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Abstract

In the framework of complete probabilistic Menger metric spaces, this paper investi-
gates some relevant properties of convergence of sequences built through sequences
of operators which are either uniformly convergent to a strict k-contractive operator,
for some real constant k € (0, 1), or which are strictly k-contractive and point-wisely
convergent to a limit operator. Those properties are also reformulated for the case
when either the sequence of operators or its limit are strict ¢-contractions. The defini-
tions of strict (k and ¢) contractions are given in the context of probabilistic metric
spaces, namely in particular, for the considered probability density function. A numeri-
cal illustrative example is discussed.

Keywords: Strict contractions, Strict ¢-contractions, Probabilistic metric spaces,
Menger spaces, Triangular norms

Background

Fixed point theory is an important tool to investigate the convergence of sequences
to limits and unique limits in metric spaces and normed spaces. See, for instance, Pap
et al. (1996), Sehgal and Bharucha-Reid (1972), Schweizer and Sklar (1960), Eldred
and Veeramani (2006), De la Sen (20104, b), Choudhury et al. (2011, 2012), De la Sen
and Karapinar (2014, 2015a, b), Beg et al. (2001), Roldan et al. (2014), Jleli et al. (2014),
Roldan-Lopez-de-Hierro et al. (2015), Khan et al. (1984), Choudhury and Das (2008),
Gopal et al. (2014), Takahashi (1970), Shimizu and Takahashi (1996), Kaewcharoen and
Panyanak (2008), Karpagam and Agrawal (2009), Suzuki (2006), Di Bari et al. (2008),
Rezapour et al. (2011), Derafshpour et al. (2010), Al-Thagafi and Shahzad (2009), Karpa-
gam and Agrawal (2009), Dutta et al. (2009), Chang et al. (2001), Chen et al. (2012), Chen
(2012), Berinde (2007), De la Sen et al. (2015) and the wide list of references cited in
those papers. In particular, fixed point theory is also a relevant tool to investigate itera-
tive schemes and stability theory of continuous-time and discrete-time dynamic systems,
boundedness of the trajectory solutions, stability of equilibrium points, convergence

© 2016 De la Sen et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s40064-016-2057-0&domain=pdf

De la Sen et al. SpringerPlus (2016) 5:557 Page 2 of 27

to stable equilibrium points and the existence oscillatory solution trajectories. See, for
instance, De la Sen (1999, 2010), Berinde (2007), De la Sen and Karapinar (2014), De la
Sen et al. (2010, 2015), Marchenko (2014, 2015), Delasen (1983), Istratescu (1981) and
references therein. The solution of some interesting stability and solution approxima-
tion problems in some integral and physical problems have been recently investigated in
Eshkuvatov et al. (2015), Abdulla et al. (2015), Matinfar et al. (2015).

On the other hand, fixed point theory is, in particular, receiving important research
attention in the framework of probabilistic metric spaces. See, for instance, Schweizer
and Sklar (1960, 1983), Pap et al. (1996), Sehgal and Bharucha-Reid (1972), Choudhury
et al. (2011, 2012), De la Sen and Karapinar (2015a), Beg et al. (2001) and references
therein. Also, Menger probabilistic metric spaces are a special class of the wide class of
probabilistic metric spaces which are endowed with a triangular norm, (Pap et al. 1996;
Sehgal and Bharucha-Reid 1972; Choudhury et al. 2011; De la Sen and Karapinar 2015a,
b; Choudhury and Das 2008; Gopal et al. 2014) and which are very useful in the context
of fixed point theory since the triangular norm plays a close role to that of the norm
in normed spaces. In probabilistic metric spaces, the deterministic notion of distance is
considered to be probabilistic in the sense that, given any two points x and y of a metric
space, a measure of the distance between them is a probabilistic metric F, (f), rather
than the deterministic distance d(x, y), which is interpreted as the probability of the dis-
tance between x and y being less than ¢ (¢ > 0), (Sehgal and Bharucha-Reid 1972).

Fixed point theorems in complete Menger spaces for probabilistic concepts of B and
C-contractions can be found in Pap et al. (1996) together with a new notion of contrac-
tion, referred to as (¥, C)-contraction. Such a contraction was proved to be useful for
multivalued mappings while it generalizes the previous concept of C-contraction. On the
other hand, cyclic contractions on subsets of complete Menger spaces were discussed in
Choudhury et al. (2011, 2012), De la Sen and Karapinar (2015a). Also, some types of
contractions in complete probabilistic Menger spaces have been studied through the use
of the so-called altering distances. See, for instance, Khan et al. (1984), De la Sen (2010)
and references therein and more recent results in Mishra et al. (2015). Some general
fixed point theorems have been very recently obtained in Gopal et al. (2014) for o — ¥
contractive mappings in Menger probabilistic metric spaces. Also, a parallel background
literature, related to results on best proximity points and fixed points in cyclic mappings
in metric and Banach spaces as well as topics related to common fixed points, is exhaus-
tive. See, for instance, Eldred and Veeramani (2006), De la Sen (2010), Takahashi (1970),
Shimizu and Takahashi (1996), Kaewcharoen and Panyanak (2008), Karpagam and
Agrawal (2009), Suzuki (2006), Di Bari et al. (2008), Rezapour et al. (2011), Derafshpour
et al. (2010), Al-Thagafi and Shahzad (2009) and (Chen et al. 2012), Chen 2012) as well as
references therein. On the other hand, fuzzy metric spaces have been investigated more
recently and some ad -hoc versions of fixed point theorems have been obtained in that
framework. See, for instance, Roldan et al. (2014), Jleli et al. (2014), Rolddn-Lopez-de-
Hierro et al. (2015) and some references therein. Recent research has been also focused
on some basic convergence properties of the iterates in iterative schemes. For instance,
a new averaged algorithm for finding a common fixed point of a countably infinite fam-
ily of generalized k-strictly pseudocontractive multi-valued mappings is studied in
Chidume and Opkala (2015) and the computational errors of iterated schemes in the
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set-valued case are investigated in Reich and Zaslavski (2015) and in Dinevari and Frigon
(2015), in this last case under the support of graph theory. On the other hand, some
variants of homopotopy methods together with Picard and Picard—Padé iterative meth-
ods to solve Michaelis—Menten equation have been investigated in Vazquez-Leal et al.
(2015) while an iterative scheme being strongly convergent to a common fixed point of a
countable family of strictly pseudo-contractive mappings has been focused on in Cham-
narnpan et al. (2013). Such a fixed point is proved to be also a solution of variational
inequality problem related to quadratic minimization problems. See also Chidume et al.
(2015).

