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Background
Let f : I C R — R be a convex function defined on the interval I of real numbers and
a, b € I. The inequality

a+b 1 b fa)+f®b)
_% 2)5%%Lfmﬂsjz )

is well known in the literature as Hermite—Hadamard’s inequality (Hadamard 1893; Her-
mite 1883).

The most well-known inequalities related to the integral mean of a convex function f
are the Hermite Hadamard inequalities or their weighted versions, the so-called Her-
mite—Hadamard-Fejér inequalities.

Fejér (1906) established the following Fejér inequality which is the weighted generali-
zation of Hermite—Hadamard inequality (1):

Theorem 1 Let f : [a,b]— R be a convex function. Then the inequality

b b b b b
f«;)/gmws/ﬂMWMSny”/gmm @

holds, where g : [a, b]— R is nonnegative, integrable and symmetric to (a + b)/2.
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For some results which generalize, improve and extend the inequalities (1) and (2) see
Bombardelli and Varosanec (1869), iscan (2013a, 2014c), Minculete and Mitroi (2012),
Sarikaya (2012), Tseng et al. (2011).

We recall the following inequality and special functions which are known as Beta and
hypergeometric function respectively:

. F(x)F(y)

1
— — x—1:1 _ -1
B (%) 1) /O Fra -0 dt, %,y >0,

1 1
Fiab,c;z) = ——— | P71 — )71 — z2) %t
JFi(@b; ¢ 2) ﬂwm—bLA (1= 101 — 21)
¢>b > 0,|z| < 1(see Kilbas et al. 2006).

Lemma 1 (Prudnikov et al. 1981; Wang et al. 2013) For 0 <« < 1land 0 <a < b we
have

‘aa - b“| < b -a).

The following definitions and mathematical preliminaries of fractional calculus theory
are used further in this paper.

Definition 1 (Kilbas et al. 2006) Let f € L[a, b]. The Riemann-Liouville integrals /&, f
and ]gj of oder @ > 0 with a > 0 are defined by

1

§‘+f(x) = W

/x (x— )Y (dt, x>a
and
Iy ()—l/b(t— )L (t)dt b
bSO =gy [, C T x <

respectively, where I'(«) is the Gamma function defined by I'(«) = ?e‘tto‘_ldt and
Jaif @) =Jj_f @) = f (). °

Because of the wide application of Hermite—Hadamard type inequalities and fractional
integrals, many researchers extend their studies to Hermite—Hadamard type inequalities
involving fractional integrals not limited to integer integrals. Recently, more and more
Hermite—Hadamard inequalities involving fractional integrals have been obtained for
different classes of functions; see Dahmani (2010), Iscan (2013b, 2014a), Iscan and Wu
(2014), Mihai and Ion (2014), Sarikaya et al. (2013), Wang et al. (2012), Wang et al. (2013).

Iscan (2014b) can defined the so-called harmonically convex functions and estab-
lished following Hermite—Hadamard type inequality for them as follows:

Definition 2 Let I C R\{0} be a real interval. A function f : I — R is said to be har-
monically convex, if

f(xy>s#@+u—ww

tx+ (1 -2ty 3
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for all x,y € I and ¢ € [0, 1]. If the inequality in (3) is reversed, then f'is said to be har-

monically concave.
Theorem 2 (Iscan 2014b) Let f : I C R\{0} — R be a harmonically convex function
anda,b € 1. If f € L{a, b] then the following inequalities holds:

2ab ab [Pf (x) f (a) +£(b)
f(a+b)5b—a e sy @

Latif et al. (2015) gave the following definition:

Definition 3 A function g : [a,b] € R\{0} — R is said to be harmonically symmetric
with respect to 2ab/a + b if

1
g =g\ 171 T 11

holds for all x € [a, b].
Chen and Wu (2014) presented a Hermite—Hadamard—Fejer type inequality for har-
monically convex functions as follows:

Theorem 3 Let f :1 € R\{0} = R be a harmonically convex function and a,b € I. If
f €Lla,bland g : [a,b] € R\{0} — R is nonnegative, integrable and harmonically sym-

metric with respect to %, then
2ab \ [*g() Pf@ew)
a+b) ), «x a x

f(d) +f(b)/ 8w 5)

In this paper, we give new Hermite—Hadamard type inequalities for harmonically con-
vex functions in fractional integral forms. We establish new Hermite—Hadamard-Fejer
inequalities for harmonically convex functions in fractional integral forms. We obtain an
integral identity and some Hermite—Hadamard—Fejer type integral inequalities for har-
monically convex functions in fractional integral forms.

