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Abstract

Let F be a free Lie algebra of finite rank over a field K. We prove that if an ideal (¥) of the
algebra F /ym+1 (F') contains a primitive element i then the element ¥ is primitive. We
also show that, in the Lie algebra F/y3(F)’ there exists an element v such that the ideal
(v) contains a primitive element & but, U and v are not conjugate by means of an inner
automorphism.
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Background

Let F be a free Lie algebra of finite rank #, with n > 2, freely generated by the set
{x1,...,%,} over a field K. By F' and F” we denote the subalgebras [F, F] and [F’,F’]
of F respectively. An ideal V in the free Lie algebra F is called a verbal ideal if for any
g(x1,...,%,) € Vand any A, ..., h, € F the Lie polynomial g(#;, ..., h,) belongs to V.
Let V' be a non-trivial verbal ideal of F. An element of F is said to be primitive if it can be
included in a free generating set of F. Similarly an element of the relatively free Lie alge-
bra F/ Vis called primitive if it is extendible to a free generating set of F/ V.

Let L = F/F” be the free metabelian Lie algebra. Write ¥, = x; + F",i = 1,2,...,n.
Thus, the set {x1,...,%,} is a free generating set for L (Bahturin 1987). For g € L, let
(g) be the ideal generated by g and let / be a primitive element of L. It is known that if
he < g> then g is a primitive element in L (Chirkov and Shevelin 2001). In fact there is an
inner automorphism 6 of L such that (%) = g. For each v € L’ the linear operator

adv:L — L

defined by
adv(w) =[w,v], wel

is a derivation of L and ad?v = 0 because L” = {0}. Hence the linear mapping
exp (adv) = 1+ adv

is well defined and it is an inner automorphism of L. In Chirkov and Shevelin (2001)
proved that for g € L if a primitive element /4 of L belongs to the ideal <g> then & and
g are conjugate by means of an inner automorphism of L. This result was obtained by
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Evans (1994) for free metabelian groups. Does a similar result, as in L, holds for the Lie
algebras F/yu+1 (F/ ) and F/y3(F)"? In the group case this question was answered by
Timoshenko (1997). In the present paper we answer this question. We obtain an affirma-
tive answer for the Lie algebra F/y,,+1(F’). In contrast to the case of free metabelian Lie
algebras and free Lie algebras of the form F/yy,4+1 (F ! ), for the Lie algebra F/y3(F) we
prove that the question has a negative answer. Our main results are similar to the result
of Timoshenko (1997) in the case of groups but there are some essential differences.

Preliminaries
Let F be the free Lie algebra generated by a set X = {xj,...,x,} over a field K of char-
acterisitic zero, U(F) be the universal enveloping algebra of F and A its augmenta-
tion ideal, that is, the kernel of the natural homomorphism o : U(F) —> K defined
by o(x;) = 0,1 <i < n. For a given subalgebra R of F we denote by Ap the left ideal of
U (F) generated by the subalgebra R. In the case where R is an ideal of F, Ag becomes a
two-sided ideal of U (F). In fact Ay is the kernel of the natural homomorphism U (F) —
U (F/R). For any element u of F we denote by (u) the ideal of F generated by the element #.
Fox (1953) gave a detailed account of the differential calculus in a free group

ring. We introduce here free derivations 0% :U(F) — U(F),1 <i <n such that
d%(x}) = §;j(Kronecker delta), ag’z’) = g—;o(v) + u(;)—;l It is an obvious consequence of

the definitions that a%, (1) = 0. The ideal A is a free left U (F)-module with a free basis X
and the mappings a%, are projections to the corresponding free cyclic direct summands.
Thus any element f € A can be uniquely written in the form

For any elements g1, . ..,g, of U(F) we can always find an element f of U (F) such that
L=gl<izn .
Let df be the column Vector( iy i) , where T indicates transpose.

ox1? "7 By
For any Lie algebra G, the lower central series

G=1@)2nG) 2 - 2nuG)2---

is defined inductively by »2(G) =[G, G], Yk (G) = [yx-1(G), G], k > 2. We usually write
G/, for y»(G).

