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Background

Stochastic dynamical systems have a wide range of applications inside as well as outside
the field of mathematics. The quantitative studies of different fields such as physics, engi-
neering, ecological sciences, system sciences and medicine have been driven by stochas-
tic dynamical systems. Stochastic differential equations (SDEs) are often used to model
financial quantities such as asset prices, interest rates and their derivatives. These equa-
tions have become standard models for population dynamics and biological systems. Sto-
chastic functional differential equations (SFDEs) in the G-framework were initiated by Ren
et al. (2013). Then studied by Faizullah (2014), he developed the existence-and-unique-
ness theorem with Cauchy—Maruyama approximation scheme (Faizullah 2014). Later, he
proved the comparison result, with the help of which he established the existence theory
for SFDEs in the G-framework with discontinuous drift coefficients (Faizullah et al. 2016).
G-expectation, which is a nonlinear expectation, defined by Peng (2006), has been moti-
vated by stochastic volatility problems and risk measures in finance (Gao 2009; Peng 2008,
2010). This led him to derive G-Brownian motion that is a novel stochastic process. Being
different from the classical Brownian motion as it is not based on a given particular prob-
ability space, G-Brownian motion qualifies itself for a new and extremely rich structure
which nontrivially generalizes the classical one. Some of the pertinent stochastic calculus

. © 2016 The Author(s). This article is distributed under the terms of the Creative Commons Attribution 4.0 International License

@ Sprlnger Open (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium,

— provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s40064-016-2388-x&domain=pdf

Faizullah SpringerPlus (2016)5:872 Page 2 of 11

which were established by him included G-Itd’s integral, G-It6’s formula and G-quadratic
variation process (B). A new and interesting phenomenon that is related to the G-Brown-
ian motion is the fact that its quadratic variation process, which is also a continuous pro-
cess, has got stationary and independent increments. Therefore, it continues to qualify for
being termed as a Brownian motion. Thus, the idea of G-framework-related stochastic dif-
ferential equations was initiated (Peng 2006, 2008). Due to the applicability of the theory,
many authors published their work on this emerging phenomenon in a short span of time
(Bai and Lin 2014; Denis et al. 2010; Xua and Zhang 2009). As important as the existence
theory, moment estimate is one of the most useful and basic schemes of analyzing dynamic
behavior of SFDEs. It is also worth noting that the pth moment of the solution for such
SDEs driven by G-Brownian motion with non-linear growth condition has not been fully
explored, which remains an interesting research topic. This article will fill the mentioned
gap. We present the analysis for the solution to the following SFDE in the G-framework

ay (t) = «(t, Yy)dt + AL, Y)d (B, B)(t) + u(t, Y;)dB(t), t € [0,00), (1)

with initial data Y, = ¢ satisfying

Y, =¢ =1{¢(0): — t < 0 <0} is Fo-measurable, BC([—1,0]; R")-valued

random variable such that ¢ € Mé([—‘(, 0; R”). 2)
It is understood that Y{(¢) is the value of stochastic process at time ¢ and
Y;={Y({t+0): —p <0 <0,p >0}, indicates BC([—p,0]; R)-valued stochastic pro-
cess, which is a collection of continuous and bounded real valued functions ¢ defined
on [—p,0] having norm |l¢|| = sup_, 4o | ¢(0) | The coefficients «, 4 and u are Borel
measurable real valued functions on [0, T] x BC([—p, 0] (Faizullah et al. 2016). The rest
of the paper is organized as follows: “Preliminaries” section is devoted to some basic defi-
nitions and results. “pth Moment estimates for SFDEs in the G-framework” section pre-
sents the pth moment estimates for SFDEs in the G-framework, under non-linear growth
condition. “Continuity of pth moment for SFDE in the G-framework” section shows that
the pth moment of solution to SFDE is continuous. The path-wise asymptotic estimates
are given in “Path-wise asymptotic estimate” section.

Preliminaries

In this section some fundamental notions and results are given, which are used in the forth-
coming sections of this paper. For more detailed literature of G-expectation, see the papers
Denis et al. (2010), Faizullah (2012), Li and Peng (2011), Song (2013) and book Peng (2010).

Definition 1 Let H be a linear space of real valued functions defined on a nonempty
basic space 2. Then a sub-linear expectation E is a real valued functional on H with the
following features:

(a) ForallY,Z € H,ifY < Zthen E[Y] < E[Z].
(b)  Forany real constanty, E[y] = y.

