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Background
In the past 20 years, much progress has been made in the field of vibration control of 
civil structures for the mitigation of earthquake hazard. The previous researches mainly 
focused on controlling linear response of seismically excited buildings (Dyke et al. 1998; 
Cai et al. 2000; Mei et al. 2001; Shayeghi et al. 2009; Mohajer et al. 2013). However, struc-
tural-member yield may occur during strong ground motions, causing significantly dif-
ferent nonlinear response behavior. Thus, the control strategies designed for suppressing 
linear response of structures are not appropriate for controlling nonlinear response of 
structures. In recent years, the control of nonlinear seismic response of structures has 
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been the main concern of structural control research. Ohtori et al. (2004) presented a 
third structural control benchmark problem which focused on structural control of seis-
mically excited nonlinear structures. This new structural control benchmark problem 
was different from previous two benchmark problems (Spencer et  al. 1998a, b, 1999). 
The first benchmark problem was about two laboratory scale structures concerning an 
active control system, and the second further examining the seismic control problem 
for actual buildings. Given the fact that the two structural control benchmark problems 
are limited to the linear performance of structures, the third structural control prob-
lem provided a common platform, which was to evaluate control devices and the rel-
evant algorithms that command these devices to produce controlling forces, allowing for 
direct comparison. Li and Ou (2006) examined an adaptive fuzzy sliding-mode control 
scheme in which magneto-rheological dampers are employed as an actuator to suppress 
the vibration of the 3-story and 20-story building models. Attard (2007) used viscous 
dampers, which was commanded by a gradient-based optimization algorithm, to simul-
taneously control interstory displacements. This method was applied to the 20-story 
building and was shown to have good performance on controlling the interstory dis-
placement, post-yield curvature, and plastic hinges. Yan et al. (2007) investigated effects 
of the semi-active model predictive control (MPC) for the 20-story nonlinear build-
ing, and the results showed that the proposed semi-active strategy reduced the non-
linear seismic response of high-rise building caused by strong earthquakes. Lei et  al. 
(2012, 2013) applied a decentralized structural control algorithm for active control of 
the 20-story nonlinear benchmark building, and the results showed that the developed 
decentralized control provided satisfactory control performances when compared with 
the conventional centralized control. Cha et al. (2013) conducted a research on optimal 
placement of active control devices and sensors in the 20-story nonlinear structures 
using multi-objective genetic algorithms under earthquake loading. Osman and Stefan 
(2012) employed a new recentering variable friction device (RVFD) to control the seis-
mic response of a 20-story nonlinear benchmark building. To control the vibration of 
the 20-story nonlinear structure when subjected to earthquake excitation, Li et al. (2011) 
used fuzzy logic control algorithm to command the hybrid active mass damper (AMD). 
Yoshida and Dyke (2004) developed a semi-active strategy based on a Clipped-LQG 
control algorithm which employs absolute acceleration feedback, and this strategy was 
applied to reduce the structural responses of the 20-story benchmark building. In above 
studies, the researchers usually define, evaluate and report the performance of their own 
proposed strategies. However, they do not make a direct comparison to other results.

H∞ control theory is known to offer excellent control performance in dealing with 
‘worst-case’ external disturbances, and it can also consider modeling uncertainties. This 
theory has been successfully applied to civil engineering structures. Chang and Lin 
(2009) designed an active tendon system in which an optimal H∞ control algorithm was 
employed to reduce its interstory drift when subjected to earthquake excitation. Yang 
et al. (2009) designed a decentralized H∞ controller for large-scale civil structures. Jab-
bari et al. (1995) designed a H∞ controller for seismic-excited buildings with accelera-
tion feedback to reduce both the absolute acceleration and interstory drift. Xiang and 
Nishitani (2015) explored optimum design of tuned mass damper floor system inte-
grated into bending-shear type building based on H∞, H2, and stability maximization 
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criteria. Rubió-Massegú et al. (2012) presented a new method in designing static output-
feedback H∞ controllers suitable for vibration control of buildings under seismic excita-
tion. Ou et al. (2015) presented the robust integrated actuator control (RIAC) strategy 
based on H∞ optimization. In above studies, the researchers mostly concentrated on 
the active control of linear seismic response using H∞ algorithm.