Let R be an ideal of F. If i is an element of F, then we denote the images of # under the
natural homomorphisms as follows: by % in F/ R, by & in F/R and by & in F/yy,41(R),
where m > 1.

In (Umirbaev 1993), Umirbaev has defined the right derivatives in the algebras F/R’
and F/ym+1(R). We give a summary here referring to (Umirbaev 1993).

Let

p: [uE” = [uE/rR’,

be the natural componentwise homomorphism, i.e.,
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o((hoeaif)) = (R )

~ T ~ ~
where (fl, e ,f,,) is the transpose of the vector (fl, e ,f,,).

Consider the composition mapping

pod:F5 [uE" 5 [uE/mp. (1)
This mapping induces the mappings

= 12 n T ~ n T

:F/R — [UF/R"]", 3:F/ympu(R) — [UE/R"]".

Since the kernel of the mapping JisR /Vm+1(R) (see Umirbaev 1993 for details) then it
induces the mapping 8 : H — [U(F/R)"T, where H = F /¥;ui1(R)/R | Ys1(R).
For any element f of F the components g—;, % and g—; of the vectors

_— ——\T ~~ ~\ T == ==
a(f)=<2£,...,2::> ,5(f)=<§£,...,§£> a:<§f§f>

are called the partial derivatives of f, }7 and f respectively. Here we use left derivatives
instead of right derivatives.
For each u € R/yy+1(R) the derivation adu : F/yy,1+1(R) —> F/Ym+1(R) is nilpotent
and (adu) = 0, because Yy, 4+1( R/ Ym+1(R)) = {0}.
Hence the linear mapping
adu  ad*u ad™u

exp(adu):1+T+ o -

is well defined and it is an inner automorphism of F/y,+1(R), m > 1, that is, since
[[W, M],...,l/l ]=0¢
——

(m+1)—times
m—times
(w,ul | [[w, u], u] [[w, u] ]
w,u w,u|, u w,Uuf,...,Uu
exp (adv)(w) = w + + TN U A e
1! 2! m!

We need the following technical lemmas. The first lemma is an immediate conse-

quence of the definitions.

Lemma 1 Let ] be an arbitrary ideal of U(F) and u € A. Then u € JA if and only if

3712 €] foreachi,1 <i<n.
The next lemma can be found in Yunus (1984).

Lemma?2 LetR beanideal of Fandu € F. Thenu € ARA ifand only ifu € R'.
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Main results
Let F be the free Lie algebra generated by a set X = {x1,...,x,},n > 2, over a field K of
characteristic zero and let R be a non-trivial verbal ideal of F.

For an element f of F the vector (5—3{1, e %) is called unimodular, if there exist
ai,...,a, € U(F)such that
0 a
6l17f+"'+ﬂn f:l
0x1 0xy,

Umirbaev (1993) has proved a criterion of primitiveness for a system of elements in a
finitely generated free Lie algebra of the form F/y,+1(R), where m > 1and R = F’. Umir-
baev’s criterion for the primitivity of an element of the algebra F/yy,+1(R) is stated below.

Proposition3 Let R = F'. An element u of F [ iu+1(R) is primitive if and only if the vec-
tor (ﬁ . %) is unimodular in U (F /R).

ax1 "

We are going to consider the case R = F'.

Proposition 4 An element f of the free metabelian Lie algebra F /F" is primitive if and
only if the image f is primitive in the free nilpotent-by-abelian Lie algebra F |y,+1 (F ! ),
where f € F, m > 2.

Proof Suppose that the element f of F /F” is primitive. If we put m = 1 in Proposi-

tion 3 we have that the vector (%’ e %) is unimodular in LI(F/F’), that is, there

exist ay,...,a, € U(F/F’) such that Y 7., aig—xfi =1
Let H = F/ym1 (F "V/F" | Yms1(F'). We calculate the derivative chf,- by using the nat-
ural homomorphism 6 : F/yyu41(F') — H, the isomorphism ¢ : H — F/F” and the

chain rule for derivatives:

o7 _ ()
0X; 3961
_l) o7
o af: 8xi
w0) 500
- aj:f T dx
_ () %(7) a7
oo o o

ap(f) @0(f
It is clear that (ng), agf) € U(F/F'). Therefore from the equality > , ﬂi% =1lwe