() Foranyé > 0, E[0Z] = OE[Z].

(d) ForeveryY,Z e H, E[Y + Z] < E[Y]+ E[Z]
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Let Cprip (R¥*4) denotes the set of bounded Lipschitz functions on R4 and
2(Qr) = {¢(B[1,BQ,...,B,:,/1 > 1Lt ty ...t €[0,T],¢ c Cb,Ll-p(R’X"’))}.

Let §; € LPG(Qti), i=0,1,...,N — 1 then MOG (0, T') denotes the collection of processes

of the following type:
N-1
new) =D 8wt 1111(8),
i=0
where the above process is defined on a partition w1 = {fy, t1,...,tn} of [0, T]. Asso-
ciated with norm |n| = {fOTE[|nu|p]du}1/p, MZ(O, T), p>1, is the completion of
M2(0, 7).

Definition 2 Let (B;);>0 be a d-dimensional stochastic process defined on
(2, Cpip(H), E), such that By = 0. The increment B;y, — B; is G-normally distrib-
uted for any t,m >0, neN and 0 <t <t <,---,< 1, <t it is independent from

By, By, . .. By, Then (B;)s>0 is known as G-Brownian motion.

For everyn; € MéO(O, T), the G-1t0’s integral I(n) and G-quadratic variation processes
{(B)¢}t>0 are respectively given by

N-1

T
I(p) = / NudBu =Y _ 8By, — By),
0

i=0

t
(B); = B? — 2/ B,dB,,.
0

We now state three important inequalities known as Holder’s inequality, Bihari’s ine-
quality and Gronwall’s inequality respectively (Mao 1997).

1,1 _ 2 2 1
Lemma 3 Ifa—l-;—lforanyq,r> 1,gel?andh € L” then gh € L" and

/Cdghs (/Cd|g|q>;(/cd|h|’>i.

Lemma4 LetC > 0, h(t) > 0 and w(t) be a real valued continuous function on [c, d. If
forallc<t<d,wit)<C+ fcdh(s)w(s)ds, then

w(t) < Cele M),
forallc <t <d.
The following two lemmas are borrowed from the book Mao (1997).
Lemmab5 Leta,b> 0ande € (0,1). Then

2 b2
@a+b?<Z 4 .
€ 1—¢
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Lemma 6 Assume p > 2and €,a,b > 0. Then the following two inequalities hold.

. -1 (p—1)éa? b
() arlp< by p

.. _ —Néal
(i) ap2p? < @224 ;)m + -2

pé 2
Theorem 7 LetY € L?. Then for each e > 0,

N 4
EQYP > o < E”f' I

In the above Theorem 7, C is known as capacity defined by C (H) = suppep P(H),
where P is a collection of all probability measures on (€2, B(2) and H € B(£2), which is
Borel o-algebra of Q2. Also, we remind C(H) = 0 means that set H is polar and a property
holds quasi-surely (g.s. in short) means that it holds outside a polar set. The rest of the
paper is organized as follows. In “Preliminaries” section, the pth moment estimates are
studied. In “pth Moment estimates for SFDEs in the G-framework” section, continuity of
pth moment is shown. In “Continuity of pth moment for SFDE in the G-framework” sec-

tion, path-wise asymptotic estimates for SFDEs driven by G-Brownian motion are given.

pth Moment estimates for SFDEs in the G-framework
Let Eq. (1) admit a unique solution Y(f). Assume that a non-linear growth condition
holds, which is given as follows. For every ¥ € BC([—7,0]; Ry and ¢ € [0, T,

et P+ 1266 )P + e, )P = X (14 9 P2), 3)

where YT():R;y — R, is a non-decreasing and concave function such that
T(0) =0, T(x) > 0forx > 0and

/ dx _
0 Y @

As Y is concave and T (0) = 0, there exists two positive constants « and S such that

Tx) <o+ Bx, (5)

forallx > 0.

