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Background

Let X be a compact metric space and fbe a continuous self-map. We denote by F(X) all
nonempty fuzzy sets on X endowed with the levelwise topology and we define f as the
Zadeh’s extension of the map f:

j?(u(x)) = sup (u(®»), wuelFX).
yef~1(x)

With the complexity of situations rising, the zadeh’s extension has failed to be an accu-
rate description for discrete fuzzy systems affected by the uncertainty. The time evo-
lution of a chosen initial state is very important. We take the fuzzy set “short people”
for example. “short people” in ancient time are not defined as short at present since
the average height of people is increasing. It’s not difficult to find some other examples
to figure out that the zadeh’s extension can't reflect the complex systems accurately. A
very important generalization of the concept of zadeh’s extension is g-fuzzification
introduced in Kupka (2011a). It can be used for changing relevant membership grades
and developed to describe the complex fuzzy systems in a more efficient way. The map
]Afg :F(X) — F(X) is called g-fuzzification of f and F(X) denotes all nonempty and
fuzzy compact subsets of X. Over the last ten or so years, since many research works
have been devoted to the chaotic behaviors of the fuzzified dynamical systems, such
as, topological entropy, Devaney chaos, Li-Yorke chaos and its connections with erratic
functions which has been done by Cénovas and Kupka (2011), Kupka (2011b), Diamond
(1994), Diamond and Kloeden (1994), Diamond and Pokrovskii (1994). Recently, ]. Kupka
have studied various chaotic behaviors (Li-Yorke chaos, w-chaos, distributional chaos,
topological chaos etc.) between a given dynamical system (X, f) and its g-fuzzification.

. © 2016 The Author(s) This article is distributed under the terms of the Creative Commons Attribution 4.0 International License

@ Sprlnger Open (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium,

— provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s40064-016-2297-z&domain=pdf

Ma et al. SpringerPlus (2016) 5:640 Page 2 of 7

See more details in Kupka (2014). But it remains to be asked to study the other chaotic
properties on g-fuzzification. Then the turbulence and erratic properties between a crisp
dynamical system and its g-fuzzification are taken into our considerations in this paper.

On the other hand, the A-expansive property in fuzzy systems is explored in this paper.
Thus, the left work is to demonstrate the 4-expansiveness relationship between j?g and f.
Meanwhile, it is not difficult to see that the Z-expansive property can exhibit the sensi-
tivity of fg.

Preliminaries

Metric space of fuzzy sets

Let (X, d) be a compact metric space and C(X) denote all continuous functions. f € C(X)
is a self-map. C(X) denotes all nonempty and compact subsets of X with the Hausdorff
metric dy defined by

dp (A, B) = max < sup inf d(x, y), sup inf d(x,y)
xcA YEB yeB xeA

forany A,B € K. f_ : K(X) — K is defined as f(A) =f(A)forany A € K.

A fuzzy set u on the space X is a function u:X — I where I =10,1]
For any o€ (0,1],[ule ={x € X |u(x) > a} is called the «-level of u and
[ulo = {x € X | u(x) > 0} is the support of u (shortly: supp(u)) (Romén-Flores et al.
2011).

Throughout this paper, IF(X) is defined as all upper semi-continuous fuzzy sets and
equipped by the following metric:

doo(t,v) = sup dy([ule, [V]e).
ae(0,1]

Let

F/(X) = {A e FX) | A(x) = 1)
and F}(X) is denoted as the system of all normal fuzzy sets on X.
g-fuzzifications

Let D,,(I) be the set of all nondecreasing right-continuous functions g:1 — I,
I=10,1].Ifx =0and x = 1, g(x) = x. Amap f, denoted by

Zg(x) = sup {g(u(y))} for any u e F(X), x € X
yef ~lx)

is defined as a g-fuzzification. Especially, it is the Zadeh’s extension when the function
g(x) = 1. Also, a definition of a-cut (Al is presented by [Al% = {x € [Alo | g(A(x)) > al.
The following equation in Kupka (2011a) is indispensable.

