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China trol scheme (i.e,, state feedback control law and output feedback control law) are
Fulllist of author information employed to stabilize a class of FMDNNs. Several stabilization conditions in form of

is available at the end of the
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Background
Recently, the fractional calculus serving the fractional-order models develops fast
in both theoretical and application. The analysis about fractional-order models has
attracted increasing attention cause of its promising applications in various areas of sci-
ence and engineering (see Chen and Chen 2015; Chen et al. 2014; Liu et al. 2015; Liang
et al. 2015; Li et al. 2015; Rakkiyappan et al. 2014, 2015b; Stamova 2014; Velmurugan
and Rakkiyappan 2016; Velmurugan et al. 2016; Wang et al. 2014; Wu and Zeng 2016;
Wu et al. 2016). Comparing with integer-order systems, fractional-order systems show
the superiority of describing and modeling the real world or the practical problems such
as anomalous diffusion, signal processing, fractal theory and continuum mechanics.
Whereas, it is arduously to promote the development of research about fractional-order
models for the absence of efficient mathematical tools. As mentioned by Chen and Chen
(2016), Chen et al. (2014), some new and useful methods for the qualitative analysis of
fractional-order models are very imperative.

On the other hand, memristor is a circuit element which was proposed by Chua (1971)
and has been realized the prototype by Hewlett-Packard laboratory in Strukov et al.
(2008) and Tour and He (2008). Different from classical resistors, memristor is a nonlin-

ear resistor which owns non-uniqueness values. In addition, the memristor can manage
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and store a great quantity of information. For its excellent properties about memory,
we can build a new model if the conventional resistors are replaced by the memristors
in neural networks, which is called memristive neural networks. Some representative
works studied on the properties of the memristive systems display its applicability in
several interdisciplinary areas (see Bao and Zeng 2013; Guo et al. 2015; Wang et al. 2003;
Wu et al. 2012; Wu and Zeng 2012; Wen and Zeng 2012; Zhao et al. 2015). From the
description of memristive neural networks, combining memristors with infinite mem-
ory is extremely interesting. An advantage of fractional-order systems in comparison
to integer-order systems is that fractional-order systems can generate infinite memory.
Therefore, merging the memristors into a class of fractional-order neural networks is
pretty anticipated. Although stability analysis of fractional-order memristive or mem-
ristor-based neural networks has been gradually carried out (see Chen et al. 2014, 2015;
Rakkiyappan et al. 2014, 2015b; Velmurugan and Rakkiyappan 2016; Velmurugan et al.
2016), it is worth noting that fractional-order memristive neural networks can exhibit
complicated dynamics or chaotic behaviors if the network’s parameters and time delays
are appropriately specified.

Noticed that many static or dynamic control laws have been designed to stabilize
nonlinear control systems, for instance, Chandrasekar and Rakkiyappan (2016), Chen
et al. (2015), Guo et al. (2013), Huang et al. (2009), Lou et al. (2013), Mathiyalagan et al.
(2015), Rakkiyappan et al. (2015a), Wu et al. (2016), Yang and Tong (2016). In allusion to
different system structures and actual control requirements, lots of stabilization crite-
ria are established, for example, periodic intermittent stabilization (Huang et al. 2009),
robust stabilization (Yang and Tong 2016), finite-time stabilization (Zhang et al. 2016),
impulsive stabilization (Chandrasekar and Rakkiyappan 2016; Huang 2010; Lou et al.
2013). Despite these fruitful achievements, some stabilization approaches can hardly be
widely applied in practical problems due to high gain. In addition, an undeniable fact is
that stabilization control schemes of fractional-order systems is little studied. Hence, it is
necessary to investigate some appropriate controllers for stabilization of fractional-order
systems.

Inspired by the above discussion, in this article, we will study the global O(¢™%) stabi-
lization problem for a class of fractional-order memristive neural networks with time
delays. We first introduce the concepts about fractional calculation and global stabiliza-
tion of fractional-order systems. Secondly, for exploring some simple useful controllers,
linear state feedback control law and linear output feedback control law are designed to
stabilize the fractional-order systems. In addition, stabilization criteria in form of alge-
braic inequalities are derived by utilizing a new fractional Lyapunov method instead of

classical Gronwall inequality. The conditions can be easily verified.