Theorem 8 Assume that the non-linear growth condition (3) holds. Let E||¢ ||P < oo and
p > 2. Then

E[ sup YW | < El¢]P + azePT,

—T<v<T

where a3 = T[201(1+c1) +aa(c1(p— 1) +pcd)], B3 = [2B1(1+c1) + Ba(p — 1+ pcd)],
V4

p
0 = Zr @5 e+ B)E + BIENCIP) and pr=(p—Dé+ L 0y = 1 @)f

{(a +B)% + (BRENCIPL B =[(p — DE +

b

2 g
28) ¢y and c3 are positive constants.
é

r=2 |’
2
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Proof Applying G-Itos formula to |Y (2)|?, for p > 2, we proceed as follows

t
sup |Y (O | < ElC(0))P + pE| sup / 1Y WP i (v, Y)|dv
0<v<t o<v<t JO
t
+E| sup / pIYWPHuw, Y,)|dBv)
Oo<v<t JO
+E| sup /[plY(V)I’” Haw, vl
o<v<t
-1
Ay 2, VP18, B) )
=EICOP +1 + 1)+ 13, (6)

where

t
= pE | sup / Y WPk (v, Yy)|dv
0

0<V<t

0<v<t

’

I = pE| sup / Yo)r- 1|u(v,Y>|dB<v>]

t
I3 = pE Sup/ [IY(V)I’”_lM(V,Yv)lwL
0

O<v<t

-1
@ 5 ) 1Y W) P2| (v, mz] d(B,B><v>] :

By non-linear growth condition (3) and Lemma 6, for any € > 0, we get

Y @) P (e, Vo)l <

p—DEYDOI |k YIP
+ —

P per~t
A~ 2 E

- (p— DeY®IP n YA+ (Y1%)]?
p per!

- ®—DENYOIP N [+ B+ ”Yt”z)]%
p per1

Using the inequality (a + b)? < 27~!(a” + b”) and the fact SUp_,<p<7 YW < [IC1IP+

supp<,<7 |Y (v)|¥, we proceed as follows

Y OP e, V)| < - 1)€IIY(L‘)||” [+ 8 +pﬂ |1Yt|| 15
p pé
- (p—l)éllY(t)ll’” @ N a+ B+ (B)2]YIIP]
- p per—t
- - 1)@IIY(t)||” )7 (a + /3)2 + (/3)2 lCi? + (/3)2 1Y (O)IF]
- P pep !
p— 1)€||Y(t)||P )2 [(a + B+ (B)IICIP]+ 2B Y () |IP
B P 2pép—1

@5 +pt +(B)d IICIIP]

2per—1

p-1e (2B)°
p 2per—t

+ o ]IIY(t)II”,

Page 5 of 11
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which yields

PEIY®P it Yo)| < a1 + BLEIIY ()17, (7
@ L@+p) B IEIE] g gy = (p — 1)2 + 2002

e 5T In a similar fashion as

where a1 =

above we get

PIYOP AL YD) < a1 + BiIY O,

8
pIYOP (e, Yl < ar + BillY @)1, ®

Next by using Lemma 6, non-linear growth condition (3), inequality (z + b)? < 2°~1(a? + bP)
and the factsup_,_, -7 |[Y (V)| < [I¢]IP + supg<, <7 |Y (v)|F, we have

Y () P2 (e, Yy) |2 < (—2)elY®OF . 21u(t, Yo IP

P e’
—2)e P 2)1%
< P DAY 20X F I
p pé 2
_ YO 2+ pa+ 2||Yt||2)]‘%
p p@gf
DAY OP  2e+p 2||Yt||2]‘%
p peT
- DYOF | D%+ + BV
p pégg
_ G- AYOR | @5+ p: B + B O]
N p e’
L@ AYOP @@+ HE+ B+ CHIYOF
N p e
14 14 14 A 14
_ @lespt@tier [(p —De L 2B,
p@‘f’ p pé‘f
which gives
PEIY P 2|u(t, Y2 < az + BEIY )17, ©

14 4 4 g
where oy = Q2B EI] g g, — |:(p —1)é + (2;?22} . Then I; can be written
as follows <’ <’

t
L =E| sup /p|Y(V)|P_1|K(V,YV)|dV

o<v<tJO

t
< /0 o1 + BLEIY ()P 1y

t
§a1T+ﬂ1/0 E(IY W)IP)dv.