In this paper, we focus on the control of nonlinear seismic response of high-rise build-
ings using a semi-active H∞ control strategy when subjected to earthquake excitation. 
To this end, we develops a novel H∞ controller suitable for semi-active strategies for 
suppressing nonlinear seismic response of a high-rise building,in which magneto-rhe-
ological dampers are employed for an actuator. To estimate the state vector of the H∞ 
controller from the semi-active control force and acceleration feedback, a modified 
Kalman–Bucy observer is proposed, which take into account of the effects of nonlinear-
ity, disturbance and uncertainty of controlled system parameters by the observed non-
linear accelerations. Next, a numerical study is conducted to explore the effectiveness of 
the semi-active H∞ control strategy in suppressing the nonlinear seismic response of a 
20-story benchmark structure. Control effects by the proposed strategy are compared 
with those by the semi-active MPC and Clipped-LQG control approaches. It is found 
that the proposed control strategy can effectively reduce the nonlinear seismic response 
of the 20-story benchmark structure.

Description of nonlinear benchmark building
As shown in Fig.  1, the building employed herein for control is a 20-story nonlinear 
benchmark building. It is 36.58 m by 30.48 m in plan and 80.77 m in elevation (Ohtori 
et  al. 2004). The bays are 6.10  m on centre, in both directions, with six bays in the 
east–west (E–W) direction and five bays in the north–south (N–S) direction. The lat-
eral load-resisting system is composed of steel perimeter moment-resisting frames with 
composite floors. The columns are 345 MPa steel and the floor system is composed of 
248 MPa steel wide-flange beams acting compositely with the floor slab. Assuming that 
the first two damping ratios are 2 %, the damping matrix is determined on the basis of 

a b
Fig. 1 Schematic of 20-story benchmark building. a Elevation; b plan
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the assumption of Rayleigh damping. The first five natural frequencies of the twenty-
story benchmark building are: 0.261, 0.753, 1.30, 1.83 and 2.40 Hz.

When severe earthquakes occur, structural members may yield and trigger nonlinear 
responses. To capture the nonlinear behavior, a bilinear hysteresis model is employed to 
model the plastic hinges which are assumed to occur at the moment resisting column–
beam and column–column connections in the 20-story building. The bilinear bending 
properties are predefined for each structural member. A material nonlinear behavior in 
the structure is taken into account by these plastic hinges.

Apart from the seventeen evaluation criteria as shown Table  1, another two criteria 
are considered to depict the performance of the controlled system (Yoshida and Dyke 
2004). These two criteria are dimensionless parameters which characterize the maxi-
mum and the total permanent interstory drift caused by the formation of plastic hinges 
after severe earthquakes, and defined as

where θpi = |dpi|/hi, dpi and hi denote the permanent interstory drift and the height of 
the i-th floor of the controlled structures. θpmax and θpsum are the maximum and the total 
permanent interstory drift ratio of the uncontrolled structure.

As shown in Table  1, di(t) and ẍai(t) represent the seismic interstory drift and the 
absolute acceleration response of the i-th floor of controlled structures; фj denote the 
dissipated energy by plastic hinges in the member during the each earthquake. Other 
parameters are further depicted in the benchmark statement paper (Ohtori et al. 2004).

Mechanical model for control devices
To control nonlinear seismic response of the 20-story benchmark structure, magneto-
rheological dampers are employed as control devices. A simple Bingham plasticity 
model can effectively describe the essential field dependent fluid characteristic. In this 
model, the total shear stress is expressed as (Yang et al. 2002)
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where τy and γ̇ are yield stress resulting from the applied magnetic field and shear strain 
rate, respectively. H denote amplitude of the applied field; and η represent field-inde-
pendent post-yield plastic viscosity.

On the basis of the proposed and validated parallel-plate model (Zhou et al. 2001), the 
damper resisting force can be decomposed into an uncontrollable force Fη and a control-
lable force Fτ owing to controllable yield stress τy:

The meaning of parameters is explained in detail (Zhou et  al. 2001). To conveniently 
compare the analysis results of different control strategies with application to seismically 
excited nonlinear buildings, the magneto-rheological dampers herein are also designed 
to have maximum capacity of 1000 kN with maximum command voltage Vmax = 10 V, 
in consistence with those dampers described in the literatures (Yoshida and Dyke 2004; 
Yan 2006).