Main results

Throughout this section, we write HgHOO =
g la,b]— R.

Lemma 2 If g :[a,b] CR\{0}— R is integrable and harmonically symmetric with

respect to 292 then

+b’

t, (g0 h)(1/a)

2ab

a+b+(goh)(1/a) “*,f—(gOh)(l/b):g ( h) b
: iy (g0h)a/D)



Kunt et al. SpringerPlus (2016) 5:635

witha > 0and h(x) = 1/x,x € H, ﬂ

2ab

Z+5 using Definition 3 we

Proof Since g is harmonically symmetric with respect to

have g( ) g<()+()) for all x € [5, f} Hence, in the following integral setting

= (é) + (5) —xand dt = —dx gives

1 i (1 o=l rq
%, (goh)(1/a) = F(a)[wb (—t) g(t>dt

atb

- F(a)/ < ) ( 1/ﬂ)+(1/b)—x>dx

atb

2ab
:F(a)/ < _> ( )dx— ah_ (g o h)(1/b).

This completes the proof.

Theorem 4 Let f : 1 C (0,00) — R be a function such that f € L{a, b], where a,b € I.
If fis a harmonically convex function on |a, b), then the following inequalities for frac-

tional integrals holds:

2ab\ _I@+1)( ab \* Jan, (f o h)(1/a)
f(a+b>_ 21—« (b—a) +],,+h (foh)/b)

+f
Sf(ﬂl) f®b) ©)
2
. _ 11
witha > 0and h(x) = 1/x,x € {5, Z}'
Proof Since fis a harmonically convex function on [a, b], we have for all £ € [0, 1]
b b
f( 2ab ) —f( 2(ta+:1—t)b>(tb+ﬁ—t)a) )
- b b
atb (taJr(al—t)b) + (tb+(alft)a)
<f(m+(1 t)b) +f(tb+(1 t)a) 7)

- 2

Multiplying both sides of (7) by 2t%~L, then integrating the resulting inequality with

respect to ¢ over {O, ﬂ, we obtain

2ab 3
2 7Vt
/ <a + b> /0
1

Tl _ ab
= o) (e o
e Vg [P
_/0 g f(ta+(1—t)b>dt+/o f<tb+(1—t)a>dt
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Setting x = tb+(1 4 and dx = (b—“)dt gives

ab
2l-a y 2ab - ab
o a+b) ~ \b—a

and the first inequality is proved.
For the proof of the second inequality in (6), we first note that, if f is a harmonically
convex function, then, for all ¢ € [0, 1], it yields

ab ab
f(t&l-l—(l—t)b) +f(tb+(1—t)a> <f(a)+f(). )

Then multiplying both sides of (8) by £*~! and integrating the resulting inequality with

respect to ¢ over [O, ﬂ, we obtain
2 ab 2 ab
o 1 —  \dt+ / tol—l "\
/0 f(ta—i—(l—t)b) 0 y th+ (1 —t)a

% 1-«a
<U@-+sw) [ e = 2O 0
0 o 2

i.e.

b o
<ba—a> F(Ol)|:a+b (foh)(l/ﬂ)-i-fﬁb (foh)(l/b)]

2 (f(a) +f(b)>
T« 2 '

The proof is completed.

Theorem 5 Let f :[a,b]— R be a harmonically convex function with a <b and

f €LlablIf g : [a,bl— R is nonnegative, integrable and harmonically symmetric with
respect to %, then the following inequalities for fractional integrals holds:

2ab
f<aib>[lm (gOh)(l/a)+]a+b (goh)(l/b)]

< [ (oM A/a) 4% _(k o h)(l/m}

b
w [ to (g0 )1/ 7%, (g0 h)(l/b)} ©)

witha > Qand h(x) = 1/x,x € B, ﬂ
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Proof Since fis a harmonically convex function on [, b], multiplying both sides of (7)

by 2¢%~1 g( - +(“1h t)a) then integrating the resulting inequality with respect to ¢ over
{0, ﬂ, we obtain
2ab \ 2, , ab
v (555) [ o)

2 a1 ab ab ab
Sl;t P( —nb>+f<m+«1—naﬂg<m+ml—na>m

ta+ (1

_ 2 a1 ab ab
'ﬂl ! f<m+41—tw>g<w+w1—na>m

2 o1 ab ab
*ﬂA ‘ f<w+%1—tM)g<w+%1—ﬂa)ﬁ

2“b using Definition 3 we have

b)

