

The last equality follows since

S, 1
oBf =1n Et —(ra—rp)t+ EathH

(46)
( BH) ( BH ZH)
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Then
Ef[1s,-x] = "X, @ (dy) = Spele )T D (dy). (47)
O

Proof of Theorem 10 Let V (¢, S;) be the price of the currency derivatives at time ¢ and
let IT be the portfolio value. Then we have

[T, = V(& 1) — AS;. (48)
Since
H 1 22H
St =Soexp (uT + 0By — io T . (49)
Then

1
D,S, =S.D, </u + oB}TL[ — 202r2H>

= S; [Du(cBY)], (50)
DY =S, Hot?H 1,

Hence we have

dl_lt = dV(t, St) — A(dSt + VfStdt)

1% 1202V 1%
<3t+H S 852 pLSta dt

v
toSiag dBf' — A(uSedt + oSdB{! + ryS;dt)
vV ER% Eh%
= ( — + Ho?2-1s2 S ApS; — AreSy ) dt
(8t+g Sz-i-,U«tSt Ut TFSt
vV
+ (08— — AcS; |dBH. (51
3S;

For eliminate the stochastic noise we choose A = g—;/[, then

k1% v
dr, = ( + Ho?2H~ 152 ArfS[)dt (52)
at 9S>

The return of an amount I1; invested in bank account equal to r;I1,dt at time dt. For
absence of arbitrage these values must be same, thus

(W + Ho2t?H- 1528 v

v
Y 352 rfS[ )dt = rylldt. (53)

SinceIl; = V (¢, S;) — ASg, hence

Page 12 of 15
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v 2V v 1%

— 4 Ho2tM 12— _pS,—dt=r [V —S— |,

ar T A TR ‘35, 54

SO

v v AV

— 4 Ho?tM-1g2— —74)S;— — 1V = 0.

oz + Ho f 8St2 + (fd Vf) tBSt Td (55)
O

Proof of Theorem 11 First, we derive a general formula. Let y be one of the influence
factors. Thus we have

IC 38 I (1) 09 (d1)

— =& S
oy 3y (d1) + See oy
dKe~a(T=0) 7_1) 0D (d2)
T ®(dy) — Ke T T 22 (56)
dy dy
But
0D (d ad
@) _ /() 2%
dy dy
2 ay
2(T2H _ $2H >
1 (dl e (T -t )) dds
=——exp| — —
\2r P 2 ay
1 42 2 TZH _ tZH 9d
=7 e 7 exp <d1 JZ(TZH—tZH)> exp (—U ( 5 ) a—z
V2 Y
1 4 St ody
= — ¢ 2 1 — — T —t J—
¢ *exp <n T (ra —rf)( )> 3y
1 4 s ads
. — ) (T — 1) 22, (57)
me K exp((rd 7’f)( )) ay
Then we have that
IC  3Spe”ID dKe7a(T=0)
Fe L ®(d) - —————D(da)
y dy dy

o2 (T2H — 12H) (58)

+ ST T D' (dy)
dy

Substituting in (58) we get the desired Greeks. O

Page 13 of 15
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Proof of Theorem 12
5C P UZ(TZH _ tZH)
= =S 100 )
oH oH (59)

o T2H _ t2H
— Stefijf(Tft)(D/(dl) ( )

T2H _ j2H °
O
Proof of Theorem 13  Since
sH L o2on
St =Soexp | ut +o0B; — 50’ t . (60)
Then
St BH RH L oo 2
log 5 = w(ti — ) + U(Btjﬂ - Btj) -3 (tjﬂ - t}) . ©1)
7

Hence the sum of the squares of the long return is

n—1 Sty ? BH RH Lo2(p 2 ’
+
> | log S]T - <M(tj+1 — ) +G(Btf+1 _Bf/) 2 (t”l B )> -
j=0 '

When the maximum step size [|I1|| = maxj—o,..,»—1(¢ — ¢j—1) is small. The right side of
(27) is approximately equal to o2(T4' — TH)and then

1 n—1 S[’ 2
2 j+1
0N —— log — | . 63
Téq T11-1 ? 0: g Stj (63)

Received: 10 April 2016 Accepted: 6 July 2016
Published online: 21 July 2016
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