This paper investigates some properties of convergence of sequences being built
through sequences of operators which are either uniformly convergent to a strict k-con-
tractive operator, for some real constant k € (0, 1), or which are strictly k-contractive and
point-wisely convergent to a limit operator. The obtained properties are reformulated
later on for the case when either the sequence of operators or its limit operator are strict
@-contractions. The appropriate definitions of strict (k and ¢) contractions are given ad-
hoc in the context of probabilistic metric spaces, namely, for the considered probability
density function.

DenoteRy ={z€R:z2>0},Ry+ =R+ U{0},Zy ={z€Z:2>0},Zoy+ =Z, U{0},
n={1,2,...,n}, and denote also by L, the set of distance distribution functions
H : R — [0,1], (Schweizer and Sklar 1983), which are non-decreasing and left continu-
ous such that H(0) = 0 and sup;crH (t) = 1. Let X be a nonempty set and let the proba-
bilistic metric (or distance) F : X x X — L a symmetric mapping from X x X, where X is
an abstract set, to the set of distance distribution functions L of the form H : R — [0, 1]
which are functions of elements Fy, for every (x,y) € X x X. Then, the ordered pair
(X, F) is a probabilistic metric space (PM) (Pap et al. 1996; Sehgal and Bharucha-Reid
1972; Chang et al. 2001) if

1. VayeX((Foy(®) =1Vt eRy) & (x=1))
2. Fx,y(t) =Fy,x(t);vx,y€X, Vt € R (1)
3. Vxy,zeX;Vh,t € R+((Fx,y(tl) =F(t)=1)= (Fx,z(tl + ) = 1))

A particular distance distribution function F, , € L is a probabilistic metric (or dis-
tance) which takes values Fx,y(t) identified with a probability distance density function
H : R — [0, 1]in the set of all the distance distribution functions L.

A Menger PM-space is a triplet (X, F, A), where (X, F) is a PM-space which satisfies:

Fry(ti + 12) > A(Fyz(t1),Fry(t2));  Vx,9,2 € X, V1,12 € Roy (2)

under A : [0,1] x [0,1] — [0, 1] is a t-norm (or triangular norm) belonging to the set T

of t-norms which satisfy the properties:

1. A(a,1)=a

2. Ala, b) = A(b, a)

3. Ale,d) > Aa, b)ifc>a,d>b

4. A(A(a, b),c) = Aa, A(b, c)) 3



De la Sen et al. SpringerPlus (2016) 5:557 Page 4 of 27

A property which follows from the above ones is A(a, 0) = 0 for a € [0, 1]. Typical con-
tinuous t-norms are the minimum ¢-norm defined by A,,(a, b) = min (a, b), the product
t-norm defined by Ap(a, b) = a.b and the Lukasiewicz (or nilpotent-minimum) z-norm
defined by 4, (a, b) = max (a + b — 1, 0) which are related by the inequalities A; <A, <A4,,.

The (probabilistic) diameter of a subset A of X is a function from Ryt to [0, 1]
defined by Da(2) = supszinfyycaFry(t) and A is probabilistically bounded if
D,(2)], probabilisti-
cally semibounded if 0 < DY, < 1 and probabilistically unbounded if Dj = 0, (Schweizer
and Sklar 1983; Pap et al. 1996). The diameter of a subset A C X in the PM-space (X, F),
induced by a metric space (X, d), refers to maximum real interval measure, where the

Dﬁ = supyer,Da(z) =1 [Dﬁ can be defined equivalently as lim

Z—> 00

argument of the probabilistic metric is unity.

Notation and some basic definitions
o Z,Z_, Rand R, are the sets of integers, positive integers, real and positive real num-
bers, and Zo; = Z\{0} and Ro+ = R\ {0}, respectively.
o m={1,2,...,m}forany givenm € Z.
o {T,} — T denotes point-wise convergence of the sequence of operators {7} to the
operator 7, where

T, T:X - X;VneZ,.

o {T,} = T denotes uniform convergence of the sequence of operators {T,} to the
operator 7.

+ The symbol “=” denotes logic negation.

+ A probabilistic distance is a mapping F : X x X — A, where X is a nonempty
abstract set represented by F, , for each (x, y) € X x X and Ar is a set of distribution
functions such that F € Af is a mapping F : R — R4 which is non-decreasing and
left-continuous with inf;epF (£) = 0 and supierF(t) = 1.

+ The ordered pair (X, F) is a probabilistic metric (PM) space if for any %, y,z € X and
allz, s € Ry the following conditions hold, (Schweizer and Sklar 1983):

1. Fy®)=H@)&x=y

0 ift<o0.

1 ift>0"

2. Fuy(t) = Fyue(t); @)
3. if Fx,y(t) = 1 and Fy,z(s) = 1 then Fx,z(t +s) = 1.

o The triplet (X,F,A) is a Menger space, where (X,F) is a PM-space and
A:[0,1] x [0,1] — [0,1] is a triangular norm, which satisfies the inequality
Fot+s)> A (Fx,y(t),Fy,Z(s)); Vx,y,z € X; Vt,s € R,.

o Ay :[0,11x[0,1] = [0,1] is the minimum triangular norm defined by
Ay (a, b) = min(a, b).

+ A sequence {x,} € X in a probabilistic space (X, F) is said to be:

where H € Af is defined by H(¢) = {

1. almost surely (a.s.) convergent to a point x € X, denoted by {x,} — «x (a.s.), if for
every ¢ € Ry and 4 € (0, 1), there exists some N = N (g, 1) € Zo, such that:

Fyox(e) >1—1; Vn(e Zoy) > N,



De la Sen et al. SpringerPlus (2016) 5:557 Page 5 of 27

2. Probabilistically convergent (or, equivalently, it converges in probability) to
a point x € X, denoted by {x,} — «, if the probabilistic (X, F) is induced by a
metric space (X, d) and for every ¢ € Ry and A € (0,1) there exists some
N = N(¢e, ) € Zo4+ such that:

Fyox(@xp,0) —e) <1—A Vn(e Zoy) = N,

3. Cauchy if for every ¢ € R; and 4 € (0, 1), there exists some N = N (g, 1) € Zo4
such that

Frpxn(€) >1—1; Vmm(e Zoy) > N.