Page 6 of 11
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By inequalities (8) and the Burkholder—Davis—Gundy (BDG) inequalities (Gao 2009), I,
can be written as follows

-1
L—E p(p2 )

sup
o<v<t

t
/0 [pmv) P, Yol + 1Y )P~ 2 (v, Y»F] d<B,B><v>}

P - DEIY(V)I"_ZIM(V, Y»F] dv

t

561/ [pEIY(V)Ip_IM(V, Yl +
0

(p._

t
=a / [al +BEIYOIF + (012 + ﬂzEIIY(t)IIp)} dv
0

1 t
<a <Ot1 + E(P - 1)0l2> T+a <ﬁ1 + E(P - 1)ﬁ2> /0 ElY (®)|Pdv

Next we use the BDG inequalities (Gao 2009), inequality (8), mean value theorem and

the inequality|a||b] < % + b as follows

2

t
I3 =PE[ sup /0 YW (v, Y,)1dB(v)

o<v<t

2

t
< pesE { / 1Y ()12 | (v, Yv>|2dv}
0

1

1 ¢ 2
<pesE| sup [|[Y(V)P]2 / |Y<v>|”|u<v,¥v)|2dv]
o<v<t 0
1
< -E|sup [YWP| + v BEU Y WP (v, YWv}
2 o<v<t
1 pci [t
<Le| sup lvoyr| + 23 / [z + BEIY (0P )dv
0<v<t 2 Jo

IA

1, 1
Epc3a2T+§E sup |Y(v)|P

o<v<t

1 t
+ piif / ENY(0)|Pdv
0

Using the values of I1, I and I3in (2) we get

E

t
sup |Y<v)|1”} <aT+p /0 E(IY0)IP)dv

0<v<t

1 1 t
+C1<0l1+i(p—l)OIz)T-i-Cl(ﬂl-i-i(P—l)ﬂz)/0 EIlY®|Pdv

1 1 1 t
+ chazT+ SE| sup [YW)IP| + 1963/32 E|IY(t)||pdV

0<v<t

o<v<t

25[ sup |[YWIP+T {061(1 +c)+ 052(01(17 -1 +P53)}

1 t
+ [,31(1 +c) + Eﬂz(lﬂ -1 +PC§)] /0 E(lYW)IP)dv,
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simplification yields,

El sup [Y(WIP| < T[2051(1 +a)ta(ap-—1) +PC§)}

o<v<t

t
+ 2800+ ) + Bt — 1+ p3))| /0 E(IZ0)|1")dv.

By the Gronwall’s inequality

E[ sup |[YWI?| < aze, (10)

o<v<t

where a3 = T[201(1 +c1) +aa(ci(p — 1) +pcd)] and Bz = [2B1(1+c1) + Ba(p — 1
+pc?)]. By taking t = T, we have

El sup |[Y(WIP| < azePT. (11)

o<v<T

Noting the fact that sup_,_, .7 |Y(WP < [I¢]IP + supg<,<7 [Y (V)[P, we proceed as
follows

sup Y (V)P

o<v<T

E[ sup IY(V)IP] <El¢IP+E

—T<v<T

< Elg|1P + azeT.
The proof is complete. U

Continuity of pth moment for SFDE in the G-framework
In the next theorem, under non-linear growth condition, it is shown that the pth
moment of the solution to SFDE in the G-framework (1) is continuous.

Theorem 9 Assume the non-linear growth condition (3) holds. Let E||¢||P < oo and
p > 2. Then

ENY®) —YOPT =< y@®)@ -3,

3
wherey (£) = 3% 21+ ¢y + ca)l? + B2 + BREICIP + Bhase ), o3, c3, o, B, a3 and
B3 are positive constants.

Proof By using the inequality (@ + b + ¢)? < 3?"1(a? + b* + ¢?), Eq. (1) follows

'3

P t
Y () - Y =371 + 3771 / Mg, Y,)d(B,B)(q)

S

t
/ (¢, Y,)dq

N

p
+ 3771

t
/ w(q, Yg)dB(q)

Applying G-expectation on both sides, using the BDG inequalities (Gao 2009), Holder’s
inequality and non-linear growth condition, we proceed as follows
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ElY®) - Y@

<3t —s'E / t (g, Yp)lPdq + 3" ea(t — )P / t |i(q, Yp)PPdq
+ 37 leg(t — )Pt / 't Y,)lPdg
: 2 : v
<y =y e [ [Tav i) g+ 3 ae -t [ [rasivn)
+ 3 eyt — syt / tml + 1Y% dg
=31t - 1+ e+ c3]E / T 1Y,1%)1% dg
<3Nt —s)P 1+ + c3lE /St[a + B+ 1Y, 1] dg
<t —sY "1+ +c)E /:[a + B+ BlIYy 215 dg
<37t — 5P 14 cp +c3]35 7! / @5 + B + BN, Pdg

oF +B5 + BEEICIIP + B35 sup E|Y ()| |dr

0<s<r=q

t
<F - 4o+ cs]s’*z’—l/

s

3 _

=382 91 + 2 + cal[ob + B8 + BEENC I

3 _o —1 4 t
+ 3275t =) 14+ 2+ 3182 sup E[Y(r)||Pdr

s 0<s<r<q

By using the inequality (11), it follows
ElY @ - YOP <3F 20— 9P+ e + sl [of + 5+ pEENCIP)
¥ 2 1 o [ T
+ 327t — s [1+cy +c3]182 / aseP3T dr
N