= 30(7) 30(f ~
get Z;":l big—; = 1, where b; = a"‘/:;j(ff)'ang)' Hence by Proposition 3, f is primitive in

F/Ym+1(F')
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Now suppose that ]7 is primitive element of the algebra F/y;,4+1 (F ! ) By definition it
can be extended to a free generating setY = {f :]71, . ,]7,,} of F/Vm+1 (F’). Clearly Yis
linearly independent modulo (F [ Vm+1 (F ! ))/ Therefore the image 6(Y) of Y in the alge-
bra H is linearly independent modulo H'. As a simple application of theorem 4.2.4.9 of
Bahturin (1987) we see that 6(Y) freely generates the algebra H. Hence the image of 6(Y)
under the isomorphism ¢ : H — F/F” generates the algebra F/F”. That is, the algebra
F/F" is freely generated by the set ¢(6(Y)) = {f :fl, e ,j?n} Thus, f is a primitive
element of the algebra F/F”. O

As a consequence of the result of Chirkov and Shevelin (2001), we obtain the follow-
ing proposition. Although its proof is given in Ersalan and Esmerligil (2014), our proof is
more explicit. The idea of the proof is similar to the idea of the proof of Proposition 2 of
the paper by Timoshenko (1997) for groups.

Proposition 5 Let u be a primitive element of the algebra F/yu11 (F/ ) and let
V € F/Yms1(F')whereu,v € F,m > 1. Ifu € (v) then V is also primitive.

Proof Let 1,V € F/ym41(F'). Assume that % is primitive and that it is contained in the
ideal <V> of F/ym+1 (F’). By Proposition 4, % is primitive. In the view of Proposition 4, it
sufficies to the prove that the element v of F/F” is primitive.
Since
u=u+vYm(F) € V+ymn(E)), m=1
we have
u € (v)(modF"),
that is,
u=u+F"e(v+F").

From the result of Chirkov and Shevelin (2001), we obtain that the elements % and v are
conjugate by means of an inner automorphism. Therefore v is primitive. Hence the result
follows. O

The mapping ~: F — F/R can be extended to the mapping ~: U(F) — U(F/R) for
which we preserve the same notation.
The following lemma will play a crucial role in proving our main result.

Lemma 6 Let R be a verbal ideal of F,r € R and let ve F. Then r+ R € (v) + R
if and only if there exist an element a € U(F/R) and an element ,E, € Ay, such that

% = &% + ,B\i, where i = 1,...,nand A; is the ideal generated by the element v in the
algebra U (F /R).

Proof Letrbe an element of the ideal R,v € Fand 7 € (v). Thenr € (v) (modR’), where
(v) is the ideal of F generated by v. Any element of the ideal (v) can be written as lin-
ear combinations of commutators of F depending on the element v. Applying the Jacobi
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identitiy and the anticommutativity, these commutators can be rewritten as linear com-
binations of commutators of the form

([ [[vooi |xin ] Loi |, %oy, € {31500 %0), k>0, )

If r = v(modR’) then clearly{%; = %,i =1,...n
Now assume that the element r is written as a linear combination of elements of the

form (2). Without loss of generality we may assume that

r=[[...[vxi],.. ] %] (modR'), k=1,

By straightforward calculations we see that the form of the derivatives 5’72 are
or av + B+ A
2L = ‘ ,
396,‘ 3965 ! R

whereo € U(F/R),Bi € Ay,i=1,...,n.

Therefore
o _ g +B;
— =0 i
E)xi Bxi !

Letnowg% = &% + Bi,where@ € U(E/R),Bi € Ay i=1,...n.
The kernel of the natural homomorphism ~: U (F) — U(F/R) is Ag, and hence
ar av
— +Arp=0a—+ B+ Agr.
axi Bxi
Then there exists an element g of Ag such 3%(7" —av) = B; + g, where §; € A,, that is,
a%(r —av) € A, + Ag. By Lemma 1 we have r — av € A,A + ArA. Hence the element
r — av of F can be written asr — av = h + z, where h € A, A,z € ARA. By Lemma 2 we
geth € (v) and z € R.Hencer + R' = av + h + R'. This completes the proof. O

In contrast to the case of free metabelian Lie algebras we can show that there exists an
element v of the algebra F/y3(F) such that the ideal (v) of F/y3(F)’ contains a primitive
element %, but # and v are not conjugate by means of an inner automorphism.