The proposed semi‑active H∞ control strategy
Consider a seismically excited nonlinear building modeled by an n-degrees-of freedom 
system and controlled with r control devices. The motion equations can be written as

where x(t), ẋ(t), and ẍ(t) is the n-dimensional displacement, velocity, and acceleration 
vector, respectively; M, C, and K[x(t)] are the n × n mass, damping and nonlinear stiff-
ness matrices, respectively; and w(t) is the one-dimensional disturbance vector with 
influence matrix Γ, representing the loading due to earthquake ground motion. f(t) is 
the r-dimensional vector of control force generated by the control devices with location 
matrix Λ.

Represented in state-space form, Eq. (4) can be rewritten as
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(5)Ẋ(t) = AX(t)+ Bf(t)+ Ew(t)

X(t) =

[

x(t)
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X(t) is a 2n × 1 state vector, A is a 2n × 2n system matrix, B is a 2n × r controller loca-
tion matrix, and E is a 2n × 1 external excitation location matrix, respectively. Define a 
p × 1 control output vector Z(t) as

where C1 and D are p × 2n and p × r matrices.

Full state feedback H∞ control

The reduced order building model with twenty states have been developed for purposes 
of control design by Ohtori et al. (2004). This model is still adopted in this study. Then 
the full state feedback control forces are determined by

where G is called the control gain matrix. Replacing f(t) with GX(t) in Eqs. (5) and (6), 
the state-space equations can be written as

where

In frequency domain, the dynamic systems can be represented by the transfer function 
from disturbance w(t) to output Z(t) as

where s is the complex Laplaceian variable.
By minimizing the H∞-norm of the closed-loop system, H∞ control in the frequency 

domain is given by

where δ denotes a positive attenuation constant which is a measure of control perfor-
mance. To achieve more strict performance of the control system, a smaller value of δ 
is required. σ̄ [·] is the largest singular value of a matrix, and ‘sup’ represents the supre-
mum of a set of real numbers, ω represents angular frequency, j denotes the imaginary 
unit. The definition indicates that the H∞-norm of the system in the frequency domain 
equals to the peak of the largest singular value of the transfer function TZw(s) along the 
imaginary axis. Also, the H∞-norm has an equal meaning in the time domain, for the 
supremum of the 2-norm amplification from the disturbance to the output:
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where the 2-norm of a signal v(t) is expressed as �v(t)�2 =
√

∫ t=+∞
t=−∞ vT (t)v(t)dt. The 

H∞-norm herein can be regarded as the upper limit of the application factor from the 
disturbance (i.e. seismic ground motion) energy to the output (i.e. structural response) 
energy. When this upper limit is reached, the disturbance is called a ‘worst-case’ distur-
bance. At the same time, the system output with structural response can be significantly 
reduced by minimizing the H∞-norm.

The norm of controlled output (6) that includes cross-product terms in X(t) and f(t) 
is considered in this paper; i.e. the orthogonality condition DTC1 = 0 does not hold. By 
appropriate scaling of f(t), the assumption that D is full rank and DTD = I can always be 
satisfied. The following result presented by Jabbari et al. (1995) is applied to this problem.

Lemma: Consider the system in (5) with the control output (6), where DTC1 ≠ 0 and 
DTD = I. For a given δ > 0, if there exists a positive definite solution P to

for some positive definite matrix Q > 0, then the control law

is a stabilizing control law for (5), and 
∥

∥TZw (s)
∥

∥

∞
≤ δ.

Semi‑active H∞ control strategy

Different from the standard H∞ method, the control design process in this paper can 
follow two steps. Firstly, the control law can be designed on the basis of full state feed-
back. Next, a modified Kalman–Bucy observer suitable for semi-active strategy can be 
designed based on the control gains obtained in the first step. Therefore, we focus on the 
trade-offs about going from full state feedback to observer based on controllers.

