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Abstract

In this paper, we discuss the existence of positive solutions for a boundary value prob-
lem of fractional differential inclusions with resonant boundary conditions. By using the
Leggett-Williams theorem for coincidences of multi-valued operators due to O’'Regan
and Zima, results on the existence of positive solutions are established. An example is
given to illustrate the efficiency of the main theorems.
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Background
In this article, we investigate the existence of positive solutions of fractional differential

inclusions with two-point boundary conditions:

{Dg+u(t) eftu@®), 0=<t=<1,
M

D) =0, u0) =ul), i=12,...,n—1,

where n — 1 <a <n,n>2, D(O)‘+ denotes the Caputo fractional derivative, f :[0,1]x
R — F(R), F(R) denotes the family of nonempty compact and convex subsets of R.

Fractional calculus is a generalization of ordinary differentiation and integration to
arbitrary order. The fractional differential equations play an important role in various
fields of science and engineering, such as chemistry, biology, control theory, viscoelas-
tic materials, signal processing, finance, life science and so on, see Kilbas et al. (2006),
Sambko et al. (1993), Podlubny (1999) and Orsingher and Beghin (2004).

During the last 10 years, boundary value problems for fractional differential equations
are one of the most active fields in the researches of nonlinear differential equations the-
ories. For further details, see Bai and Lii (2005), Zhang (2006), Caballero et al. (2011),
Xu et al. (2009), Lin (2007) and Goodrich (2010). Meanwhile, fractional boundary value
problems at resonance have been extensively studied. For some recent works on the
topic, see Kosmatov (2008, 2010), Bai (2011), Bai and Zhang (2011) and Yang and Wang
(2011) and references therein. It is well known that differential inclusions have proved to
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be valuable tools in the modeling of many realistic problems, such as economics, opti-
mal control and so on. Recently, fractional differential inclusions have been investigated
by several researchers, we refer the reader to Agarwal et al. (2010) and Chen et al. (2013).

As shown in the above mentioned works, we can see two facts. Firstly, although the
boundary value problems for fractional differential equations at resonance have been
studied by some authors, the existence of positive solutions to fractional differential
equations at resonance are seldom considered. Secondly, there are few papers to deal
with fractional differential inclusions under resonant conditions. The study of positive
solutions for higher-order fractional differential inclusions under resonant conditions
has yet to be initiated.

To fill this gap, we discuss the fractional differential inclusions (1) by using the Leg-
gett—Williams theorem for coincidences of multi-valued operators due to O’'Regan and
Zima (2008).

The rest of this paper is organized as follows. “Preliminaries” section, we give some
necessary notations, definitions and lemmas. In “Main results” section, we obtain the
existence of positive solutions of (1) by Theorem 1. Finally, an example is given to illus-
trate our results in “Example” section.

Preliminaries

First of all, we present the necessary definitions and lemmas from fractional calcu-
lus theory. For more details, see Kilbas et al. (2006), Samko et al. (1993) and Podlubny
(1999).

Definition 1 (Kilbas et al. 2006) The Riemann-Liouville fractional integral of order
a > 0of a function f : (0,00) — Ris given by

1 t
Io, f(t) = @/0 (t— 5)a71f(s)d5,

provided that the right-hand side is pointwise defined on (0, 00).

Definition 2 (Kilbas et al. 2006) The Caputo fractional derivative of order @ > 0 of a
continuous function f : (0,00) — R s given by

t
DYf(t) = r; /0 t — )" (s)ds,

(n—a)
where n — 1 < o < n, provided that the right-hand side is pointwise defined on (0, co).

Lemma 1l (Kilbas et al. 2006) The fractional differential equation

D§. y(t) =0

has solution y(t) = co+c1t + - - +ep1t" L eRi=01,...,n—Ln=[a]+1
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Furthermore, for y € AC"[0,1],

PO
(@@&ﬁm=ﬂn—gﬂk!%
=0

and

(Dg 18, y) (@®) = y(D).

Lemma 2 (Kilbas et al. 2006) The relation
I 0 = 1 f (0,

is valid in following case: B >0, « + 8 > 0, f € LY(a, b).

In the following, let us recall some definitions on Fredholm operators and cones in
Banach space (see Mawhin 1979).
Let X, Y be real Banach spaces. Consider a linear mapping L : domZ C X — Y and a

nonlinear multivalued mapping N : X — 2%, Assume that

(A1) L is a Fredholm operator of index zero, that is, ImL is closed and
dim (KerL) = codim(ImL) < oo,
(A2) N :X — 2Yis an upper semicontinuous mapping with nonempty compact con-

vex values.