Fractional calculation and model description
Fractional calculation concepts
First of all, some basics of fractional calculation are given which will be used in the later.

Definition 1 (Chen and Chen 2016) The fractional integral with fractional order « > 0
of function f{¢) is defined as
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_ 1t o
BT O =5 [ €=9 1 (s)ds,

where ¢ > ty, ' (-) is the Gamma function, that is
o0
IN'la) = / s le™5ds.
0

Definition 2 (Chen and Chen 2016) The Riemann-Liouville derivative with fractional
order @ > 0 of function f(¢) is defined as

1At fs

(n—a) de" J,, (& —s)a—rti"

WD) = ¢

wheret > fg,n — 1 < @ < n, nis a positive integer. Moreover, when 0 < o < 1, that is

d [t fe
A—a)dt Jy, -5

WD) = 5

Definition 3 (Chen and Chen 2016) The Caputo derivative with fractional order « > 0
of function f € C"*1([ty, +00), R)is defined as

t f(n) (s)

S,
Fn—a f, —se 7+l

CDIf(t) =

wheret > fp,n — 1 < a < n, nis a positive integer. Moreover, when 0 < @ < 1, that is

1 L)

C no _
PO =020 J, a—s

Lemma 1 (Chen and Chen 2016) If f € CL([0,4+00), R), then the following properties
hold:
(1) §DEf(t) = REDEF (1) — st — to) ™,
(2) If fit) and v and their all derivatives are continuous in [ty, t], then Leibniz rule for
fractional differentiation can be expressed as follows:

N
wororen =

—k
Jaor e -,
k=0

where0 <o < 1,n>a,

P G O L Gk G Y
R = o [ [ e maedr

Fo(t,€,m) = f(to + n(t — 00))0" ' (to + (¢ — to) (& +n — £n)),

and
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<a>_ M +1)
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Model description
Consider the fractional-order memristive neural networks with time delays (FMDNNs)
described by the following fractional-order equations: fori = 1,2,...,n,

GDixi() = —xi(0) + Y a;(x(£)g (% (1)
j=1

n (1)

+ > byt — T(0)) + wi(d),
j=1

where 0 < o < 1,  is the number of neurons in the networks, x;(¢) is the state variable

of the ith neuron, gi(-), fj(:) denotes the output of the jth unit at time ¢ and ¢ — 7 (),

respectively, and g;(0) = f;(0) = 0. 7(¢) corresponds to the transmission delay at time

t and 0 < 7(¢) < 1. u;(t) denotes the external input, a;;(xj(£)) and b;(x;(¢)) represent

memristive weights, which are defined as:

T, o by |m@)| > T

aij(xj(8)) = {Z” 50

x;(2)

tj ’

fori,j =1,2,...,m a;(£T;) = a; or a;j, by(£T;) = lsi,' or Ei,, where the switching jumps
T; > 0, ay, a;j, bjj, and b;; are constants.

Remark 1 Note that a;(x;(¢)) and b;;(x;(t)) are discontinuous in system (1), then the
classical definition of solution for differential equations cannot be applied to (1). To deal
with this issue, we introduce the concept of Filippov solution.

Definition 4 (Rakkiyappan et al. 2014) For system tCODg‘x(t) =gx),0<a<lxeR"
with a discontinuous right-hand side, a set-valued map is defined as

y@ =) [ colgBxs\N),

>0 u(N)=0

where co[E] is the closure of convex hull of set E, B(x,8) = {y: ||y — x| < 8}, and u(N)
is a Lebesgue measure of set N. If x(¢), ¢ € [to, T, is called the solution in Filippov sense
of the Cauchy problem for system gD‘;‘x(t) =gx),0 < o < 1, x € R" with initial condi-
tion x(to) = xo, when it is absolutely continuous, and satisfies the differential inclusion
as follows:

CDYx(t) € Y(x), for ae telt,Tl.