A good treaty on almost sure convergence and martingale approaches has been given
in Stout (1974). Note that a PM-space (X, F) is complete if every Cauchy sequence is
almost surely convergent.

Lemma 1 Consider a PM-space (X, F) and a sequence {x,} C X. Then, the following
properties hold:

(i) &3 —was ifandonlyiflim, ,ooFy,,,x(&) = limpm s coFx, ,,x(€) =1; YL € Zoy,
Ve € R;.

(i) {x,) — x if and only if lim,_, oo Fyx, x(d(Xn,x) — &) = 0; Ve € Ry, where (X, F) is
induced by a metric space (X, d).

(iii) If {x,} — x a.s. and, furthermore, the PM space (X, F) is induced by a metric space
(X, d) then {x,} — «.

(iv) If {x,} = x a.s. then {x,} is Cauchy. The converse is true if (X, F) is complete.

(v) Assume that the PM space (X, F) is induced by a metric space (X, d) and that the
distribution function is Fyy(t) = H(t — d(x,y)); Vx,y € X. Then, almost sure con-
vergence and convergence in probability are equivalent for any sequence {x,} C X.

Proof Since {x,} — x (as.), then, for every given ¢ € Ry and 4 € (0,1), there
exists some N = N(g,4) € Zoy such that Fy, ,(¢) > 1— A;Vu(e Zp;) > N. Then,
liminf,_ (lim inszOJ,Fxmx(s)) >1—1 for any given Z¢€(0,1) since Fy, x(¢)
is left-continuous and non-decreasing. This leads to the existence of the limit
limy s 00Fx,.,;x(€) = limy0oFy,x(0Y) = 1,Ve € Ry, Vj € Zoy. Conversely, since limy,—,
F,x(e) = 1, there is a ball By(x,¢, ) in the PM space (X, F) which contains «x,, for all
n(€ Zo4+) > N and some N = N(¢, A) so that Fy, x(¢) > 1 — 4; Vn > N. Property (i) has

been proved.

On the other hand if {x,} — «, if for every given ¢ € Ry and 4 € (0,1) there exists
some N =N(¢, 1) € Zoy such that Fy »(d(x,,%) —¢) <1—A;Vn(e Zop;) > N.
The condition for d(x,, x) < & holds trivially since Fy, .(0) =0,Vn € Zp; so that
we discuss the case d(x,, x) > €. By taking A = 1 — § and arbitrary § € (0, 1), one gets
lim sup,,_, o Fx, x(d(xy,x) — &) < §so that the limit limy,_, oo Fy,, x(d (x4, %) — €) = 0 exists
for any ¢ € R, if {x,} — x. The converse is proved closely to the proof of its counterpart
in Proposition (i) by defining a ball By (x, d(x,,x) — €, 4) in the PM space (X, F) which
contains x,, for all n(€ Zy;) > N. Property (ii) has been proved.
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To prove Property (iii), note from Property (i) that {x,} — x a.s. if and only if
limy— oo Fy, x (0*) = 1 and the sequence in the metric space (X, d) satisfies d(x,, x) — 0
as n — 00. Assume that {x,} — « fails, so that lim inf,_,  Fx, x(d(xs,x) — &) > 0 for
some ¢ € R, and proceed by contradiction by assuming that there exists some ¢ € R
such that lim inf ,_, . (d(xy, %) — &) > lim,_ood (x4, x) = 0. But this leads to the contra-
diction lim inf ,_, . Fx, »(—t) > 0for somet € Ry.

The proof of Property (iv) is given as follows. Now, if {x,} — x a.s. then for any given
e € Riand 1 € (0,1):

lim Fy, ,x(e/2) = lim Fy, ,(e/2)=1; VleZ,.
11— 00 n—00

Then, by the third property of (5), one gets litn,— ooFx,, (%, () = 1; V£ € Zo,. Assume
that {x,} is not Cauchy. Thus, for some given ¢ € R4 and /4 € (0,1), and any N € Zy,
there is a subsequence {ny} € Zoy with m;, > n, > Nsuch thatl — 1 > limkﬁooFxnk'xmk (&)
and then lim S"‘Pk»ooFxnk,xmk (¢) < 1 but implies that lim, 0o Fy, ,x,(¢) <1, a contra-
diction. Then, if lim,_, oo Fx,, . x,(€) = 1, and by Property (i), if {x,} — x a.s., then {x,} is
Cauchy. The converse is true if the metric space is complete from the definition of com-
pleteness. Property (iv) has been proved.

To prove Property (v), note that Fy (¢) = H(¢ —d(xy,%)). If {x,} — «x then
limy— oo Fy, x(d(xn,x) — ) = 0, and then lim,_, oo Fy, x(¢ — d(xy,x)) =1 for any ¢ € Ry
so that from Property (i), {x,} — x a.s.. The converse, that is,{x,} — x (a.s.) = {x,} = «
if (X, F) is induced by (X, d) is Property (iii), already proved. Thus, if (X, F) is induced by
(X,d) then {x,} - xas. < {x,} — x0

Example 1 Consider the probabilistic metric (Z, F) space with probability density
function
o 1 G-V i<te<jli. ..
Fy@) = {0 otherwise » Vihj € Zy
Then, the sequence of probability densities { Fj; (£) } = {F11(2), Fa1(¢), F22(¢), F31(t), F32(t),
F33(t),...} defined for all ij(<i)eZ;y and ¢t € (0, 1) does not con-
verge to one as i, j — 00, so that it does not converge almost surely since

lim o Fu_1n1(1) = 1, since the argument ¢ = (n) satisfies, ¢ € ”771,1}, and

limnaoopj/n,(n—l)/n(t) = limj(gn—l),n—>ooF}/n,(n—l)/n(t) =0; Vj(f n—1)eZ,,tel01)
However, {Fn’n_i'_l (t)} converges in probability as n — co; V¢ € Ry since

if[(1<t51+ lim 1/n)v(t=0)}
ifre©1
:{0 ift=0

lim |1 = Eppsr ()] = { 0
n— 00 1

1 ifte(01]
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Main results concerning the uniform convergence of operators
The concept of (probabilistic) k-contraction follows:

Definition 1 Let (X, F) be a PM-space. Then, T : X — X is k-contractive (or a k-con-
traction) if Fry 1y (kt) > Fy y(t); Y%,y € X,Vt € R, for some real constant k € (0, 1).