The assumption (Al) implies that there exist continuous projections P:X — X
and Q:Y — Y such that ImP =KerL and KerQ =ImL. Moreover, since
dim (ImQ) = codim (ImL), there exists an isomorphism J : InQ — KerL. Denote by L,
the restriction of L to KerP N domL. Clearly, L, is an isomorphism from KerP N domL to
ImL, we denote its inverse by K, : ImL — KerP N domlL. It is known that the inclusion

Lx € Nx is equivalent to
x € (P+JQN)x + Kp(I — Q)Nx.

Let C be a cone in X such that

1. ux € Cforallx € Cand u > 0,
2. x,—x € C implies x = 6.

It is well known that C induces a partial order in X by
x <y ifandonlyify —x € C.

The following property is valid for every cone in a Banach space X.

Lemma 3 Let C be a cone in X. Then for every u € C\{0} there exists a positive number
o (u) such that

llx 4+ %] > o (u)||u|]| forallx € C.
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Lety : X — C be a retraction, that is, a continuous mapping such that y (x) = x for all
x € C. Set

V:=P+JQON +K,I - QN and V¥, :=WVoy.

We use the following result due to O’'Regan and Zima.

Theorem 1 (O’Regan and Zima 2008) Let C be a cone in X and let 1, Q3 be open
bounded subsets of X with Q1 C Q and C N (Q2\Q1) # 8. Assume that (A1), (A2) hold
and the following assumptions hold:

(A3) QN : X — 2Y is bounded on bounded subsets of C and Ky(I—-QN: X — 2% be
compact on every bounded subset of C,

(A4) 'y maps subsets of Q into bounded subsets of C,

(A5) Lx ¢ ANxforallx € CN 3R NdomL and A € (0,1),

(A6) degf{ll — (P +JQN)Y]lkerr, ker L N Q,0} # 0,

(A7) there exists ug € C\ {0} such that ||x|| < o(uo)lly| for x € C(up) N3 and
y € Wx, where C(ug) = {x € C : pug < x for some . > 0} and o (ug) such that
Il + woll = o (o) %] for every x € C,

(A8) (P+JQN)y(0) CC,

(A9) W, (Q22\ Q) CC,

(A10) x ¢ (P +JQN)yx for x € 9Q29 N KerL.

Then the equation Lx € Nx has at least one solution in the set C N (Qa \ Q1).
Main results

In this section, we state our result on the existence of positive solutions for (1).

For simplicity of notation, we set

C(a+1) [l Lla+1)
“s @ = Tag A =9 = tarn + Tam » 0St<s= 11,
G(t,s) = “=
’ [(a+1) P [(a+1) 1 (t=
&= Tan =9~ temm + Taw T @ (ri) y O=s=<t=1

By the monotonicity of the function, it is easy to verify that G(¢,s) > 0, ¢,s € [0, 1] Here,
we omit the proof. Moreover, « is a constant which satisfies

1
O<K§mm{L }. ®)
maxsefo,1] G(Z, 5)

Thus, we get1 — kG(t,s) > 0,¢,s € [0,1].
Theorem 2 Assume that:

(H1) f:[0,1] x R — F(R), f{t, u) is continuous for everyu € R, t € [0,1]
(H2) foreachr > O, there exists oy € LY[0, 1] such that ft,u)| < ap(t) forae.t € 10,1]
and every u € [0,r] where|f (¢, u)| = sup{|w| : w € f(t,u)},

Page 4 of 12
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(H3) there exist positive constants by, by, b3, c1, ¢2, B with

3b 3b
po @, S 36
a  abia  ab;

such that
—kx <w<—cix+cy and w < —bi|w|+ byx + b3,

forallx € [0,Blandw € f(t,x)witht € [0,1]

(H4) there exist b € (0,B), ty € [0,1], p € (0,1} 8 € (0, 1) and the function q € L'[0,1],
qt) >0,t€[0,1] he C((O, b],R+) such  that w(t,u) > q(t)h(u) for
(t,u) € [0,1] x (0,blandw € f (¢, u). % is non-increasing on (0, b] with

Wby ! ol 1-6
7;4(%@9@—@ qods = -2,

Then the problem (1) has at least one positive solution on [0, 1].
Proof We use the Banach space X =Y = C[0,1] with the supremum norm
%Il = max¢eqo,17 [¥(£) |-

Define L:domL — X and N :X — 2Y¥ with domL = {x € X : Dy, x(t) € C[0,1],
xD(0) = 0,x(0) =x(1), i=1,2,...,n— 1} by

Lu =Dy, u
and

Nu(t) = {y €Y 1 y(t) € f(t,u(t)) ae. on[0, 1]}.
Then the problem (1) can be written by

Lu € Nu, u € domlL.
By Lemma 1, D, u(t) = 0 has solution

ut) =co+cit+---+c1t",

where ¢; € R,i =0,1,...,n— 1. According to the boundary conditions of (1), we get
¢;=0,i=1,2,...,n— 1. Thus, we obtain

KerL = {u edomL : u(t) =ce R}.