For FMDNN s (1), define the set-value maps
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i [5®)| > T,
K(aij(x () = § co{ag,aj}, |x©0)| =T
i [%®)| < T,
by 5| > T,
K (byj(x(0))) = co{éij,é,j}, )| = T3,
by ()] < 75,

fori,j=1,2,...,n where co{a,,, a,]} denotes the closure of convex hull generated by real
numbers 4 ajj and a ajjy co{bU, b,}} denotes the closure of convex hull generated by real num-
bers b,, and bl]

Throughout this article we denote 4’ —max1<,}<n{|a,,| IaU|} b = maxi<jj<n

{|b,,| |bl,|} For n-dimensional vector v —](vl,vz,...,vn) , the norm of vector v is
recorded as ||[v|| = Y., |vil. C; :== C([—7,0],R) is a Banach space of all continuous
functions ¢ : [~7,0] — R. For ¢ € Cy, let|l¢llc = supsc[_; o1 9 )l

Throughout this article, let us suppose: the activation functions g, f;, i = 1,2,...,n,

are global Lipschitz, that is, for all #, v € R, there exist positive constants G;, F; such that
6w —&W)| < Gilu—vl,  |fiw) —fi)| < Filu—vl.

The objective of this article is to investigate the global O(z~%) stabilization problem for
system (1). Therefore, the stabilization problem will be converted to find the suit con-
troller u;(t) (i = 1,2,...,n) such that zero solution of the closed-loop system of (1) is
globally O(t~%) stable.

From the theories of differential inclusions and set-valued maps, the Filippov solution
of FMDNNS s (1) can be defined in the following form.

Definition 5 A function x(¢) = (x1(£),%2(2), . ..,%,(t))7 is said to be a Filippov solu-
tion of FMDNNSs (1) on [0, T) with initial conditions x(s) = ¢(s), s € [—1, 0], if x(¢) is
absolutely continuous on any compact interval of [0, T), and

D () € —xi() + ) K(ay(x;(0))g (x(0))
j=1

3)
n
+ Y Kby (0))f (x5(t — T(8)) + wi(),
j=1
for t>1t, i=12,...,n. Or equivalently, for i,j=1,2,...,n there exist
Vi (x(£)) € K(ayj(x;(t))), V,'ﬁ’(xj(t)) € K (bjj(x;(t))) such that

EDfxi(E) = —xi() + Y v (0)g (% (2)
j=1

" 4)
) vE @@ — 1)) + wi(d).

j=1
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Remark 2 Based on the definitions of Filippov solution and fractional-order differential
inclusion, we know that FMDNNSs (1) is equivalent to the fractional-order differential
inclusion (3) in the Filippov framework.

Next, definitions of global O(¢~%) stability and global O(z~%) stabilization are given.

Definition 6 [Global O(t™*) stability] The zero solution of FMDNNs (1), where
ui(t) = 0, is said to be globally O(t~%) stable if there exists a positive constant M such
that|lx(¢, fo, )| < MllellcO(™*) for any ¢ € Crandt > .

Definition 7 [Global O(t™%) stabilization] FMDNNS (1) is said to be globally O(t™)
stabilized if there exists an appropriate feedback control law such that the closed-loop
system of (1) is globally O(¢*) stable.

Main results

State feedback control law

Two kinds of linear controller about state feedback are given, i.e., the linear controller
without or with time delays. Firstly, we propose the following state control rule without
time delays:

ui(t) = Zpijxj(t); )

j=1
fori=12,...,n

Theorem 1 FMDNNs (1) with the state feedback control rule (5) can be achieved global
O(t™%) stabilization for any ¢ € C if there exist a constantr > T and n positive constants
Bi(i=1,2,...,n)such that

- l+a “
Zﬂjpijiﬁi l—— T2 Zﬁ/ a;; Gj + p biiEj ), (6)
j=1
foralli=1,2,...,n
Proof Define two Lyapunov functions as follows:

{W(t):max{x;;?)',izl,z,...,n},

1% o )
O =@t—to+r*WQ),
and let
{ Y(t) = supfrfegt W(Q), 8
V(t) = sup_,_g-, V(6), )

fort > &
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From Leibniz rule for fractional differentiation, we have

V (to)

SDYV(t) =D V(e) — ﬂ(t —t)
rew
= gLD“(( —H+r)*WQ) — F(li(t"))(t — )¢
MNa+1)

= (t—to+r"TDIW®) + alt —to+r)* KDY W ()

I'(a)