A wider class of contractive (in a weaker sense) operators T : X — X is that which sat-
isfies Frx,y(£) > Fry(t), ¥, y(=x) € X, Vt € R,

Proposition 1 Let (X, F) be a PM-space. If T : X — X is a -contraction then it is also a
weak contraction. The converse is not true.k

Proof Note thatif T : X — X is a k-contraction then

Frazy(©) = Foy (K7't) = Foy®)

since F : R — R4+ which is non-decreasing and left-continuous. Furthermore, if x # y
and Fy(t1) < 1 for some ¢; € Ry then the last above inequality has to be strict for all
t € Ry, ie Fryy(t) > Fyy(t); Vt € Ry. Otherwise, we would have the following contra-
diction for t = t;:

1= nli”go Frng,1ny(t) > Fuy(k™"t) = Fyy(+007) = Fyy(t) > Fyy(t1); Vit € Ry
Since Fyy(t1) > Fxy(t1) is impossible. On the other hand, it always exist such a t; € Ry

such that Fy,(¢1) < 1; Vx, y(# x) € X. Otherwise, x = y from the first condition of (4).
As a result, if T:X—>X is a k-contraction and x#y then
Fre,1y(t) > Fry(t); Vx,9(% x) € X. Thus, if T : X — X is a k-contraction then it is also

contractive and we have specifically proved that for any real constant k € (0, 1) and any
x,y(#F %) € X:

Fragy(®) = Fuy (K7't) = Fropy(0) > Foy(®)

To prove that the inverse is not true, it suffices to prove that for some k € (0,1) and
any x, y(# x) € X, the logic implication below fails:

Framy(®) > Fay(t) = Fran(t) = Foy (K7t
If the above implication were true then the contradiction 1 > 1 would follow from:

1> nli)}'};lo FT"“x,T"“y(t) > nli)}'};lo FT”x,T”y(t) > nli)ﬂ;lo Fx,y(k_”t) = Fx,J/("i‘OO_) =1.
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The result below refers to the case of uniform convergence of the sequence {T}} on
X to a strict k-contractive operator on X in the framework of a complete Menger space
(X,F,A):

Theorem 1 Let (X,F, Ay) be a complete Menger space and let {T,} be a sequence of
operators T, : X — X, such that Fr, = {x;k,},\?’n €eZ AT} 2 {T)as andT : X — X is
a (strict) -contraction with kF; = {x'}. Then, the following properties hold:

(i) limp—sooFxs o (t) = limyooFzn+ (07) =1; Ve € Ry,
{x,’;} — " as.and T"x) — x* a.s. as n,m — 00,
(i) limmnscoFrmg e (£) = Lty s F ey o (8) = ity coFrmg o (07) = 15 VL € Zoy,VE € Ry,

limy s 0o Fsxr (£) = limiy s coFira (0Y) =1, Ve e Ry, {T™x} - &, Vm € Zoy.

Proof Fix any t € R4, y € (0,1) and choose a natural number N = N (y,t) such that
n > N implies

FTx,Tnx(t) >1—y; VxeX, VmeZo:

Vm € Z, since {T,} = {T} as., Vx € X and, in particular, the above inequality holds for
the fixed point x' of T : X — X, where k € (0, 1) is the contraction coefficient. Also, since
) {(Tx} C X, x =Tx € X,x,=Tx,€ X, T : X — X is a k-contraction and F € Af is
non-decreasing and left-continuous everywhere in its definition domain, one has for all
n> Nandallt € R, that:

Fx’;,x* @) = FTy,x;,Tx* @)
> Am (FTx*,TxZ (nt), Frg, T (1 — n)t))
> Ay (F (k‘lnt), 1- 1) (5)
> min (Fx;;,x* (k_lnt), 1-— i)

for any given real constantn € (0,1) since Fry:,1,x:(£) > 1 —y > 1 -4 Vx e X,VteR,,
and any real constants 1 € (y, 1), and y € (0,1), Vu(€ Zo4) > N since {T,,} = {T} ass..
The following cases can occur in (5):

(@) Furr (k71nt) = Fur e (6) > 1 — A;Vn(e Zoy) = N; Vi € Ry

Then, {x} — x a.s. and n € [k, 1) since F € AF is non-decreasing and left-continu-
ous.
(b) Fg e (K1nt) < min(Fyg 2o (0,1 = 2): V) € Zoy
) 7

foragivenn € (0, k] some ¢ € Ry and some subsequence {x,’;} } C {xfl} of fixed points
of{ T,,j} C{Tu). I Fyx x+(t) > 1 — J,0nealsofinds that{xj;l} — x*a.s.withn € (0, k].
7
The convergence of the subsequence ensures that {x } — x'a.s. If Fyr x+(t) <1— Zand
]

then Fyr (k‘ltl) < 1— / with t; = k!¢ and we deduce from (5) under the same
7

reasoning with the replacement ¢ — ¢; that either Fyx (k‘ltl) >1—A; V), € Ry
]
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and {x;} — xas. or Fyr x+ (k 1nt1) Fx*l e (k Znt) <1—1 for some
subsequence {x;‘l/} - {xj;} of fixed points of {T,,/.} C {T,}. But, since
1= liquoolim,gooFx;;j,x* (k‘int) = liquoolimti_)oolfx;j,x* (nt;)) <1 — 1 would be
a contradiction, some finite ¢ = k% exists such that szj,x* (t) =
Fyy et (kD) > 1 — 2; Vn(e Zoy) = Ny, ¥Vt € Ry and some Ny = Ny(4,t) for any
subsequence {x;}} - {x,’;} implying that limy,—, oo Fyx (£) = limy— oo Fx,x+ (0+) =1
so that {x,} — x'as. On the other hand, for any given real constant y € (0,1) and

t € Ry and some N = N(J, t), one gets, since {x;‘l} — x* a.s. that

FT”’x;*,,x* ) = FT"’x;*,,T'”x* (t) > Fx:;,x* (kimt) > Fx;,x* ) >1-4
Vu(e Zo+) > N; Ym € Zo+

and

lim lim lim Frmyg o+ (t) = lim llm Fsz* w0 =1; VYleZy

t— 0+ n—>00m—00 t—0+

so that, furthermore, { T"x} — x* a.s; Ym € Zoy and T"x,— x a.s. as n,m — 0.
Property (i) has been proved. On the other hand, note that