Let y € ImL, so there exists u € domL which satisfies Lu = y. By Lemma 1, we have
u(t) = I8, y(t) + co + et + -+ cp1t" .

By the definition of domZ, we havec; =0, i = 1,2,...,n — 1. Hence,
u(t) = I§,y(®) + co.

Taking into account #(0) = u(1), we obtain

1
/ (1 — )% y(s)ds = 0.
0

Page 5 of 12
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On the other hand, suppose y satisfies the above equation. Let u(¢) = I, y(£), and we can
easily prove u(¢) € domL. Thus, we get

1
ImL = {y eY: / 1 — 9% Yy(s)ds = o}.
0

Define the linear continuous projector operator P : X — X by
1
Px(t) =« / (1 — 9 x(s)ds, ¢e][0,1].
0
Next, we define the operator Q : ¥ — Y by
1
Qy(t) = a/ 1 — )% Yy(s)ds, tel[0,1].
0

Noting that

1
P(Px(t)) = « / (1 — ) Px(t)ds
0

1
= Px(t) -a/ (1—s)*ds
0
= Px(t),
then we have P? = P. Similarly, we have Q*> = Q.
Then, one has ImP = KerL and KerQ = ImL. It follows from IndL = dim(kerL)—

codim(ImZ) = 0 that L is a Fredholm mapping of index zero. Then, (A1) holds.
We consider the mapping Kp : ImL — domL N KerP by

1
Kpy(t) = / k(t,s)y(s)ds, te][0,1],
0
where

T 2a)

Lt _g2e-l g<pcg< 1,

@ =9 = el -9*7! 0ss<t=<1,
k(t,s) :=
T o)

Now, we will prove that is Kp the inverse of L|4omL N KerP. In fact, for x € domL N KerP,
we have D x(t) = y(t) € ImL and « fol 1 — ) x(s)ds = 0.
By Lemma 1, one has

(Kpy)(t) = x(t) = I, y(t) +co+ c1t + -+ cum1t" L.

According to the definition of domL, we get ¢; = 0,i = 1,2,...,n — 1. Furthermore, by
o fol (1 — $)* x(s)ds = 0,we have ¢y = —I'(1 + oz)(lg_‘iy)(l).
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Thus,
Key) () = I§,5(0) +co = I y(®) = T+ ) (By) (1

1
— B0 =T+ o) o /0 (1 — 52 Ly(s)ds

1
= / k(t,s)y(s)ds.
0

Obviously, LKpy = y. Moreover, for x € domL N KerP, we get o fol 1 —9)*x(s)ds =0
and
KplLx = I§,D§,4(t) — T(1+ ) (ID§,%) (1)
= x(t) —x(0) — T(1 + ) (I§ I5, DG, x) (1)

= x(t) —x(0) — T(1 + )5y (x(2) — x(0))[¢=1
= x(t) —x(0) — I'A + o)gyx(1) + T'(A + )], (x(0) [s=1

= x(t) — x(0) — F(lf(Jr)“)/ (1 — )% Lx(s)ds +m+“)/ (1 — )% x(0)ds

= x(t) — x(0) — a/ (1 — ) x(s)ds + x(0)
0

= x(2).

Thus, we know that Kp = (L|gomL N KerP) L. Moreover, it is easy to see that
lkt,s)| <301 -1, Vtsel01]. 3)
Consider the cone
={xeX:x()>0,te[01]}
It is clear that (H1) and (H2) imply (A2) and (A3).

Let

Q1 :{x eX:8|x|l < x®)| < b, t e [0,1]},
Q) ={x e X :|x|| <B}.

Clearly, 21 and 23 are bounded and open sets and
Q1 ={x e X:8llx < lx@®)| <b, t €[0,1]} C Q.

Moreover, C N (23 \ Q1) # 0. Let ] = I and (yx)(t) = |x(¢)|for x € X, then y is a retrac-
tion and maps subsets of Q2 into bounded subsets of C, which means that (A4) holds.