T@HD 1y =t 4 - 2Ripy=?
2 (a — 1)0‘(“ Dt =t +n)" "Dy "WQ@)
~RY(t) — (1 (tg)) (t —t0) ™
<=t + " DFW () + (¢ — to +1)° %(t — o)™
+oP(t—to+ ) DT W (@)
2 _ 1 2 O(W £
%(t —ty+ r)“_szDfizw(t) - 1,(17_(2[))(75 — o)™
— aC na t—tly+r a_ r “1_ W)
<({t—ty+r) tthW(t)+[< P ) (t—to> ]F(l—a)
+ az(t —f+ r)a_lgLD?_IW(t)
2 _1\2
%(f —to+ 1% 2RLD"[ 2w (1)
o C o V(t)
St —to+rEDFW () + (1 +2a)m
ot —to+ ) DI W (@)
20 — 1)2
+ %(t —to+ 1) DI W ), ®

fort > &
By computing, it follows that
@?(t — to + P DI W (1) = @ (t — to + 1) VORD; W (r)
1 o t
<?t—to+r) T ———W@) [ (t—s)"%ds
rad-a) o
t—t)'™

20 —(1-a)
Sa’(t—to+r) d—old—a) W ()

o t—to \7* 1
<a W (1)
t—to+r re—ow

2

< -
“T2-0a)
2

o
< e
=~ (2 —a)

W)

V@), (10)
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and
20 132
Laz D (t —to+r)* DI W (2)
2 -1 2 1
< %(t—to+r)“ 2F(2— 2 (t—s)1 YW (s)ds
20 132
<2 (“2 D (t—to+r)“*27_ /(t—s)lf"‘ds
az(a—1)2(t e 5 (£ — 1) YW ()
- 2 2-—a)l'2—a)
- aZ(a—1)2< t—to )2 o W (¢) - o2 (a — 1)2 W (t)
- 2 t—to+r QL-a)l2—a) — 2 2—-a)l'2—a)
Cla-1 Lo @ g,
22—l —a O=ara_a ® (1)

fort > to, W(t) = W(0), where 6 € [—1,t].
From (9) to (11), we have

2 R
RV (E) < (6t + NFEDEW () + —— T () 4 L2V

r*I'(2 —a) r*T(1 — ) 12
=t~ 00+ EDEW O + o T O,

It is obvious that there exists a k € {1,2, ..., n} such that

%k (0]
W) = ,
® b

for given t > to.
From (7) and (8), we have

Cppw ) = ﬂ—CD“ e (0] < ﬂ—sgnw (£))5 D 1 (£)

< ﬂ—sgmxka)) { —x () + Z Vi (5 (£)g (1)) + Z Vi (6 () (2 — T(@)) + Zpk,x,m}

j=1 j=1 j=1

< ﬂ—sgnm(t» { —x (1) + Z ayGlx(6)| + Z b Eli(t — T ()| + Zm,x,(t)}

j=1 j=1 j=1

ka(t)l o % ()] o 1 (8 — T(t))\ Joc; (£)]
LA § G + 5 § R P §
= Be Bjay; Gj 5 BibiEj 5 C & Bipki 5

1
S-WE) + Z Bi(aliGj + pi) W (&) + —— Z BibpEEW (¢ — T (1)
Pr =1 Pr =1

1 & —
<- {1 - Zﬂ,(ak,G, +pi) } W@+ 2 > BLEEW (- T(0)). (13)
j=1

Page 8 of 22
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And hence

(t—tg+ 1) tOD“W(L‘)

1
—(t—to+ )" [1 — E Eﬁ] (ﬂZ}Gj +pk,~)] W (t)

=
1 & —
+(E—to+1 =Y BEEW(E — ()
P =
t—t+r" < =
1= = 4 — " F;
= ﬁkz_:ﬁl(ak’G]erkl) (t)+/3k(t—to+r+9)a,;ﬁ]bk] e
Y. NN B
= ;ﬂk(“kﬁ )+ ) = <r+9> ;ﬂk”kfp’ e
< 1= 2 (a6 i) ( - )aiﬂ’bw 40 (14)
— = :Bk kj ] J -1 = /3/( kit ’

where 6 € [—7,t]such that V(¢) = (¢t — to + 60 + r)*W (¢t), when V (¢) = V (2).
From (12) and (14), we have

n

o Bi (m r Bi
SDEV(E) < — [1 —ZE]((aijj-l-ij)— (r_f> Z ﬂ;bk/F

j=1

1+a
V() + va

B " NN B
A S o () S

j=1 j=1

14+«
+ ETCS) }V(t),
(15)
when V(t) = V(¢).
From (6), it follows that

DYV <0, (16)

forallt > &
On the basis of Definition 2 and Lemma 1, the following inequality holds