Frmysr (£) = Apg (Froms pogs (£/2), Frmg o+ (£/2) )
> Apg (Frmgs, pougs (8/2), F g (£/2))
> Apt (Frma, rmy (£/2), 1)
> Fe o (kK77t/2); YVt €Ry; VmneZy (6)

and

lim lim Frmy o (t) > lzm llm Fyr o+ (2)
m— 00 n— 00

= lim Fg . (07) = F(+oo ) =1Vt € Ry

since it has been already proved that {x;‘l} — x™ a.s., where F(4+007) denotes the left-
limit of F(¢) as ¢t — +o00. On the other hand, for any finite m € Z, one has from (6) that
Frmgs v (£) = Fys o (KT8/2) = Fys o+ (1) for t1 = t1(¢,m) = k="t /2. Since t € Ry,
there exists Ny = N1(y,m,t) > N such that Fymy 4+ () > 1 — y; Vn(€e Zoy) > Ny,
where N = N(y,t) = min(z €Zoy : Fypax(t) > 1— y) for any given ¢ € R4 and
y € (0, 1). Then,

FT’”x;,‘,x* @) = Fx;‘,,x* @) = sz,x* (t1)) >1—y fort>2k"tn

Property (i) includes the convergence results {x} — x'as. and T"x, — xa.s. as
n, m — oo. It is now proved that 7"x, — x a.s. as n — oo, Vm € Zg. Proceed by con-
tradiction by assuming that { me:‘,}—' — x*a.s. for some m € Z then there exists some
real constant y; € (0, 1)and some subsequence {x;}} C {«}} such that the following
contradiction follows to {x%} — x*a.s.

11—y > limsup lim Fx* () = lim lim Fx* x*( _mt/2) =1
o+ —0t

j—00 t— Jj—>oot—
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Then,
lim FT”’x;;,x* (t) = lim Freg o (O+) = lim Frmg (0+) =1;
n—> 00 n—00 " n,m— 00 "
Ve € Zoyand{T"x}} — x*as;
Vm € Zy+. Property (ii) has been proved. O

The following auxiliary result is then used:
Lemma 2 The following properties hold:

(i) IfT,:X — X,Vn € Z; are all continuous and Ti, = {Tf} a.s., ¥j € m for some
givenm € Z,, whereT : X — X, then { Tnm"’l} = {T’”+1} as.

(i) If the self-maps T, : X — X,Vn € Z. are continuous and {T,} 2 {T} a.s. then
{1} 2 {T™} as, Vm € Z,,.

(iii)  If the self-maps Ty, : X — X,¥n € Z are strictly contractive and {T,} = {T} a.s.
then { T,’l“} Z{T"™as,Vm e Z,.

(iv)  If{T,) = {T}as. and T, commutes with T in X, Vn € Zo4 then {Tnm} Z{T™ as,
YmeZ,.

Proof Note that Tﬁflx =T, (Ti,x),\?’n € Z and, since { T{,} = {Tj} a.s., Vj € m, then
T(Twx) — T(Tx) as n — oo; Vj € i, VL € i1, ¥x € X and T(T,x) — T(Tx) = T« as
n— ooas., Vj€mVxe XsinceT, : X — X is continuous for any n € Z, that is,

FT{;(Tnx),T/(Tx) ®) = Am (FT{;(THx),T/(Tnx)(t/Z)’FT"(Tnx),T/'(Tx) (t/Z)) 7
> min(l - V:FTi(Tnx),Ti(Tx)(t/z))

for any givent € R4,y € (0,1)and A € (y,1),Vj e m — 1 U {0}and all n(e Zp+) > N;and
some N1(§ Zo+) = Ni(y,t) such that maxofjfmFTé(Tnx),T}.(Tnx) t/2)=1—y>1—41
since {T,Jq} = {Tj} as, Viem—1U{0}. Since T,:X — X is continuous
Vn € Zoy there is Na(€ Zoy) = Na(4,t) such that Frjcr, 4 7y (£/2) > 1 — 4 for all
n(€e Zoy) > N1, Vj € Zo4, Vt € Ry and any given real constant 4 € (y, 1). Then, from (7),

min FTL+1x,Ti+1x(t)

0<j<m
>min(l—4L,1-A)=1-A4Vjem—1VteR,, Vn(€e Zp;) > max(Ny,N)
(8)
Then,
05?2%1+1FT£’C’M(” >1—/A; VteRy,Vn(e Zyy) = max(Ni, Ny) )

and minogsmﬂlimnﬁoolimtﬁmFT{;x,zj(t) = 1. Thus, T’;(Tnx) — T*xas. as n — oo,
Vj € m. Then, {Trf”“} = {T”’+1 } Property (i) has been proved. Also, if T, : X — X,
Vun € Z are all continuous and {T,,} = {T'} a.s., assumed it also holds that { T;”} Z AT
a.s. for some m € Z, then { T,Z”‘H} = {T”’+1 }a.s. via complete induction from Property
(i) and Property (ii) follows as well. Property (iii) follows from Property (ii) since if the
self-maps Ty, : X — X, Vn € Z are continuous since they are strictly contractive.

Page 10 of 27
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On the other hand, if 7, commutes with T in X for all ne Zoy then
7T, T'x = T,Tx = TT,x; Vi(< j),j € Zos, Vn € Zo4, Yx € X which used in (7) yields
by using {T,,} = {T}as., Vi € Zorand T, Tx = TT x:

1 Fris, 1, 0

= min (1= 7, Pr, (o) 1o ¢/2)) = 1= 2 (10)
Viem—1,Vt € Ry,Yn(e Zoy) > max(Ni, Na)
and any given m € Zo,. Then, {T,} = {T'} a.s. and Property (iv) is proved. O

The subsequent result is concerned with the probabilistic convergence properties of
the sequences {x,} C X generated by the iterated scheme x;,+1 = Ty,x,; Y € Z for any

given x; € X:

Theorem 2 Let (X, F, Ay) be a complete Menger space and let {T,} be a sequence of
operators T, : X — X, such that Fr, = {xﬁ}, VneZ T, 3 {Tas andT : X — X is
a (strict) k-contraction with F; = {x'}. Consider the sequence {x,} C X generated by the iter-
ated scheme x,+1 = Tyx,; Y1 € Z for any given x, € X. Then, the following properties hold:

(i) T"x, — x*a.s.asm— oo;Vn € Zoy and T"x, — x* a.s. asn,m — 00,
(ii) FT’”an,T’”xg“ () > Frp, 15, (k7"t); V€ Zoy, ¥t € Ry, Vm € Zoy.
Frmg,om | (6) = F1,,Ts, (k7"t) > 1 —y;Vn(e Zoy) = N1, Vt € Ry, Vm € Zoy

lim F 0 (=1 Vn(eZoy) =Ny, Ve Ry

Mmoo IT"%nr1, T,

lim_ Fru, . roo (=1 VteRy,

m,n— o0 n
where x| = Tx,, for some N1(€ Zo1) = N1(y,t, m),
(i) Assume that some of the conditions below holds:

1. {T;”}i T"as;Nme Zy
2. |{T,}Z T as. and either T, : X — X is continuous for all n € Zo; or T,
commutes with T for alln € Zy.