Since g is harmonically symmetric with respect to
g(%) —g(( )+§ 5 > forallx € {b’,} Setting x = W;hmanddx = (b ”)dtglves

(5% )3( ICHRIEE

Therefore, by Lemma 2 we have

(b“b ) (a)f( b){m (goh)(l/a>+1a+b (goh)(l/m}

b o
(bia>lxm[mb(&°@ﬂﬂﬂ+hﬁ @whxum}

<

and the first inequality is proved.
For the proof of the second inequality in (9) we first note that if fis a harmonically con-

vex function, then, multiplying both sides of (8) by t* g ( m) and integrating the

resulting inequality with respect to ¢ over |0, % , we obtain
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2 a1 ab ab
/0 g f<ta+(1—t)b>g(tb+(1—t)a)dt
2 -1 ab ab
+/0 g f(tb+(1—t)a>g<tb+(l—t)a)dt

i vl ab
< f@ +f(b)]/0 £ g(tb+(1—t>a>dt

i.e.

b o
(ba_a> F(“)[i}f (fgoh)(l/a>+]‘;‘+,,(fgoh)(1/b)]

b \* b
< <b“_a) F(“)(W)[Hb (goh)(l/a)+1a+b (goh)(1/b)|.

The proof is completed.

Remark 1 In Theorem 5,

(i) if we take a = 1, then inequality (9) becomes inequality (5) of Theorem 3.
(ii) if we take g(x) = 1, then inequality (9) becomes inequality (6) of Theorem 4.
(iii) if we take @ =1 and g(x) = 1, then inequality (9) becomes inequality (4) of
Theorem 2.
Lemma 3 Let f:1 C (0,00) — R be a differentiable function on I° the interior of I,
such that f' € L{a, b}, wherea,b € I. If g : [a, b]— R is integrable and harmonically sym-

Zab

metric with respect to 217, then the following equality for fractional integrals holds:

2ab
f(ﬂb)[” (goh) /@) + /e (goh)(l/b)]

- [ s, (Boh)A/a) +]iy_(feoh) (1/b>]

_ 1 fﬁh(ﬁ(s—i)a@Ohﬂ@%)gthaMt
') | _ fa+b (ft; (ﬂ S)D‘*1<g o h)(s)ds) (f o h)/(t)dt

(10)

witha > 0and h(x) = 1/x,x € H, ﬂ

Proof It suffices to note that
ath
2ab
=

S
_/i,, </,1 (; _S)a—l(goh)(s)d5> (F o ) 0yt

2ab

=5 —1I.

—
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By integration by parts and Lemma 2 we get

)
- ) a+b
_/17 <t_ ;)a_l(goh)(t)(foh)(t)dt
)

%, (goh)(1/b) — ap (fg o h)(l/b)}

2ab

a—1 o) (s)ds>f( 2ab )

l: ath | (g ° h) (1/a) +]a+b (g ° h)(l/b):|
~Jasp_ (ﬁg o h)(l/b)

and similarly

h= </t (611—s)a_l(goh)(s)ds>(foh)(t)
+[jb Cl —t>a_1(goh)(t)(foh)(t)dt
- /; (;_S)a—l(goh)(s)ds>f<azibb>

a a—1
+[;b ‘t) (goh)®)(f o h)(®)dt

2ab
=F<a>[—f</+b>fz‘+b (goh)(/a) +J2y (fgoh)(l/a)}

a

a+b

2ab

S n)a n)(1/b
@ 52 |Jaw , (g0 )(/a)+1m (goh)(1/b) .
Ta (fgoh)u/a)

Thus, we can write

£(2) [ f (€0 (1@ + 5y (g0 h)(l/b)]

I=LHL—-0L =TI (x)
_|:a+b (fgoh)(l/ﬂ)‘f‘]mrh (fgoh)(l/b):|

Multiplying both sides by (I" («)) ~! we obtain (10). This completes the proof.
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Theorem 6 Let f :1 C (0,00) — R be a differentiable function on I°, the interior of
I, such that f' € L[a,b), where a,b € I and a < b. If|f'| is harmonically convex on [a, b},
g : [a,b]— Ris continuous and harmonically symmetric with respect to Zii, then the fol-
lowing inequality for fractional integrals holds:

7(24) [ L, (g0 m)(1/a) +5 (g oh><1/b>]
ey e mase +rgy Geonam]

gl| .abb—a) (b—a
N H13°(a+1) - @l @]+ Gl O] (1)
where
r b2 . . |
ey 12 e+ lie+3:1-7)
Cl(a) = (a+b)72 F (2 1: 3: b—a ’
T a2 2F1 oo+ 15+ bta
LR (2e+2a+31-9) ]
—2
Cotw) = | AR (2 a2 fsE) |,
+b) : b
+m21:1(2,0(+1,0[+37 b+Z) i

with0 <o < landh(x) = 1/x,x € [%, ﬂ

Proof From Lemma 3 we have

£(25) [ to, (€0 h)A/@) 48y (g0 h)(l/h)]
—[22‘+5+(fgoh)(l/a)+]a+b (fgoh><1/b>}

1 flm (fl (s - 7) (g oh)(s)‘ds)‘(f oh)/(t)’dt

|
< I'(a) +fa+b ( i (% _S)a 1‘(goh)(s)‘d5)‘(th)/(t)‘dt
_ lell _ ffy (f}f (s- zlv)alds)’(fo}t)/(t)‘dt

K | gt (ﬁ; (1 _S)alds) (7 o n) @)]ae
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Setting t = W and dt = (ba_—b“) du gives

7(28) ey omarm +rg,_gonam]
[a+b (fgoh)(l/ﬂ)"_]aﬂ, (ngh)(]-/b):|

2ab

- ||g||ooab(b—a)<b— ) [ 5 | ) | ] a2
- r 1 b A= b
@+b “ +f (ub+(1—u)a)? V(ubﬂal—u)a) du

Since [f’ | is harmonically convex on [, b], we have

, ab , )
P(ub%—(l—u)at)‘ <ulf @[+ A -wl|f'®)]. (13)

If we use (13) in (12) , we have

/(2) [ 1o, (£oW) W/ 42, (g0 h)(l/b)]
[ wp, (fg 0 h)(1/a) +/a+h (fg o h) <1/b>}
- HgHooﬂb(b—ﬂ)( —a)
- I'le+1) ab
foilm[ub”(aﬂ+(1—u)[f/(b)|]du ' (14)
+f — 0" Ty (@) + (1 — w)|f (b)|]du

(ub+(1— u)a)2

Calculating the following integrals by Lemma 1, we have

1 o+1 1 N
/2 S 2du+/ Ll DB
o (ub+ (1 —wa) L (ub+ (1 —ua)
1 N % PN
:/ (l—u)uzdu—/ ) el 5 udu
o (ub+ (1 —ua) o (ub+ (1 —uwa)
1 N\ % _ o
B L L S
o (ub+ (1 —ua) o (ub+ (1 —uwa)
1 PPN 1 — )\
=/ _d-wt 2du—1/ Chal) Sudu
0 (ub+(1—wua) 4o (%b+(1—%a)
1 -2
_ b 2(1—u(1-2
_/ 1 —uwu“b (1 u(l b)) du
1 Jfa+h b—a\\*
Lo (5 (65 -
m2F1<2a+l'a+3'l—ﬂ) ]

- (a+b)~
[—(a.7.1>(a+z> 2F1 (2,0 + Lo+ 3 52)

= Ci(@) 15)
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and similarly we get

2 u® L a-w”
" d-wd —— (1 —uwd
/0 (ub+(1—u)a)2( g M+/; (ub+(1—u)a)2( W

1 _ oo+l _Na
I Ry (B CU LS )

0o (ub+ (1 —uwa) o (ub+ (1 —uwa)

1 a1 1 - o
[t [,

0o (ub+ (1 —uwa) o (ub+ (1 —uwa)

1 a1 1 . o
Sy Y (5 U

o (ub+ (1 —ua) o (ub+ (1 — wa)

+/7 u(l —2u)* du

o (ub+ (1 —wa)

1 o+1 1 N

0 (ua+ (1—ub) 2Jo (% + (1 —%a)

1 PPN

—I—l/ ul = ) Sdu

dJo (%b+ (1 - %Ha)

1 o+1 1 -2 _ -2
[ () ((B9))

0 (ua+ (1 —u)b) 2 Jo 2 b+a

a+b b—a\\ 2
i a () (1 (550)) @

L R (2e+2a+31-9)

-2

= 72(0:::&) 2F; (2 a+1;0+2; —b_“)
(a+b)~ b

+(a+1)(a+2) b1 (2 o+t lia+3; b+Z>

= Cy(@). (16)