1 d [t V() - V()

TA—a)dt J, -5 N

It yields
V(©) = Vito), a7

fort > to. Hence fori =1,2,...,n,

Page 9 of 22
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lx: ()| < BiW ()

V() 40)
=B < Bi
(t—ty+r)* t—ty+r)“
V(o) r*W(to)
<Bi =pi
(t—th+r1)* (t—th+1r)”
Bir”lellc
= Brin(t —to + 1) (18)
where Bmin = min{g;,i = 1,2,...,n}, fort > ty, which implies
Or|lellc
D <—
Ol < =
where © = /Sn%m > Bi- Therefore, FMDNNSs (1) can be achieved global O(:~*) stabili-
zation under the designed control law (5). O

In the following, we propose the following state control rule with time delays:

ui(t) = Zpijxj(t) + Z qijxi(t — T (1)), (19)

j=1 j=1
fori=1,2,...,n.

Theorem 2 FMDNNs (1) with the state feedback control rule (19) can be achieved
global O(t=%) stabilization for any ¢ € C; if there exist a constant r > T and n positive
constants B; (i = 1,2, ..., n) such that

~ ro\* 1+« - " r \%
Sl (75) @) <a(i-rgs) -Sn(ae+ () we)
j=1 :

j=1
(20)
foralli=1,2,...,n
Proof Define two Lyapunov functions as follows:
W (t) =max{%,i= 1,2,...,71}, 21
V()= (@ —to+r*WQ),
and let
{ W(t) = SuP_Tgeg W(Q), (22)
V(t) = Sup—rgegt V(@),
fort > &
Through Theorem 1, we have
1+ —
LDYV(E) < (t—to+ )5 DY W () + mvm. (23)

It is obvious that there exists a k € {1,2,.. ., n} such that

Page 10 of 22
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%k (D)

W) =
) b

)

for given t > t.
From (21) and (22), we have

C o 1 C o
tth W(t) < Fsgn(xk(t))zth ?C/((t)

< ﬂ—sgn(xka)) { —x(6) + Z Vi (5(0)gi(x; (8)) + Z ACTOVACTEREION

j=1 j=1

+3 ) + Y gt — r(t))}

j=1 j=1

< ﬂsgn(xk(t»{—xk(t) + ZaZGJIx,(t)I + Zb Lt — T(0))]

j=1 j=1

+ D P + Y ayxt — r(t))}

j=1 j=1

<- {1 - Zﬂ,(ak}G, +py ] LOR Zﬁ, (bE; + ay) W o). (24)

j=1

Hence
(04 . r * m
(t—to+r*CDEW (1) < — [1 = Z_: E} (ag.G,» + i+ <H> (bar; + qk,»)>] V(e),
(25)

where 6 € [—1,¢t]such that V(t) = (t + 0 — tg + r)* W (t), when V() = V (¢).
From (23) and (25), we have

j=1

o Bj r \ 1+
DYV < — [1 - Z ﬂi (ak]G +py + (j) (bk,.F, +qk,'))} V) + va

B "\ ‘ ' 1+«
S TR s ) Bt o
(26)
when V() = V().
From (20), it follows that
LDIV(t) <0, 27)

forallt > ¢,.
On the basis of Definition 3, we get

V() < Vik), (28)

Page 11 of 22
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fort > t5. Hence fori = 1,2,...,n,
Birlellc

x; (O] < B;W(t _—

lxi ()] < Bi ()_ﬂmm(t—to+r)“ (29)
where Bmin = min{B;,i = 1,2,...,n}, fort > ty, it follows

oz
llelic
@l < ——,
(t to + 1)®

where © = ﬂn%n >-i 1 Bi- Therefore, FMDNNs can be achieved global O(t™¢) stabiliza-
tion under the designed control law (19). O