Then, {x,} — x* a.s.

(iv) If (X,F,Anm) is a (non-necessarily complete) Menger space, each elements
of the sequence {T,} of operators T, :X — X has a unique fixed points
Fr, = {xZ},VVt € Z, and commute everywhere in X with a (strict) k-contraction
T : X — X of unique fixed point Fy = {x }, then:
lim inf Fy, x+(t) = lim sup Fy, (T,.... Ty j1 T )x* (f); Vt e Ry
n—00 Jy(n—j)—o00
Proof For any given y € (0,1) and ¢ € R, there exists N1(€ Zo+) = Ni(y,t) such that
Frx,,1x,(t) > 1 — y since {T,} Z {T} as.. On the other hand, since T : X — X be a
(strict) k-contraction with a unique fixed point x € X, one gets for any given any given
y € (0,1)and some Nj(€ Zo+) = N(y, k_’”t) that:

FT"’xn,x* (t) = FT’”x,,,T'”x* (t) > Fxn,x* (k_mt)
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and then 7"x,, — x™a.s.as m — 00; Vn € Zo; and T"x,, — x* a.s. as n, m — 00. On the
other hand, if x, ., = T\x,; Vi € Zoy for any x, € X, since {T,,} = {T}as.andT : X — X
is k-contractive, then

Fromg, , 1m(Ta,) () = Frmp, o, pmtiy, (6) = Fr, T, (K78) > 1= y;
Vun(e Zo+) > N1,;Vt e Ry, Vm € Zop

ynll—}:noo Fmen+1,Tm+1xn (t) = mli})’ﬂooFTanmem+lxn (t) = 1, VV[(G Z0+) > Nl,

vVt € Ry

m,lrfi/n)oo FTanmeerlxn (t) =1, Vte R+

Properties (i) and (ii) have been proved.

To prove Property (iii), proceed by contradiction by assuming that {x,}— — x* a.s..
Then, there exists some real constant yp € (0, 1) such that the following contradiction
holds for some subsequence {T;”} of {T);} which generates the sequence Xpj41 = T,,,,x,,j
for some given x, € X, Vj € Zo4:

1—yo > lim sup (lim sup Fxn,+m,x* (t)) = lim sup (lim sup FTZ,*‘xnj,x* (t))
]

> lim sup (lim sup Ap (FT,;;'xni,menj (t/2), Ermy, T (t/2))>

j—)oo m—> 00

j—o00 m—>00

> Am (lim inf <lim supFmen_,men_(t/2)>, lim Fy, (k”’t/2)>
il J m—>00 j
= min(1,1) = 1 an
from Lemma 2, since either { Tr’ff} 2 T™as,Vme Zy,or{T,} 2 Tas. withT, : X - X
being either everywhere continuous or it commutes with T : X — X, Vn € Zo. Note
that (7) yields the contradiction y, < 0. Thus, {x,}— — x* a.s. is false and {x”/} — x*a.s.

and then {x,} — x™*a.s. Property (iii) has been proved.
To prove Property (iv), note that for any real constant ¢ € (0, 1):

Fmie (©) = F s iy e ()
= 201 (Lt myon T O FTay e (1= 00 )
> Ay (FT(n,n+m)xn,T(n,n+m)T”‘xn (01), Fryp e (K7"(1 — G)t))
= F7 Guntmy, T (nntm) T, (O F)
> Am (FT(n,n+m)xn,T(n,n+m)T”‘x* (Uzt)’FT(n,ner)T’”x*,T(n,ner)T'”xn (- U)t))
=AM (FT(n,n+m)xn,T(n,n+m)me* (Uzt)’FTmT(n,n+m)x*,T’”T(n,n+m)xn (- U)t))
> Ay (Fxn+m,T(n,n+m)me* (‘725) s FZ () o (ko1 - U)t)); (12)

Vj € Zys, Vt € R4, since the elements of {7,} commute with 7, F;
(k"0 (1 = 0)) = Fy, e ), Y1, m € Zyand limy s 0oF 7y e

ntm X
E i (KMol =0)) =1,
Vt € Ry,where Tm,n+m) = Tyyp—1 -+~ T, is a composite operator with m con-
secutive members of the sequence {T,}. Thus, for any given ¢ € R, and 4 € (0,1),

Page 12 of 27
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there exist mo,np € Zo4+ such that for any n(e Zoy) > ny and m(€ Zoy) > my,
F (k’mt/él) > 1 — . Then, one gets from (12), since x = T"x that

T (nn+m)x* Xpym

Fxﬂ+m,x* (t) = F

_ 2.0.
s T (11 10) % (a t), Vn > ng, Ym > my,Vt € Ry

lim inf Fy, x+(t) > lim sup F T () (azt); VYm > mg, Vt € Ry
n— 00

X,
n—oo

for any o € (0, 1) and renaming subscripts, the above inequality becomes identical to:

Fap ) 2 Fy 7y (a%); Vi(e Zoy) = no,m(e Zoy) = mo, VEE Ry (13)

liminf Fy, 4+ (£) > lim <lim SUPE, Ty (Uzt))

n—00 o—>1" — 00

=lim supF, 70, e (t7);  m(€ Zoy) = mo, ¥Vt €Ry (14
n—oo

and Property (iv) is proved. O

Main results concerning the point-wise convergence of operators
The first result of this section is the following one:

Theorem 3 Let (X,F, Ayr) be a complete Menger space and let {T,} be a sequence of
operators such that:

1. The operators Ty, : X — X; Vn € Zo+ of the sequence {T,} are all strict k-contractions
for some real constant k € (0, 1),
2. {Ty} — T forsomeT : X — X.