3
< 371072(1' — $)P[1 4+ ¢y + c3] {Olg + ,BLZJ + ,BLZJEHQ‘HP}

43820~ 9P[1 4 op + 3185 azePoT
=y@®)(t—s),
where y (¢) = 33717_2(1 + ¢ + C3)[[a% + ﬂ% + ﬂ%EH{ I1? + ﬁgageﬂﬂ]. The proof is com-
plete. O
In the above theorem ¢y, c3, @, B, @3 and B3 are positive constants. The values of a3
and B3 are given in Theorem 8.

Path-wise asymptotic estimate

Next, by using Theorem 8 we study the path-wise asymptotic estimate for the solution
of SFDE in the G-framework (1). It is understood that lim;_, o sup %log| Y (¢)|is the Lya-
punov exponent (Kim 2014). It is shown that the pth moment of Lyapunov exponent
should not be greater than }7[2,31(1 +c)+ hp-1 +pc§)], where c1, c3, B1, B2 are
positive constants and p > 2.
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Theorem 10 Assume that the non-linear growth condition (3) holds. Then
1 1
tli)rgo sup ;logIY(t)I < » [2,31(1 +c)+Balp—1+p3)| gs.

Proof Foreachk =1,2,...,using the non-linear growth condition in a similar fashion
as in Theorem 8, Eq. (10) we obtain,

E< sup IY(t)I"> < azel,
k

—1<t<k

where a3 = T[201(1 +c1) + aa(ci(p — 1) + pcd)] and Bz =[2B1(1 +c1) + Bo(p — 1
—|—pc§)]. Recall that E is a sub-linear expectation. Unlike a classical expectation, it is not
based on a particular probability space. So, instead of probability, we use a different con-
cept known as capacity. Thanks to Theorem 7 for any arbitrary ¢ > 0, we have

A E [su Y ()P
C<w: sup |Y(t)|p>e(ﬂ3+€)k> < [ Pk—1<e<k | ()l]

ke l<t<k - e(Bstek

aeP3k

= e(Bstok

= ae <k,

The Borel-Cantelli lemma follows for almost all w € €, there exists a random integer
ko = ko(w) such that

sup YO < etk whenever k > ko,
k—1<t<k

consequently, we get
1
lim sup ~log|Y (¢)] < P2 €
t—00 t
1 2 €
=- [2,31(1 +c)+Bap—1 +p63)} + -, gs.
p b
But € is arbitrary, so
, 1 1 )
Jim suplogl ¥ (1] = [2611 +e1) + falp — 1+, g
The proof is complete. O
Remark 11 In the above theorem if p = 2, then

lim sup ~log|Y(£)] < A1(1 4+ c1) + —p (1 + 2c2)
t—00 t - 2 2 3

Hence f1(1 +¢1) + % Ba(1+ 2032,) is the upper bound for second moment of Lyapunov
exponent.
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Conclusion

Generally, we cannot find explicit solutions to nonlinear SDEs. Thus one needs to pre-
sent the analysis for solutions to these equations. Existence and moment estimates are the
most important characteristics for solutions to SDEs. Here, we have used some important
inequalities such as Bihari’s inequality, Holder’s inequality, Gronwall’s inequality and Bur-
kholder—Davis—Gundy (BDG) inequalities to investigate the pth moment estimates for
SFDEs driven by G-Brownian motion. Then the asymptotic estimates for these equations
have been developed. Furthermore, continuity of pth moment for the solutions to SEDEs in
the G-framework has been proved. The G-Brownian motion theory is the generalization of
the classical Brownian motion theory. The methodology used to estimate pth moment for
SDE is interesting and applicable in various practical applications. For example, pth moment
estimates are useful in biological population models (Shang 2013a) and distributed system
control (Shang 2012, 2013b, 2015). The methods of the pth moment estimation, developed
in our paper, can be used to extend the related theory in above mentioned papers.
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