Output feedback control law

Two kinds of linear controller about output feedback are given, i.e., the linear output
feedback controller without or with time delays. Firstly, we propose the following output
feedback control rule without time delays:

ui(t) = wygx(1), (30)

j=1
fori=12,...,n

Theorem 3 FMDNNs (1) with the output feedback control rule (30) can be achieved
global O(t=%) stabilization for any ¢ € C; if there exist a constant r > T and n positive
constants B; (i = 1,2, ..., n) such that

n 1+ "
Zﬁjijijfﬂi(l_rar(za > Zﬁ;(“ Gj +< ) bijFi)’ 31

j=1
foralli=1,2,...,n
Proof Define two Lyapunov functions as follows:

{W(t):max{xilg(f)l,izl,l...,n},

32
V() =t —to+nr*W(), (52
and let
{ W(t) = SuP_Tgeg W(Q), (33)
V(t) = Sup—rgegt V(@),
fort > &
Through Theorem 1, we have
CDYV () < (¢ — t «Cpoyw (g l1te 3
wDf V() =t —to+1)"y Dy ()"‘m (®). (34)

It is obvious that there exists a k € {1,2,.. ., n} such that
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|xx ()]

W) =
®) b

’

for given t > t.
From (32) and (33), we have

1
YW (L) = G —C D (0)]
1
< ﬁ—sgnm(t»gDﬁxk(w

j=1 j=1

< ﬁ—sgnm(t» { —xi () + Z Vi (5 (£)g) (x5 (0)) + Z Vi (5 (£)fj (x5 (¢ — T (1))

+Y wkjgj(xj(t))}

j=1

@] 1 =, s O 1S e —T(@)]
< - +— alGi———— + — b F———
- Bk Bk jzzlﬂ]ak’ 7B Bk jzzlﬂ' L B

+ é é BjwiiGj lxg)l
< [1 S Zﬁ, i (i + wk,)] W) + é gﬂjbk’”jl—"jW(t — (1)) 35)
And hence
(t—to+rEDEW ) < — [1 = i ;i (G,- (ar + o) + (L)%;gp,)] 40

(36)

where 6 € [—1,t]such that V(t) = (£t — to + 0 + r)* W (t), when V() = V (¢).
From (34) and (36), we have

n ) a 1
Cpeve) < - [1 =S % (G,- (a + o) + (i) b,’j}F;)] V) + ﬁva)

j=1
<{- 1—zn:’%<c«(am+w<)+<r>abmp> w1t Ly
B S g\ T T =) W) T T [

(37)

when V(¢t) = V(¢).
From (31), it follows that

LDYV(@) <0, (38)

fort > &
On the basis of Definition 3, we get

Page 13 of 22
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V(t) < V(t), 39

fort > t5. Hence fori = 1,2,...,n,
Bir“llellc

x| <pWit) < —,

(O] < BWE@) < T (40)
where Bmin = min{B;,i = 1,2,...,n}, fort > ty, which implies

Or’llellc
< —

@l = =
where ® = ﬁm#m > Bi- Therefore, FMDNNSs (1) can be achieved global O(:~*) stabili-
zation under the designed control law (30). O

In the following, we propose the following output feedback control rule with time
delays:
n n
wi(t) =Y wigi(x() + > pifi i (t — T())), (41)

j=1 j=1
fori=12,...,n.

Theorem 4 FMDNNs (1) with the output feedback control rule (41) can be achieved
global O(t=%) stabilization for any ¢ € C; if there exist a constant r > T and n positive
constants B; (i = 1,2, ..., n) such that

n r « l+0{ n . ’ P N
o (9 (75) 1) =00 -5 5) ‘,Zﬁ'(“ff 6+ (25 wm)

=1

(42)
foralli=1,2,...,n.
Proof Define two Lyapunov functions as follows:
W (t) =max{%,i= 1,2,...,71}, 43)
V() = —to+r)* W),
and let
{ W(t) = SUP_zgeg W(Q), (44)
V(t) = Sup—rgegt V(Q);
fort > &
Through Theorem 1, we have
1+a —
EDYV(E) < (t—to+ 1) DY W () + mV(t). (5)

It is obvious that there exists a k € {1,2, ..., n} such that
| (2)]
Bk

)

W(t) =

Page 14 of 22
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for given ¢ > t.
From (43) and (44), we have

C o 1 (o %1
EDEW©) = s @) Digw®

ﬁ—sgnm(t» { —x () + Z Vi (5 (£)g) (x5 (£)) + Z Vi (6 (£)fj (51 (8 — T(£))
j=1 j=1