FUAE) = [f(A)]le, VA € F(X).
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Lemma 1l Kupka (2014): Let f € C(X)and g € Dy, (I). For any « € (0, 1] and nonempty
fuzzy set A € F(X), if[AlS, # @ then there is ¢ € (0,1]such that[Al§, = [Al.

To explore some properties of g-fuzzification, for any &/ C X, we define
ea(U) ={B € F(X) | [Bla # Y and [Bl, < U}
and

D) = e (U) Ne(),
e(U) = {A € FX) | supp (4) € U).

Clearly, e(U) # @ if and only if U # #. Moreover, the following lemma is essential in the
paper.

Lemma 2 Kupka (2014): Let U, V be two subsets of X,f € C(X)and g € Dy, (I). Then:

DellNV)y=ell)Ne(V).

2) JyleW)) < e(f@)).

3) fe(e(U)) = e(f(U)) whenever U is closed.

Likewise, # (I/) has the same properties compared with e()).

Lemma 3 Kupka (2014): Let U, V be two subsets of X,f € C(X)and g € Dy,(I). Then:

) 9UNV) =) N3V
2) Je(@ (D) € (D))
3) fe(@(U)) =9 (f(U)) whenever U is closed.

Turbulence, erratic property, Block and Coppel chaos and i-expansiveness
Before we present the elegant results, we need to introduce some basic definitions of
chaotic behavior explored in this paper.

Definition 1 Romadn-Flores et al. (2011): Let f : X —> X be a continuous function.
We say that fis a turbulent function if there are disjoint nonempty closed subsets J, K of
X such that:

JUK < f() NfEK).

Definition 2 Romadn-Flores et al. (2011): A map f € C(X) is erratic if there exists a
nonempty closed set A C X satisfying the following two conditions:

1) ANf(A) = 0.
2) AUF(A) C f2(A).

Definition 3 Romén-Flores et al. (2011): Let f : X —> X be a continuous function.We
say that fis chaotic in the sense of Block and Coppel (in short: B-C chaos) if and only if
its iterates is turbulent, i.e., there exists # > 1 and two disjoint nonempty compact sub-
sets J, K of X such that
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JUK < f1(7) N f*(K).
It should be remarkable that the erratic property is stronger than B-C chaos.

Definition 4 Let f : X — X be a function. We claim that fis expansive if and only if
there exists a real constant 4 > 1 such that

d(f (). () = 7d(x, ), Vx,y € X.
In this case we claim that fis A-expansive Roman-Flores and Chalco-Cano (2005).

Main results

To prove the turbulent and erratic properties, firstly, a theorem on e(l]) is given here.

Theorem 1 Let U be closed subset of X and e(U) = {B € F(X) | supp(B) C U},f € C(X)
and g € Dy, (I). Then,

frte(U)) = fI'e(U)).
Proof It can be proved by the mathematical induction.

When n = 1, Left = Right = ]Afg(e(l,[ ). Clearly, the theorem holds.
Assume that the theorem is true for n = k, i.e.,

Fre) = fF ).
By the Lemma 2 in Kupka (2014), we have
Fre) = et W),

Whenn =k +1,

—

L e(U) = e(fFTHU)) = e(fy o (fX(U)))
= fule(fF (W)
= fu o fX(e(D))
= [} ).

Consequently, the statement is proved completely. (]
Likewise, we can achieve the similar result on ¢ (U).

Theorem 2 Let U be closed subset of X and O (U) =ej(U)Ne(l). f € C(X) and
g € Dy, (I). Then,

o) =f1oW)).

Page 4 of 7
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Here, we make a point that Vo € (0, 1],
Fiea(UD) # f(ea(UD)).

See Lan and Mu (2014) for more details.
Roman-Flores et al. (2011) explored the dynamics of f and f. These conclusions can be
listed as follows:

f is turbulent (erratic) = f is turbulent (erratic)

f is turbulent (erratic) = f is turbulent (erratic).

More precisely, Romdan-Flores et al. (2011) present some examples in order to show the
irreversible links between fand f. We generalizes the results with f,. As the Zadeh’s
extension is a spacial case of the g-fuzzification, we can make a conclusion:

Je is turbulent (erratic) = f is turbulent (erratic).
The left work is to prove the following implication:
f is turbulent (erratic) = f; is turbulent (erratic).