Then, T : X — X is a strict k-contraction and {x}} — x* ass., where Fr, = {x};};

Vn € Z, and F; = {x'}. Furthermore, {x,} — x* a.s., where x,,, = T,x,; Vn € Zo for

nn

any given x, € X.
Proof We have that Fr,y1,,(t) > Fyy (k‘lt); Vn € Zoy,Vt € Ry forany x,y € X, and

FTx,Ty(t) > AM (FTx,T,,x(t/z)’ FTnx,Ty(t/z))
> Am (Fro, 1,5 (8/2), At (Froy, T,y (8/4), F,,7y(£/4)) )
> Ap (FTx,Tnx(t/z)» Apm (Fx,y (k_lt/4)rFTny,Ty(t/4)))§ VneZoy, Vt € Ry
(15)

Thus, since {T,,} — T, T, : X — X are strict k-contractions, then everywhere continu-
ous, and Ay : [0, 1] x [0, 1] — [0, 1]is a continuous triangular norm,
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n—o0

v

Ap | lim inf Frar,.(t/2), Am

n—o0

Fry1y(8) > Apm (lim inf Fra1,x(t/2), Apm <Fx,y (k_lt/4),lim inf FTny,Ty(t/4')>>

Eoy(K7't/4), lim inf Fi7y( /4))

= AM(I AM< (k—lt/4), 1))
= A (Fey (K7't/4),1)
- ny(k 1t/4) Vi€ Zoy, VE € Ry, Yx,y € X (16)
so that
Frny,pny(t) > Fy,y (k_"t/4); VneZoy, VteR;, Vx,yeX (17)
nli')rgzoFTnx,Tny(t) =1; VteRi Vx,yeX (18)

Eq. (17), leading to (18), establishes that T : X — X is a strict k-contraction. It has to
be proved that it has a unique fixed point x”. Assume on the contrary that there are two
x*,x*(#£ x*) € F(T) so that

ch*yx* (t) = FT”Q_C*,T”x* (t) > ch*,x* (k_nt); Vn e Z0+, Vt € R+
Fre v (8) = lim Frngs pnge(£) > lim Fge (k_nt) =1; VteR,
n— 00 n—00

and then x* = x* by the property 1 of (1) of the PM space (X, F).On the other hand, one
gets by taking y = y(x) = Tx and z,, = z,(x) = T"x for any given x € X that

lim FTn+1x T"x(t) = lim FTznvZn (t) = 1, Vt e R+, Vx e X
n— 00 ! n—00

and, for any given 1€ (0,1) and ¢ € R4, there is Ny = No(e, 4) € Zp;+ such that

Fyp12,(t) > 1 — A; V(e Zoy) > No, YVt € Ry so that {z,} is a Cauchy sequence which
converges to some limit point z = z (x) € X since (X, F, Ay) is complete. Since the fixed
point x'of T : X — X is unique, any limit point z° = z (x) € X of any sequence { 7"} for
any arbitrary initial point x € X is the fixed point ¥ of 7 : X — X. It remains to prove
that {x,} — x*a.s,, where x| = T, x,;Vn € Zy, for any given initial point x, € X. Note

that

Fypore (0
= At (Fopn 17t (€120 At (Frp s o (18, Frmgs s <t/4>))

T (t/8>) Frogs o (/) )

= At (Fepor,1 s €20 At (B0 (Euyn i (K7"/8), Fpmes o Hl(t/s)) ( *’”t/ﬁx)));

VineZoy, VmeZy, Vt € Ry (19)

> At (Fepor,1 i /20 At (B0 (Frt ey, 50, (6/8), Frmgs
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Note also that
Frme 15, (O = FT"(TW""ZH)’T’I:(T:ilprxﬂ) ©
=F me1 . \(
T(Tm %, ), Tn<Tn+11 n+1>( ) (20)

for any p,n,(m>p)eZoy,VteRy and, since T,:X — X;VneZpr and
T : X — X are all strict k-contractions, they are also continuous so that if {T,} — T,
then {T,x} — Tx a.s. and limy,— 0o F1,%,7x(t) = 1;Vt € Ry as n — oo for any given

x € X. Then, {Tf(TZprZ-H)} — TP(T’" TPyt +1) a.s. as m — 00, Yn € Zo4 since

T,:X —-> X;Vne€Zoy and T : X — X are strict k-contractions. This implies from (20)

that
llWlooFme e n+1xn+1 (t) =1, Vte R+, Vn e Z()+ (21)
On the other hand,
{T)'xn} — x} as.asm — o0; Vn e Zoy (22)

since {T},} is a sequence of strict k-contractive operators with Fr, = {xZ}; VneZy,.
Furthermore, one has:

lim F

Mmoo Tntls Al

(k77t) = lim Fe o (k77t/4) =1; VteRy (23)

In a similar way to (19), we get:
x* x*(t) = Fm JUREIRE T+ (£)
> Aut (Frmay, 0 (¢/2), Frmg,

> Am (Fx:+1,x*( mt/z) Frmy

t/2))
(t/2)) Vim € Zoy, Vt € R, (24)

1 D1 %11

1 D1 %41

and taking limits as m — oo, one gets that lzlfnnﬁooFTm,cn+1 T xr,, (8/2) =
lzmn%ooFxZH'x* (t) = 1; Vt € Ry so that {xn} — x* a.s.. On the other hand, the use of
(21)—(23) in (19) as well as limn%ooFx:;H,x* (t) = 1; Vt € Ry got from (24) yields for all
t € Ry, since Ay : [0,1] x [0,1] — [0, 1]is a continuous triangular norm,

lim inf Fy, 2 (1)

n—0o0

> lim inf Ay (F,Cn+1 171 s (£/2), Ant (AM (wax;+1 (k™™2/8),

n,m—> 00
Fmeﬁﬂ'Tﬂleﬂ (t/8)) ? inﬂ'x* <k_mt/4) ) )
> An < i Fr 170 €12 a1 (At ( fim Fi e, (K77278),

: —m
mll_>moo Frma; w1 D1 %1 (t/S)) lﬁinoo F’“ZH”C* (k t/4))>

= Ap(1, Ap(Apm(1,1),1)) =1 (25)

so that 3limy,_, oo Fy, x<(t) = 1, ¥t € R4 and {x,} - x*a.s.. O
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As it occurs in the deterministic counterpart, (Berinde 2007), the uniform conver-
gence of a sequence of operators {7} can be weakened if such operators possess certain
additional contractive properties. See also Istratescu (1981). In this case, it is possible to
get some close properties to those proved in “Main results concerning the uniform con-
vergence of operators” section for the case of uniform convergence. Firstly, two defini-
tions which are then used follow below:

Definition 2 (Berinde 2007) A non-decreasing function ¢ : Ro+ — Ro+ (i.e. ¢(t;) < ¢
(¢,) if t; <t,) is said to be a comparison function if {¢"(¢£)} — 0, V¢ € R,. If, furthermore,
(t — ¢(t)) = 4o0ast— + oo then it is said to be a strict comparison function.