+ > g () + Y prgfixi(t — r(t)))}

j=1 j=1

_ (t)l % ()] mp 1% (& — T(@)]
k Zﬂl k]G} ], +7Zﬂ1bkjF]7

< 5
Jaxj (£)] i (¢ — T (@)
+ — i Gi + — o Fi—2 7
B jzzlﬂlwk} j ﬁj Br jzzlﬂlpk} Ji /31‘
1 ¢ 1 _
—[1— E ZﬂjGj(ﬂZ; + a)kj)]W(t) + E EﬂlFl(bkm] + ij)W(t). (46)
j=1 j=1
Hence
aC o Bi " r \* ”
(t—to+ )" EDFW(B) < — {1 - ; e (G/ (ﬂkj +wkj> + (i) F;(bk,- + pk;)) V),
47)

where § € [—7,t]such that V() = (¢t + 0 — ty +r)* W (¢), when V (£) = V().
From (45) and (47), we have

n . o 1+ —
oo =[5 oo ) () ) v+ e
j=1
4 B m r ¢ m 1+a
< {— |:1 — Z é (G,(&lk} +Cl)k]') + (:) F/<bk/ + pk]>>‘| + W}V(t),
j=1

(48)

when V() = V(¢).

It follows that

DYV <0, (49)

forall ¢t > &
On the basis of Definition 3, we get

V(t) < V), (50)
fort > ty. Hencei =1,2,...,n,

Bir*llellc
[ (D) < BiW () < m; (51)
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where Bmin = min{B;,i = 1,2,...,n}, fort > £, it follows
Or¢lellc
lx@®)| < ———=,
(t—ty+r)™

where ® = ﬁ >-%, Bi. Therefore, FMDNNS (1) can be achieved global O(: ™) stabili-

in

zation under the designed control law (41). O

Remark 3 It needs to point out that fractional-order systems can be said rarely expo-
nential stability. While, global Mittag—Leffler stability or global O(¢™*) stability can be
used to describe asymptotic stability of fractional-order systems. In consideration of
the complex and rich nonlinear behaviors of fractional-order systems, especially, for the
fractional-order systems with time delays, we employ global O(¢~%) stabilization for a
class of FMDNNs in Theorems 1—4-.

Remark 4 As a useful tool, Lyapunov function method has been introduced to frac-
tional-order systems by borrowing ideas from classical Lyapunov function method in
integer-order systems. In Theorems 1-4, a class of new fractional Lyapunov functions
have been established, which consist of two Lyapunov functions [i.e., time-invariant Lya-
punov function W(t) and time-varying Lyapunov function V{(¢)]. For this structure of
Lyapunov functions, we can regard the Caputo derivative of V(¢) as two parts which can
be estimated by means of Leibniz rule.

Numerical examples
In this section, two numerical examples are given to show the effectiveness of the pro-
posed theoretical results.

Example 1 Consider a two-dimensional FMDNN as follows:

gD‘;‘xl(t) = —x1(t) + a1 (x1(£))g1(x1(2)) + a12(x2(2)) g2 (x2(¢))
+b11 (1 (A @1(E — 7)) + bra(a (D) K2 (E — 1)) + u1 (D),

€ DR (t) = —x(6) + an (51 (D)@ (61 (1)) + an(xa(0)g2(e2(0)) 42
+bo1 (k1 (A1 (E — 7)) + b (2 (D)o (X2 (E — 7)) + ua(t),
wherea = 0.95,7 = 1,70 = 0, gj(x) = f;(x) = tanh())(j = 1,2), and
e ={50 7y e ={gy [T eneo={gd BT
e = {10 2T e = {050 T e = {0 70
men={1o 7y me={ 00 7Y

It is obvious that we can get G; = F; = 1, j = 1,2.

Figure 1 shows the results of time response of (52) without external controller, which
implies that the state trajectory of (52) can not convergence to the origin.

Assume that there exist two positive constants 8; and S, to satisfy



which implies the conditions of Theorem 1 hold.

From Example 1, we have

B1(p11 +5) + B2(p12 +2) < 0.
Ba(pa2 4 2.6) + B1(p21 +1.7) <0,

then we can choose p11 = =5, p12 = =2, po1 = —2, p2» = —3, i.e, the state feedback

oooooo ller without time delays can be designed as follows:
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(54)

u(t) = —5x1(¢) — 2x2(2).
us(t) = —2x1(¢) — 3x2(2).