Theorem 3 If f € C(X),f : X —> X is a turbulent function, then ji, :F(X) — F(X)

is a turbulent function.

Proof Since fis turbulent, there exists nonempty and closed U,V C X andU NV =}
such that U UV C f(U) Nf(V).

By the definition of e(U{), clearly, e(Ul) and e(V) are two disjoint nonempty closed sub-
sets of F(X). Applying the Lemma 2, we have

e(U) Ue(V) C e(LIU V) C e(f(U) Nf(V))
= e(f (L) Ne(f (V)
= fe(e()) N fy(e(V)).

Finally, we can conclude that fg is a turbulent function. 0
Theorem 4 Let f € C(X) be erratic, then, ]Afg is a erratic function.

Proof Since f is erratic, there exists a nonempty closed subset &/ € X such that
UNfU) =@andU U f(U) < f2(U). Thus, () is nonempty closed subset of F(X) and

e(U) mJ?g(e(U)) =e(U) Ne(f(U))
=e((U)NfU))
=e@) = 0.
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On the other hand, using the Theorem 1 and the Lemma 2, we have

e(U) Ufy(e(U)) = e(U) U e(f (L))
CeU Uf(U))
C e(fA(U))
= f ().

Consequently, fg is erratic. O
Corollary 1 Let f € C(X) be erratic, then, fg is a B-C chaos function.

Remark 1 Because ¥ (U) has similar properties to the e(ld), it can be verified with ¢ (1)
that the statements are true. Comparing Theorem 3 with Theorem 4, the fuzzy set con-

taining e(l]) at least is perfect for the two theorems to make sense.
Next, we shall discuss the /-expansive property of f;.

Theorem 5 Let f: X — X be a continuous function and g € Dy, (I). Then f is A
-expansive if and only if fq is A-expansive.

Proof (=) Since fis /-expansive, for any u,v € F(X) and « € (0, 1], it follows that

sup dp (f ([ula), f (V]
= max { sup 1nf d(f(x) JO),

ae(0,1] xeluly yelvly

sup inf d(f(x),f(¥))}

ye[v]y ¥€ltla

> max { sup inf Ad(x,y), sup inf Ad(x,y)}

a€(0,1] xe[y], YEV]w yelv]e *€lula
= /A max { sup inf d(x,y), sup inf d(x,y)}
a€(0,1] xe[y], YEV]a yelvla x€[u]
= Asup dp ([ule, [V]e)
= ldoso (1, V).

Applying f(IA%) = [fz(A)]w it follows that

doo (fo (), fy (")) = sup dpy ([f ()] e (V) ]a)
= supdy (f ([uls),f (V).
By the Lemma 1, there is ¢ € (0, 1] such that

sup dp (f ([ulf), f (V1)) = sup dy (f ([ulc), f ([v]e))
> Jdoo(u,v),

which implies fg is A-expansive.
(<) Based on the two following equations:

doo(X{x}» X{y}) = d(x,y)
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and

doo (e Ot fe ) = AF @), f O)),

it is obvious that fis A-expansive. O
Corollary 2 If fg is A-expansive, /. > 1, then fg is sensitively dependent.
Proof Applying the method of induction, it is obvious that

dw@”(u),fg”(v)) > M doo(u,v) — 00, asn — oo.
Thus, fg is sensitively dependent. O

Corollary 3  Iffis /-expansive, then fg is sensitively dependent.

Conclusions

In this paper, exploiting the turbulent and erratic properties, we develop the ideas of
Romén-Flores et al. (2011) and present some properties of e(l{) and v (U) for ng , which
can be applied to the proof of Theorem 3 and Theorem 4. Moreover, the /-expansive
property between f and fg is studied and exhibit the sensitivity. Inducing sensitivity on
fuzzy systems contains asymptotic sensitive, Li-Yorke sensitive and spatial-temporal
sensitive etc, which will be further investigated and solved in a later work.
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