[N

If we use (15) and (16) in (14) , we have (11). This completes the proof.
Corollary 1 In Theorem 6:

(1) If we take o = 1 we have the following Hermite—Hadamard—Fejer inequality for
harmonically convex functions which is related to the left-hand side of (5):

( 2ab > / g(x) b (x)g(x)
a+b) ), x> p x2

= |lgllo @ —@°[

Ik

(2) If we take g(x) = 1 we have following Hermite—Hadamard type inequality for harmoni-
cally convex functions in fractional integral forms which is related to the left-hand side of (6):

2ab Fa+1( ab \*| T, (foh)(1/a)
(ﬂ+b> - 2l <b—ﬂ> +]a+b (f o h)(1/b)
ab(b — a)
= il ],
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(3) If we take a = 1 and g(x) = 1 we have the following Hermite—Hadamard type ine-
quality for harmonically convex functions which is related to the left-hand side of (4):

2ab ab b
— ) = —Zdx
a+b b—al), «x2

Theorem 7 Let f :1 C (0,00) = R be a differentiable function on I°, the interior of
I, such that [’ € La, b], where a, Tq>1,is harmonically convex on [a, D],
: [a, b]— R is continuous and harmomczzlly symmetric with respect to Zii, then the fol-

< ab(b - a)[CL(D|f"(@)| + C:(D|f'B)]].

lowmg inequality for fractional integrals holds:

L e, (g o ) (/@) + T8, (g o) (1/b)]
- [ff‘/b+ (fg o h)(1/a) + T3y, (fg o h) (1/b)}

_ llellocab®—a) (b —a)*
- I'(e+1) ab

-1 ! q 7
] Clrlt V]

+Cs(@)|f'(b)|*

X ) o )V( )|q 1 a7
- 7o a
s q(“’[<+c8<a>v<b>\q>]
where
— (a+b)72 b—a
Cse) = 3, 1(a+1) 21 (21042 57,
_ (u—i—b) bea
Cy(a) = m F1<2 1+ 3; b+a)’

Cs(a) = C3(a) — Cy(),

-2
. ! a
mZFl(Z,ot+l,a+2, 5(1—;)),

aizFl(ZOl-i-l ot+2 —E)
C7(Ol) — 20+ (@ +1) ( b)

h 2 )
T2t 2F1<2,a+2,a+3, j(1 — %))

Cg(a) = Co(a) — C7(a),

Co() =

witha > 1and h(x) = 1/x, x € [%, ﬂ.

Proof Using (12) , power mean inequality and the harmonically convexity of [f'|?, it fol-
lows that
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f(%) { ath (goh)(1/a) +1a+,, (g oh)(l/b)}
—{ ath (fgoh)(l/a)ﬂﬁ,, (fgoh)(l/b)}

<b—a>a fO (uh+(l u)ﬂ) ‘,f(ub+(1 u)u
ab +j1

A-w* / ( ab
(ub+(1—u)a)? ub+(1-u)a

i

1

qdu) q

(=}

A—u)*

(ub+(1-u)a)

du) l_é

I'a+1)
(ub+(1 uya)? ‘f(ub+(l u)a)
1
L X<J%(uhu1—maﬁ

ab )
ub+(1—u)a

_ lgllab® —a)
< Hg“ooﬂb(b_ﬂ) <b_tl>a
- TI'(e+1 ab
1 1—%
( aﬂai?:;;afd”>
x(f%
+(]
A-w)® /(
_ lelloab®6 —a
= T@+D
1
(!

+(f1

Ca')

u“

(ub+(1-wa)*

(A—u)®

(ub+(1—u)a)®

Q=

qdu)

=
du)

3 q
i M@+ A =0l ®)|"du )

du)l_é

1 %
x (‘[‘% (ub+(1—u)a)®

el cab® — a) <b - a>°‘
T I+ ab

Dt+l

fO (ub+(1—-wa)®

| R
(1 et

fl

(!

_ A=w*

(ub+(1— umf

f% A—w*H
2

1
2w
(‘fo (ub+(1—u)a)2 du

(wb+(1-wa?

(ub+(1—uya)®

1

)"
dulf'(@)|"
— wydulf'(b)|*
du)l_%
duv/(a)’q ) i
dulf'(b)|?