According to Theorem 1, system (52) can be achieved global O(¢~%) stabilization. From
Fig. 2, we can get that the state trajectory of the resulting closed-loop system of (52) with
the designed control law (54) is globally O(¢~%) stable.

Similarly, select the state feedback controller with time delays designed as follows:

u1(t) = =7x1(t) — 3x2(t) + 0501 (¢t — 1) — 0.1xo (¢ — 1).
U () = —3x1(£) — 520 (2) + 0.1x1 (£ — 1) — 0.5x5(¢ — 1). (55)

Then it follows from Theorem 2 that system (52) can be achieved global O(¢~%) stabiliza-
tion. From Fig. 3, we can get that the state trajectory of the resulting closed-loop system
of (52) with the designed control law (55) is globally O(t~%) stable.

Example 2 Consider an one-dimensional FMDNN:Ss as follows:

0.8
-
_1 L
0 5 10 15 20
t
06}
04| /
/
0.2 A
i
<Y 0

0 5 10 15 20 25
t
Fig. 2 Transient behavior of x; (t) and x; (t) for (52) with state feedback control rule u; (t) = —5x; (t)—

200, u2(t) = —2x1 () — 3x2(t)
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0.5

0.4

5 10 15
t

Fig. 3 Transient behavior of x; (t) and x; (t) for (52) with state feedback control rule uy (t) = —7x; (t)—
356(8) + 0.5x1 (t — 1) — 0.1xa(t — 1), u2() = —3x1(t) — 5x2 (1) + 0.1x7(t — 1) — 0.5x2(¢ — 1)

EDYx(t) = —x(t) + a(x(£)g(x()) + bGx(E)f (x(t — 7)) + u(t), (56)

wherea = 0.5t = 1,£p = 0, g(x) = sin(x), f(x) = tanh(x), and

_J1o, xl>1, ) —-48, x> 1
“”‘{1& x| < 1, bw%‘{%ﬁ,|M<L

It is obvious that we can obtain G = F = 1.

Figure 4 shows the results of time response of (56) without external controller, which
implies that the state trajectory of (56) can not convergence to the origin.

In order to apply Theorem 3, the following inequality needs to be satisfied

w+5<0, (57)

then we can choose w = —5, i.e., the state feedback controller without time delays can be
designed as follows:

u(t) = —5sin(x). (58)

Page 19 of 22
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%

ﬁ
I

0 15

Fig. 4 Transient behavior of x(1) for (56) without external controller

It follows from Theorem 3 that system (56) can be achieved global O(¢~%) stabilization.
From Fig. 5, we can get that the state trajectory of the resulting closed-loop system of
(56) with the designed control law (58) is globally O(£~%) stable.

Similarly, select the output feedback controller with time delays designed as follows:

u(t) = —7sin(x) — tanh(x — 1). (59)

Then it follows from Theorem 4 that system (56) can be achieved global O(t~) stabiliza-
tion. From Fig. 6, we can get that the state trajectory of the resulting closed-loop system
of (56) with the designed control law (59) is globally O(t~*) stable.

Concluding remarks

In this article, we exploit the global O(¢™%) stabilization for a class of fractional-order
memristive neural networks with time delays. The main theoretical results of this article
are that the linear state feedback control law and the output feedback control law are

5 10 15
t
Fig. 5 Transient behavior of x(t) for (56) with output feedback control rule u(t) = —5 sin(x)
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-05 . .
0

5 10 15
t

Fig. 6 Transient behavior of x(t) for (56) with output feedback control rule u(t) = —7sin(x) — tanh(x — 1)

constructed to stabilize the fractional systems. In addition, some sufficient conditions
ensuring to stabilize fractional-order systems are also given in terms of algebraic ine-
qualities according to a new fractional Lyapunov function and a fractional-order differ-
ential inequality skill. The article provides a novel way to construct a Lyapunov function
and a new method to deal with fractional-order inequalities, which may be applied to
discuss other properties or analyze other more complex systems such as the fractional-
order form of the model explored in the literatures Chandrasekar and Rakkiyappan
(2016), Lou et al. (2013), Shang (2014, 2015, 2016), Wang et al. (2003), Yang and Tong
(2016) and so on. Future research will focus on these issues.
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