Because the evaluation model in the third generation benchmark control problem 
for the 20-story nonlinear building is quite large, the relatively accuracy reduced-order 
building model which is used for designing the controller is obtained by the Guyan-State 
reduction suggested by Yan (2006). In design of the controller, this model is also adopted 
in this paper. This 20-state reduced order model of the 20-story building is represented 
as

where xc is the design state vector, and Ac, Bc, Ec are the reduced order coefficient 
matrices.

A controlled output vector is written as

where Cz and Dz are the reduced order coefficient matrices.
The control f is included in the z-vector to allow penalizing large control input forces. 

For the multi-input systems, we can use appropriate scaling factors αi to weight on the 
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control forces. In this case, by increasing αi, we can decrease the weigh on the actual 
control and put more emphasis on the states through Czxc. Thus, the coefficient matrices 
Bc and Dz can be modified as follows

Therefore, the state space forms for control design are rewritten as

The Riccati equation for Eqs. (19) and (20) is expressed as

For a given δ > 0 and Q > 0, if there exists a positive definite solution Pc to Eq. (21), then 
the r-dimensional control vector f̂  are expressed as

The application of the controller in Eq. (22), however, requires the measurement of the 
all state vector, which may be impractical. In the following section, the H∞ control tech-
nique is extended to contain the ability of using sensors that measure limited number of 
floor accelerations for direct measurements of floor accelerations is most reliable.

We consider a measured output vector of limited number of floor accelerations

where v is a disturbance vector of measurement noise, and Cm, Dm, Em are the reduced 
order coefficient matrices.

Based on the measured vectors of floor accelerations and semi-active control forces, 
a modified Kalman–Bucy observer suitable for semi-active strategy is established to 
obtain the estimation of the state vector. It can be expressed as

(16)B̂c = αiBcji; D̂z = αiDzji i = 1, 2 . . . , r; j = 1, 2, . . . , 2n
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(23)ym = Cmxc +Dmf + Emẍg

(24)ym = Cmxc + D̂m f̂ + Emẍg

(25)D̂m = αiDmji
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where x̂c is the estimate for the state vector xc, L is the gain matrix of Kalman–Bucy 
observer, fsemi is the vector of measured control forces generated by magneto-rheological 
dampers, ym is the nonlinear response of measured floor accelerations, which considers 
the effects of nonlinearity and uncertainty of controlled system.

Thus the r-dimensional control vector f̂  can be rewritten as

To implement H∞ control, magneto-rheological dampers are employed as actuators 
and the controllable damping force of the dampers at time t is determined by the control 
algorithm on the condition that if the force is not dissipative, the magneto-rheological 
dampers are driven to perform as simple friction dampers. In addition, there is a limita-
tion on the maximum force that the magneto-rheological dampers exert. Thus, the semi-
active control strategy should be expressed as

where fsemi(i) denotes the actuator force generated by the i-th magneto-rheological 
damper; f̂i is the i-th element of f̂ . Fmin and Fmax are the minimum and maximum damp-
ing forces of all magneto-rheological dampers. The control law described in Eq. (29) rep-
resents a semi-active H∞ control strategy (semi-active Hinfinite).

Numerical results
The controllers proposed herein are evaluated by considering the time histories of the 
controlled structure provided in the benchmark problem. The full model of the struc-
tural system, which involves member nonlinearity (Ohtori et  al. 2004; Spencer et  al. 
1999), is used to conduct the simulation.

For design purposes, it is assumed that the measurement noise vector, v, contains 
identically distributed, statically independent Gaussian white noise process, with 
Sẍg ẍg /Sνiνi = γg = 25. The results of parameters analysis show that an effective controller 
can be designed by choosing a state vector xc to include the displacements and veloci-
ties of some floors relative to the ground, i.e., xc = [x2, x4, . . . , x20, ẋ2, ẋ4, . . . , ẋ20]

T, by 
selecting a output vector, z to include the accelerations of some floors relative to the 
ground, i.e., z = [ä4, ä8, ä12, ä16, ä20]

T, and by choosing a vector of measured responses 
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(
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(27)

f̂semi = [f̂semi(1), f̂semi(2), . . . ,f̂semi(r)]
T

=







1/α1
. . .