Next, we will show (A5) holds. Suppose that there exist uy € 3R, N C N domL and
20 € (0,1) such that Lug € 4oNuo, then D, uo(t) € Aof (¢, uo(t)) for all £ € [0, 1]. In view
of (H3), we get that there exists w* € f (¢, up(¢)) such that

D8l+L£0(If) = Jow* < —)~0b1|W*| + Aoboug(t) + Zobs
—b1| DS uo(t)| + Aobauo(t) + Aobs
—b1| D uo(t)| + bauo(t) + bs, 4)

IA
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and

D uo(t) = low™ < —Aoc1uo(t) + Joca, (3)
From (4), we obtain

0 = up(0) — uo(1) = (I§, Df, uo) (1)

b 1
= r(a)/ (1 =9 1|Do+uo(S)lds+F( ) (l—s)“*luo(s)ds

a—1
F()/( O ds,

which gives

1 b 1 b
| a=otpg el < 2 [ a -9 tuds
0 b1 Jo ab;

From (5), we obtain

1 — ) Lug(s)ds 56—2.
ocy

From (3) and the equation
uy = (I — P)ug + Pug = KpL(I — P)ugy + Puy = Pugy + KpLuy,

we can get

1 1
Uy = o (1 — )% Lug(s)ds + / k(t,s)Dgy, uo(s)ds
0 0

1
< 9+/ |k (t,8)| - |DE, uo(s)|ds
C1 0
1
Cy |k(t,S)| -1
= 2 [ a0 g s
1
< Cj+3/ (1 — )"~ |D§, uo(s)|ds
1 0
by (1 b
< 23 3 72/ (1—s)O’_luo(s)ds—Fi3
C1 bl 0 abl
< Cl n 3b2€2 + %

C1 ab101 Olbl )

Then, we have

(&) 3b2C2 3b3
= lluoll = o + —

Olb161 Olbl ’

which contradicts (H3). Hence (A5) holds.
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To prove (A6), consider x € KerL N 2, then x(¢) = c on [0, 1]. Let
H(c,2) = [I — A(P +JQN)ylc

1 1
=c— za/ (1 — )% Lc|ds — Aa/ A — )% (s, |c)ds
0 0

1
c—Ae| — )La/ (1 —)*7f (s, [c)ds,
0

for ¢ € [-B,B] and 4 € [0,1]. It is easy to show that 0 € H(c, 4) implies ¢ > 0. Suppose
0 € H(B, A) for some A € (0, 1]. Then,

1
0=B—JB— ),a/ (1 — )* Lw(s, B)ds,
0
wherew € f(t,B), t € [0,1]. So (H3) leads to
1
0<B1-1)= /lot/ (1 — 9% w(s,B)ds < A(—c1B+ ¢2) < O,
0

which is a contradiction. In addition, if A = 0, then B = 0, which is impossible. Thus,
H(x,A) # 0forx € KerL N9y, 1 € [0,1]. As a result,

deg{[I — (P + JON)yIkerL, KerL N 3, 0}
= deg{H (-, 1), KerL N 2,0}
= deg{H (-,0), KerL N 23, 0}
= deg{l, KerL N 25,0} =1 # 0.
So (A6) holds.

Next, we prove (A7). Letting uo(t)=1 so we have up€ C\ {0} and
C(ug) ={x € C:x(t) > 0,t € [0,1]}. We can take o (ug) = 1. For x € C(ugp) N 921, we
getx(t) > 0,0 < |lx|| < band x(¢t) > d||x||, t € [0, 1]

By (H3) and (H4), for every x € C(up) N 921 and v € Wx, there exits w € Nx such that

1 1
v(ty) = a/ (l—s)"‘_lx(s)ds—i—/ G(to, )(1 — )% Lw(s, x(s))ds
0 0

v

1
Slixll +/0 G(t0,9)(1 — )" q(s)h(x(s))ds

h(x(s))

xP(s)

1
= 3|l«|| +/ G(to,s)(1 —8)* q(s) - x° (s)ds
0

! h(b
> S|l + 5p||x||p/ G(to,s)(1 — )* " Lgq(s) - st
0 br
pir h(b
llxll*=* Jo b

' h(b
Sl + 57 1] - /0 Gty (1~ 9 ()" s

v

v

S 5P ﬂ
lloell + 87 [l]| - 5

= =l

Thus, ||x|| < o (uo)||¥x| for all x € C(ug) N 32y, i.e., (A7) holds.
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Since for x € Q23 and w € Nyx, from (H2) we have

1 1
P +JQN)yx = a/ (1 —5)"Hx(s)lds + a/ (1 — )" ws, |x(s))ds
0 0

v

1
a/ (1 =971 = k)|x(s)|ds
0
> 0.