For the appearing integrals, we have

Wl @7+ 1= ')

-

2 u® 1
/ 2du =
o (ub+ (1 —uya) 2

/01 . 4

b+ (1—%a)’

Q=

Q=

(18)

du

2a+1 / (1

_ @th?
- 20171(0[ + 1)
= Cs(@),

<a+b> (1—V<b_a>)_2du
b+a
2F1(2 Lo+ 2 b+a)
(19)
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u‘“‘l

3 ucH—l 1 1
/ Zdu = oa+2 / 2du
0o (ub+ (1 —wua) 2 o (4b+(1—%a)

1 1 a+b\ 2 b—a\\ 2
_ _ atl _
—za+2/0 1 - < ' ) (1 V<b+a>) du

_(at+b? . b
= poary P (o)
:C4(Ol), (20)
/% u® (1 Ydu = Cz(at) — Ca(er) = Cs(ax) 1)
o (ub+(1-ua) e = sl al@) = Cs(@),
1 o 1 3
/U_—u)zdu:/ M—Zdu
3} Wb+ d-wa) 0 (ua+(1—wb)
1 /1 u®
- du
20!—0—1 0 (%LZ—F (1 _ %)b)Z
1 ! a1.—2 u a -2
zwfo b (1-3(1-7)) "au
b2 .
=mzﬂ(2,a+l;a+2;%(1_z))

1 (1 _ M)OZ % ua(l — u)
ﬁ ﬁudu = / ﬁd”
L (ub+ (1 —wa) 0o (ua+ (1—u)b)
2 u

- e W L
/o (ua + (1 — u)b)? . /0 (ua + (1 — u)b)? .

uot+l

1 /1 uot d
= M
240 Jo (4a+ (1-4)b)?

1 1 ua+1
- %72 / - - 2d”
0 (fa+(1-%)b)
1 v u a\\ —2
= 720(4’1 A u b (1 — 5(1 — Z)) dl/l

“g (-5 0-5) T
1

b2 . )
szl(z'“ 1’0‘4‘2,5(1—%))
__b2 ) 1
WZFI(Z,a+2,a+3, E(l_ %))

= C'7 (a)’ (23)

1 1- u)ot+1 1 a- u)ot 1 1- I/t)a
/ ———————du= / —2du—/ ————————udu
L (ub+ (1 —ua) 1 (ub+ (1 —uwa) 1 (ub+ (1 —uwa)

= Co(a) — C7(a) = Cg(@). (24)

If we use (19-24) in (18) , we have (17). This completes the proof.
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Corollary 2  In Theorem 7:

(1) If we take o = 1 we have the following Hermite—Hadamard—Fejer inequality for
harmonically convex functions which is related to the left-hand side of (5):

2ab g(x) b g
P(a—i—b)/a 2T p x2 dx

1 a\7%
. q(l)K Cf @) )}

+Cs )| )|

1 q(1)|:< C7(1)Lf(ﬂ)|q ):|

+Cs(D|f'b)|*

< HgHmw—a)Z

(2) If we take g(x) = 1we have the following Hermite—Hadamard type inequality for harmoni-
cally convex functions in fractional integral forms which is related to the left-hand side of (6):

(2ab ) - F(a+1)< ab )“ ]%%, (f o h)(1/a)
a+b 21—« b—a +]a+h (f o h)(1/b)
-} Ca@)|f @] )}
_abb-a) | (“)[<+c5<a)v<b>!q

2 +C61;(“)K G@|f @] )}"

+Cs(@)|f"(b)|*

(3) If we take @ = 1 and g(x) = 1 we have the following Hermite—Hadamard type ine-
quality for harmonically convex functions which is related to the left-hand side of (4):

(2ab>_ ab f(x)
a+b b—a x2

c3‘1’<1)[< GO @] )}

+Cs() | ()| 1
+c§;(1)[( Gl @ )}q

+Cs(D|f'v)|*

We can state another inequality for g > 1 as follows:

<abb—a)

Theorem 8 Let f :1 C (0,00) = R be a differentiable function on I°, the interior of
I, such that f’ € Lla, b), where a,

g : [a,b]— Ris continuous and harmomczzlly symmetric with respect to Zii, then the fol-

1 ,q > 1, is harmonically convex on [a, b],

lowing inequality for fractional integrals holds:

W {]f[/zpr (goh)(1/a) + 10 (go h)(l/b)}
Vs (R o)1 f@) + 5 (f2 0 h)(1/B)|

_ lellabe - (b—a)“
- F(a+ 1) ab

c”( )[V’<a)|q+3lf’<b>|"} q (25)