1/αr













fsemi(1)

...
fsemi(r)







(28)f̂ = −Gx̂c = −
(

B̂T
c Pc + D̂T

z Cz

)

x̂c

(29)

fsemi(i) = αi · f̂semi(i)

= αi ·















1
αi
Fmax, if f̂i · fsemi(i) > 0 and

�

�

�
f̂i

�

�

�
≥ 1

αi
Fmax

f̂i, if f̂i · fsemi(i) > 0 and
�

�

�
f̂i

�

�

�
< 1

αi
Fmax

1
αi
Fmin, if f̂i · fsemi(i) ≤ 0

i = 1, . . . , r



Page 10 of 17Yan et al. SpringerPlus  (2016) 5:1053 

to include the absolute accelerations of some floors, i.e., ym = [ẍ4, ẍ8, ẍ12, ẍ20]
T . The 

devices installed on each floor from the first to the eighth, the ninth to the seventeen, 
and the eighteen to the twentieth floor, are four, three and two magneto-rheologi-
cal dampers respectively, and Q = q·diag(I1×20). The other parameters are selected as 
α1 ∼ α5 = 5 × 105, α6 ∼ α20 = 8 × 105, δ = 5, q = 0.1.

Typical responses of the controlled systems when subjected to the original intensity 
earthquakes are selected. Absolute acceleration responses at the 20th floor are provided 
in Fig. 2 and interstory drift responses between the 19th and 20th floors are depicted 
in Fig.  3. These responses are chosen for the maximum drifts often occur at the 20th 
floor. Additionally, the distribution of the peak interstory drift ratio and peak accelera-
tion along the building height subjected to different earthquakes are depicted in Fig. 4.

From these results in Figs. 2 and 3, it is observed that both the peak accelerations and 
peak interstory drifts are greatly decreased when the semi-active H∞ control strategy 
is adopted to control the structure. Also, in the case of strong earthquake, for instance, 
the original intensity Northridge and Kobe, great permanent drifts are generated in the 
building without control. This is because of the development of plastic connections. On 
the contrary, these permanent drifts are suppressed when the semi-active H∞ control 
strategy is used.

As shown in Fig.  4, when the semi-active H∞ and semi-active MPC scheme are 
applied to control the structure, both peak acceleration and peak interstory drift are 
greatly decreased except in a few cases, where the peak acceleration at a particular floor 
may have a minor increase. It is worth noting that the proposed semi-active H∞ control 
strategy gains better control effects when compared with the semi-active MPC scheme.

Table  2 lists the values of the evaluation criteria for semi-active H∞ control, semi-
active MPC (Yan 2006) and Clipped-LQG (Yoshida and Dyke 2004) systems subjected 
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Fig. 2 Absolute acceleration responses at 20th floor of building with semi-active H∞ control and without 
control subjected to different earthquakes. a El Centro; b Hachinohe; c Northridge; d Kobe
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to different earthquakes with different intensity levels. To compare the efficiency of the 
three controlled strategies, Fig. 5 provides the contrast of the values for the maximum 
interstory drift ratio (J1), maximum absolute acceleration (J2), number of plastic hinges 
(J9) and maximum control force (J11). These values are derived from the various control 
systems for different earthquakes with different intensity levels. 

From the first graph in Fig. 5, it is seen that when the semi-active H∞ control strategy 
is applied, the peak drift ratios of the structure are reduced to 50–60 % of those uncon-
trolled values for each intensity level of the Kobe and El Centro earthquakes. For the 
Hachinohe and Northridge earthquakes at all intensity levels, except full-scale North-
ridge, this proposed strategy reduces the responses to 60–80 %, resulting in a modest 
reduction, and behaves a little better than the other two schemes.

The comparison for the peak acceleration of the structure are listed in the second 
graph in Fig.  5. It is observed that all those controllers can reduce the peak accelera-
tion of the uncontrolled structure under all earthquakes with different intensity levels, 
and the semi-active H∞ controller functions better than the other two controllers. In 
addition, there is no general tendency when comparing the efficiency for the semi-active 
MPC and Clipped-LQG controllers.