Theorem 7 There is an element v in the algebra F/ys3(F) such that the ideal (V) of
F/y3(F) contains the element x1 , but the elements v and x) are not conjugate modulo
v3(F) by means of an inner automorphism.

Proof We consider the element v =ux;+ [[[[x1,%2],%2],%1],%2] + y3(F) of
F/y3(F)" which is an analogue of the element given in Fox (1953) for groups. Let

w = [[[[x1,%2], x2], x1], x2].

We have
ow 0[[x1,%2], %3]
— = —x2 - [[x1, 2], %0] + 22 - %1 - ————,
dx1 dx1
ow a[[x1,%2], %2]

— = [[[x1, %], %], %1] + %2 - %1 - —————.
E)xz axz
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Now consider the images % under the homomorphism
L

L UF) —s U(F)ys(F)), i=1,2.

Then
ow a1, %ol xo)]
— =X 1 —,
0x1 0x1
w1, %], xo)]
— =Xy X1,
0x2 GED)
aw
_— = 0, k > 2.
8xk

Clearly 27“; € Az =A;. In the above equalities if we set @=0 and

—

B\i:x}-ga-%ﬁ,i:l,ltbenweseethat
w_ s 5;+B\ i =1,2
—=a-— =12
ax,‘ axi !

By Lemma 6 w + y3(F)’ € (v)+y3(F)’. Therefore we have
x1+y3E) =v—w+y(F) € (v) +y3(F).

Now we are going to verify that the element w can not be written in the form [x1, ] in
the algebra F/y3(F)’.
Assume that the rank of F equal to 2, u € y3(F) and

w = [x1, u]. 3)
Let us calculate the derivative % of both sides of (3). We have

ou
—x2 - [[x1,%2], %2] + X2 - %1 - %0 - X0 = —u +x7 - F
1

Taking the image under the homomorphism ~: U(F) — U(F/y3(F)) we get

. _u
Xy Xy Ky Ky =Kig . €]
1

It is well known that the set {x1, %, [x1,42] } is a basis of F/y3(F). Therefore by Poin-
care—Birkhoff-Witt’s theorem the algebra U (F/y3(F)) is a free K- module generated 1

and the all ordered monomials of the form

FL5] -8B r=0s20k>=0 (r,sk #(0,0,0).

Thus every element of U (F/y3(F)) can be uniquely written as

~ ~7r o~ ~k
Zarsk [chz] X1 x, ik € K. 5)
7,5,k=>0

Page 7 of 8
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Let us express each side of (4) in the form (5):
X) - X1 XXy = |HD, K1) - Xy + K1 - Ky - Ky - K,
~ ou ~ ~ ~r ~5 ~k
xlg =x1205ijk[x1,x2} "Xl X2 .
1 1j,k=>0
Then

—~ ~ ~7i ~j ~k ~ o~ ~2 ~ ~3
X1 - E aijk[xl;xZ] X x = [xz,xﬂ “X2T X1 x0T
ij,k=>0

(6)

We note that in the algebra F/y3(F) we have [[xAl,xAz],a?J =0, i € {1,2}. That is, the
elements [9?1, xAz] and x; commute in the algebra U (F/y3(F)).
So from (6) we get

S el g) AT = (6,4
ij=0

(7

and

S eslang) AT =4

i,j>0
Using (7) we obtain

~j+1
ajpx’ T = -1,

j=0

which is impossible. This contradiction proves the theorem. ]

Conclusions

In this work we found a relation between the generator of a one-generated ideal of a
relatively free Lie algebra and a primitive element which is contained in this ideal. One
can expects to adopt our results for ideals of some relatively free Lie algebras which have
more than one generator.
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