Thus, (P + JQN)yx C C for x € 32. Then (A8) holds.
Next, we prove (A9). Let x € Q\Q1

1
Y, x(t) = {v € X :3dw € Nyxsuch thatv = Ol/ (1 — ) x|ds
0

1
+ / G(t,s)(1 —)* Tw(s, |x|)ds}.
Jo
According to (H3) and (2), for x € 2,\Q;and v € W, x, there exits w € N, x such that

1 1
v(t) = a/ (1—s)‘**1|x(s)|ds+/ G(t,5)(1 — ) Lw(s, |x(s)|)ds
0

0
1
> / 1 =) Nx(s)|(1 — kG(2,5))ds
0
> 0.

Hence, U, (52\91) C C;i.e., (A9) holds.
To prove (A10), suppose there exists ug € 92 NKerL, ie, ug =c € R and |c| = B
such thatc € (P + JQN)yu.Forw € Nyc, we have

1 1
c= a/ 1 —s)“*1|c|ds+a/ (1 — )% w(s, |c|)ds
0 0

IV

1

a/ 1 —9*11 = «)c|ds
0

> 0.

Hence, we get ¢ € (P + JQN)yu implies ¢ > 0. Then for c = Band w € Ny B, we have
1 1
B = a/ (1 — )% 'Bds + oc/ (1 — ) Yw(s, B)ds.
0 0
Hence,
1
0(/ (1 — ) w(s,B)ds = 0.
0
On the other hand, from (H3), we have
1
0= a/ (1 -9 w(s,B)ds < —c1B+ ¢y < 0.
0

This contradiction implies (A10) holds.

Page 10 of 12
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Hence, applying Theorem 1, BVP (1) has a positive solution u* on [0, 1] with
b < |lu*|| < B. This completes the proof. O

Example
To illustrate how our main result can be used in practice, we present here an example.
Let us consider the following fractional differential inclusion at resonance

DyPu(t) ef(t,u), 0<t<l,
(6)

u'(0) =0, u(0)=u(l),

where f(t,u) = {w(t,u) + 35v v € [0, 1]}, w(t, u) = 5k (1+2¢ = 26%) (4? — du + 3)u.
Corresponding to BVP (1), we have that « = 1.5 and

3 TE5) 15 1515 | 15T(2.5)
3 Te =97 —1gs T "Te > 0st<s=1

3 r@5) 15 15:15 | 15T(25) 1 (t=s\"
3T U=97"—-Ffas t " Te - T rap (75) » O0=s<t=1,

G(t,s) =

It is easy to see that G(¢,s) > Ofort,s € [0, 1]
Let k =0.003 and B = 2. By the monotonicity of the function, for x € [0, 2] and
w € f(t,x),t € [0, 1], we can prove that

11
_ <wt,x) < —— il
1000~ S WX = —gpxt 7

and

(t,x) < 8| | + L +1
w(t,x) < —=|w|+ —x+ —.
* 3 30" " 4

Then, we can choose ¢; = %, ) = 1—17, by = %, by = %, b3y = é. By calculation, we have

1) 3bycy 3b3
— + — ~ 1.764 + 0.044 4+ 0.187 = 1.808 < 2 = B.
C1 Olblcl Olbl

Take ¢(t) = ﬁ(l + 2t — t2) and h(x) =x. We see that g e L'[0,1], g(t) >0
and heC ((0, b],R*), where b=1/2¢€ (0,B) =(0,2). Furthermore, for
(t,u) € [0,1] x (0,1/2]and w € f (¢, u), by a simple computation, we get that

w(t,u) = q(t)h(u).
Choose p = 1, so we have % = 1 which is non-increasing on (0, b]. By Choosing ¢y = 0,
8 = 0.997, with simple calculations, we can get

1-96
b4

1
@ / G(to,s)(1 — )" q(s)ds >
0

Therefore, (H;)—(Ha4) of Theorem 2 are satisfied. Then BVP (6) has a positive solution on
[0, 1].
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Conclusions

In this paper, we have obtained the existence of positive solutions for a boundary value
problem of fractional differential inclusions at resonance. By using the Leggett—Williams
theorem for coincidences of multi-valued operators due to O’'Regan and Zima, we have
found the existence results. Our results are new in the context of fractional differential
inclusions and positive solutions. As applications, an example is presented to illustrate
the main results. In the future, we will consider the the uniqueness of positive solutions

for the fractional differential equations at resonance.
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