X 1
@ [Lelror):
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where
_ (a+ by~
C9(a) - 2ap—2p+1(ap + 1)
b~
Cio(a) =

20p+1 (o p

: 1
) 2F1(2,05P+1701P+2, 3(1—

Page 16 of 19

2F1(2p,1 ap +2; b+a),

)

witha > 1, h(x) = 1/x, x € [l l}andl/er 1/g =1

Proof Using (12), Holder’s inequality and the harmonically convexity of V’

that

4 it follows

f(;f;)[m (goh)(l/a)ﬂm (goh)(l/b)]
[ ath (fg o h)(1/a) +]a+b (fg o h) (l/b)}

_ llellocab@ =@
I'le+1)

(2|
()

Al
Tl

- ||g|| ab(b — a)
I'ae+1)

1
_ A—w* 17

1
+(f2 (ub+(1— u)a)2p

(fl L/(ubJr(l u)a

lalave—a
I'ae+1)

_ A=-w*
(ub+(1—w)a)? u

+(j‘11

f() (ub+(1— u)a)zv(”b"‘(l u)a)

1 1—w)® V(
3 bt (—wa) ub+(1 u)a
>p

o
(fo b
1
>q

fO V(ub+(l u)a

du]

p
fo (ub+<1 u)a)”” du)

u{f @|"+a-w|f (b)]qdu>

1

<(Jlulf @]+ A= wf @) du)’

gl ab® - a)
T T+

(")

u*?

-

If'@|? +3|f'b)|?]

(I
(4

(ub + (1 — wya)?®

1 —u)*
wb+ (1 — wa)®

dQ;[

du> ? [sz(a”q + V/(b)’q

8

i

2
3 (26)
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For the appearing integrals, we have

2 ap 1 1 ap
/ 2y = +1/ 5y M
0o (ub+ 1 —wua)? 207 Jo (b + (1 — Ha)”

=g oo (450) ()] e

@+ b?
2w (ap + 1) 2h1 (2p, Lap+2; b+a)
Similarly, we have
1 1 yyer 1 o
/ ( u) . du — /2 : »
% (Ml’) + (1 - M)d) P 0 (Md + (1 _ Ll)b) p
_ 1 /1 ap p
= 2ap+1 u 4 2 u
0 (5a+(1-3%)b)
1 ! o 2 u a —2p
_ o, U(, a
- 2ap+1/0 u'b (1 2(1 b)) du
b= ) .
= mzﬁ(la}a+ 1, ap+2; 5(1 - E))
= Cyo(a). (28)

If we use (27) and (28) in (26), we have (25). This completes the proof.
Corollary 3 In Theorem 8:

(1) If we take o = 1 we have the following Hermite—Hadamard—Fejer inequality for
harmonically convex functions which is related to the left-hand side of (5):

( 2ab )/ g(x) f(x)g(x)
a+b

1
7 '@ 3| »)|1 7 4

< llelle - 7, Tl 17
+Cly )| AL LA O s

(2) If we take g(x) = 1 we have following Hermite—Hadamard type inequality for har-
monically convex functions in fractional integral forms which is related to the left-hand

side of (6):

2ab Fa+1( ab \*| T, (f oh)(1/a)
(a—|—b>_ 21-« <b—a> +]a+b (f o h)(1/b)

1 ! q ! q7 -
ch L@t o

- ab(b — a)
— 21701 1 , q , q 1
rchw[Aretzrer )’

Page 17 of 19
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(3) If we take a = 1 and g(x) = 1 we have the following Hermite—Hadamard type ine-
quality for harmonically convex functions which is related to the left-hand side of (4):

2ab ab bf(x)
— ) = ——dx
a+b b—a ), x>

1 |1 NTEr
< ab(b— a) Cgp(l)[lf( ! —EBV(M }q
<a —a 1 ) p , p 1

rchm[Araleror]:

Conclusion

In this paper, new Hermite—Hadamard type inequalities for harmonically convex func-
tions in fractional integral forms are given and Hermite—Hadamard—Fejer inequalities
for harmonically convex functions in fractional integral forms are built. Also, an integral
identity and some Hermite—Hadamard—Fejer type integral inequalities for harmonically
convex functions in fractional integral forms are obtained.

Authors’ contributions
MK, 1i, NY, UG contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
! Department of Mathematics, Faculty of Sciences, Karadeniz Technical University, Trabzon, Turkey. 2 Department
of Mathematics, Faculty of Sciences and Arts, Giresun University, Giresun, Turkey.