As shown in the third graph in Fig.  5, it is worth noting that the number of plastic 
hinges is significantly reduced when a controller is applied. For example, the uncon-
trolled structure yields plastic hinges under the half-scale intensity Kobe earthquake and 
the 1.5 scale intensity El Centro earthquake. However, the formation of plastic hinges is 
completely prevented when the semi-active H∞ control strategy is applied. The same is 
also observed for the Clipped-LQG controller. In addition, in all the cases that plastic 
hinges are formed in the uncontrolled structure, the number of plastic hinges is greatly 
reduced when the proposed control strategy is applied, and the control effects of the 
proposed strategy are a little better than those by the other two approaches, except the 
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half-scale Northridge case. Therefore, damage in the structure is greatly decreased. As 
is evident in the drift response time histories of the in Fig. 3, when the structure yields 
plastic hinges, a permanent deformation remains in the structures. The degree of resid-
ual permanent deformation could be indirectly controlled by decreasing the drifts of the 
structure throughout the earthquake.

In Fig.  5, note that the force requirements of both the semi-active H∞ control and 
semi-active MPC systems are of similarity for a given earthquake and magnitude, except 
full-scale intensity Kobe earthquake. In addition, the maximum control forces (J11) for 
the semi-active H∞ control and semi-active MPC systems are less than those of the 
Clipped-LQG control system. It is worth noting that these semi-active systems are 
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inherently stable for they don’t input a large amount of energy into the structural system. 
Hence, according to stability, the semi-active systems are considerably more robust than 
the active system.

Values for the additional evaluation criteria are listed in Table 2. Note that all the val-
ues of J19 of the three strategies in all cases are less than 1.0, it indicates that the total 
permanent deformations in the controlled structure are smaller than those in the uncon-
trolled structure. In addition, except one case, the value of J18 is less than 1.0 for the semi-
active H∞ control strategy, indicating that the maximum permanent drifts remained in 
the controlled structure are smaller than those in the uncontrolled structure. Under the 
full-scale intensity Northridge earthquake, the value of J18 is above 1.0, which means that 
the maximum permanent interstory drift ratio increases to some extent due to the usage 
of the semi-active H∞ control strategy. It is also found that an increase in the maximum 
permanent interstory drift ratio also occurs in both the semi-active MPC and Clipped-
LQG strategies.

To further discuss this issue, Fig. 6 depicts the permanent drift ratio response for the 
full-scale intensity Kobe and Northridge earthquakes. Although the maximum perma-
nent drift ratio from the first floor to the third floor of the structure is somewhat larger 
for the semi-active H∞ control strategy under full-scale Northridge earthquake, the 
permanent offset at each floor in the controlled structure is usually a small part of the 
uncontrolled structure. In other floors, the permanent drift ratio is reduced effectively. 
Note that the semi-active H∞ control strategy performs much better than the other 
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two schemes. In the case of full-scale Kobe earthquake, the permanent offset of the 
controlled structure is generally greatly smaller than that of the uncontrolled structure 
throughout all floors, and the control effect of the semi-active H∞ control strategy on 
the permanent offset is a little better than that of the other two strategies. Additionally, 
the evaluation criteria J4 in Table 2 is above 1.0 for the full-scale Northridge earthquake 
because of the existence of the permanent offset.

Conclusion
This paper concentrates on the development of a semi-active control system for non-
linear high-rise buildings. A novel semi-active H∞ control strategy is presented and 
evaluated. In this scheme, a modified Kalman–Bucy observer which is suitable for the 
proposed semi-active strategy is developed to obtain the state vector from the semi-
active control force and acceleration feedback, taking into account of the effects of non-
linearity, disturbance and uncertainty of controlled system parameters by the observed 
nonlinear acceleration.

The proposed control strategy is applied to the nonlinear response control of a 
20-story benchmark structure when subjected to earthquake excitation. The results indi-
cate that the proposed semi-active H∞ control strategy provides much better control 
performance by comparison with the semi-active MPC and Clipped-LQG control sys-
tems and can effectively reduce the nonlinear response of the structure subject to earth-
quake-induced motions. It is worth noting that the permanent offset in the interstory 
drifts was usually significantly reduced in the controlled structure. The number of plastic 
hinges generated in the controlled structure during each earthquake is also significantly 
reduced when compared with that in the uncontrolled structure. Therefore, damage to 
high-rise buildings under strong earthquakes could be significantly minimized.
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