Acknowledgements
The authors are very grateful to the referees for helpful comments and valuable suggestions. Also, Kunt and Iscan are
very grateful to their PhD supervisor Prof. Dr. Abdullah Cavus.

Competing interests
The authors declare that they have no competing interests.

Received: 9 February 2016 Accepted: 22 April 2016
Published online: 17 May 2016

References

Bombardelli M, Varosanec S (1869) Properties of h-convex functions related to the Hermite—Hadamard-Fejér inequalities.
Comput Math Appl 58(2009):1877

Chen F, Wu S (2014) Fejer and Hermite—Hadamard type ingequalities for harmonically convex functions. J Appl Math
2014, article id: 386806

Dahmani Z (2010) On Minkowski and Hermite—Hadamard integral inequalities via fractional integration. Ann Funct Anal
1(1):51-58

Fejér L (1906) Uber die Fourierreihen, Il, Math. Naturwise. AnzUngar. Akad., Wiss, 24:369-390 (in Hungarian)

Hadamard J (1893) Etude sur les propriétés des fonctions entiéres et en particulier d'une fonction considérée par Rie-
mann. J Math Pures Appl 58:171-215

Hermite Ch (1883) Sur deux limites d'une intégrale définie. Mathesis 3:82-83

Iscan 1 (2013a) New estimates on generalization of some integral inequalities for s-convex functions and their applica-
tions. Int J Pure Appl Math 86(4):727-746

Iscan 1 (2013b) Generalization of different type integral inequalities for s-convex functions via fractional integrals. Applica-
ble Analysis. doi:10.1080/00036811.2013.851785

Iscan 1 (2014a) On generalization of different type integral inequalities for s-convex functions via fractional integrals. Math
Sci Appl E-Notes 2(1):55-67

Iscan 1 (2014b) Hermite-Hadamard type inequalities for harmonically convex functions. Hacet J Math Stat 43(6):935-942

iscan 1 (2014¢) Some new general integral inequalities for h-convex and h-concave functions. Adv Pure Appl Math
5(1):21-29. doi:10.1515/apam-2013-0029

iscan i, Wu S (2014) Hermite-Hadamard type inequalities for harmonically convex functions via fractional integrals. Appl
Math Comput 238:237-244

Kilbas AA, Srivastava HM, Trujillo JJ (2006) Theory and applications of fractional differential equations. Elsevier, Amsterdam

Latif MA, Dragomir SS, Momoniat E (2015) Some Fejer type inequalities for harmonically-convex functions with applica-
tions to special means. http://rgmia.org/papers/v18/v18a24

Mihai MV, lon DA (2014) Generalization of some inequalities via Riemann-Liouville fractional calculus. Tamkang J Math
45(2):207-215


http://dx.doi.org/10.1080/00036811.2013.851785
http://dx.doi.org/10.1515/apam-2013-0029
http://rgmia.org/papers/v18/v18a24

Kunt et al. SpringerPlus (2016) 5:635 Page 19 of 19

Minculete N, Mitroi F-C (2012) Fejér type inequalities. Aust J Math Anal Appl 9(1):1-8 (Article 12)

Prudnikov AP, Brychkov YA, Marichev OJ (1981) Integral and series, elementary Functions, vol 1. Nauka, Moscow

Sarikaya MZ (2012) On new Hermite Hadamard Fejér type integral inequalities. Stud Univ Babes-Bolyai Math
57(3):377-386

Sarikaya MZ, Set E, Yaldiz H, Basak N (2013) Hermite—Hadamard'’s inequalities for fractional integrals and related fractional
inequalities. Math Comput Model 57(9):2403-2407

Tseng K-L, Yang G-S, Hsu K-C (2011) Some inequalities for differentiable mappings and applications to Fejér inequality
and weighted trapezoidal formula. Taiwan J Math 15(4):1737-1747

Wang J, Li X, Feckan M, Zhou Y (2012) Hermite-Hadamard-type inequalities for Riemann-Liouville fractional integrals via
two kinds of convexity. Appl Anal 92(11):2241-2253. doi:10.1080/00036811.2012.727986

Wang J, Zhu C (2013) New generalized Hermite—Hadamard type inequalities and applications to special means. J Inequal
Appl 2013(325):1-15

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.1080/00036811.2012.727986

	On new inequalities of Hermite–Hadamard–Fejer type for harmonically convex functions via fractional integrals
	Abstract 
	Background
	Main results
	Conclusion
	Authors’ contributions
	References