Example 2 Note that ¢(t) = % for t € Ro+ with A : Roy+ — Ro+ being such that
A(¢)t is non-decreasing is a strict comparison function since it is non-decreasing and

" (t) = <p((p”_1(t)) = lﬁ}g%)t for all n € Z, implying that {¢"(t)} — 0; V£ € Ro4 as

n— oQ.

Example 3 Let (X,F) be a PM-space, let T : X — X be a mapping on X and let
2(8) (F,;yl (t)fl)

: X x X x Rpy. = Ry be defined f)=—"7"7"3
0 o0+ o+ be defined as (ﬂx,y() 1+2(t)(F,;1(t)71)

;Vx,y € X,Vt € Ro+
leading to the n-the composite function with itself resulting to be

W (Flo-1) . . ., .
Vt € Roy,Vn € Z which satisfies {¢"(£)} — 0;Vt € Ryt as

n t — ;
Pxy(0) 14+nA(t) (Fgl(t)—l)

n — o0. Then, ¢ : X x X x Roy — Ry is a strict comparison function for any x,y € X

provided that A(0) = 0 and A(¢) (P,; yl () — 1) is non-decreasing for all £ € Ry for each
pair (x,5) € X x X. Note, in particular, that ¢, () = 0; V¢ € Ro; Vx € X so that the null-
function ¢ is both non-increasing and non-decreasing.

Definition 3 Let (X, F) be a PM-space. Then, G : X — X is said to be a strict ¢-con-
traction if G}xl,Ty(t) <l+4+g¢ (Gx_y1 (t) — 1), Vx, y € X,Vt € R for some strict comparison

function ¢ : Ro+ — Ro+.
The next result follows:

Theorem 4 Let (X,F, Ay) be a complete Menger space and let {T,} be a sequence of

operators such that:

1. The operators Ty, : X — X of the sequence {T,} are all strict p-contractions,
2. {Ty} — T forsomeT : X — X.

Then, T:X — X is a strict ¢-contraction and {x;} — x* a.s., where
Fr, ={«}};Vn € Z; and F; = {x}. Furthermore {x,} — * a.s.,, where x,,, = T,x;
Vn € Zy. for any given x,, € X.
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Proof We have FT_nlx,Tny(t) —1=<g¢ (Fx’yl () — 1); Vx,y € X,Vt € Ry,Vn € Zy, for some

strict comparison function ¢ : Ro+ — Ry, since all the operators of the sequence {7}
are strict ,¢-contractions, what is equivalent to

1
1+ (E 0~ 1)

Frx,Ty®) = . Vx,yeX,VteR,, VneZy,

and then
FTx,Ty(t) > AM (FTx,T,,x(t/z): FT,,x,Ty(t/z))
> An (Fro,T,x(8/2), At (Fry, T,y (8/4), F,, 7y (£/4)) )
1

= AM FTx,Tnx(t/z); AM 1
149 (F,;y (t/4) — 1

) yF,y,1y(E/4) ;

2
Vn e Z0+, Vt € R+ ( 6)

Thus, since {T,} — T, T, : X — X all strict g-contractions, then everywhere continu-
ous, and Ays : [0,1] x [0,1] — [0, 1]is a continuous triangular norm, one gets:

1
Fry1y(t) = lim inf Ay | Froe,1,2(£/2), Ayt : ET,y1y(t]4)
00 1+ go(F,;y (t/4) — 1)
L 1 L
> Ay | lim inf Fry1,4(t/2), AMm yim inf Fr,y 1y (2/4)
n— 00 1+ go(ngl(t/zL) — 1) n—00
1
=Apm| 1, Am 1
1+ (p(F,gyl(t/zL) _ 1)
1
=Am ,1
1+ ga(F,;yl(z/zL) - 1)
1
= ; ; VEeRy, Vx,yeX
l—l-gD(FyZy (t/4)—1) (27)

so that
Frln® = 1+0(F /0 - 1)
Frtorn® =1+ 0(Fply o @/ = 1) =0 = 140" (B} (1/2741) - 1)

VneZo., Vt € Ry, Vx,y € X (28)

since  limy,_oo” (Fx_yl (¢/27F1) — 1) =0 since {¢"(t)} = 0;VteRy. Then,
limn_mol-",;y1 (t/2"+1) = 1,Vt € R4, Vx, y € X. Thus, one also has that:

nlil’}goFTnx,Tny(t) =1; VteRi Vx,yeX (29)
Eq. (28), leading to (29), establishes that T : X — X is a strict ¢-contraction. It has to

be proved that it has a unique fixed pointx . Assume on the contrary that there are two
points x*, x*(# x*) € F(T) so that

Page 17 of 27
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Fzr xr (8) = Frngr png<(t) = llm Frngs nyx (2) <14 llm % ( (t/2n+1> 1)
=1; VieR, 30)

and then x* = x* by the property 1 of (1) of the PM space (X, F). On the other hand, one
gets from (29) by taking y = y(x) = Tx and z,, = z,,(x) = T" x for any given x € X that

lim Fruiiy pny(t) = lim Fr, . (t)=1; VYte Ry, VxeX
n—00 ’ n—00

and, for any given A€ (0,1) and ¢t € R4, there is Ny = No(e, 1) € Zp4+ such that

Frpi1z (&) > 1= A; V(e Zoy) = No,Vt € Ry so that {z,} is a Cauchy sequence which
converges to some limit point z = z (x) € X since (X, F, Ay) is complete. Since the fixed
point x of T : X — X is unique, any limit point z* = z (x) € X of any sequence {T"x} for
any arbitrary initial point x € X is the fixed point x of 7 : X — X. It remains to prove
that {x,} — x* a.s., where %, ; = T,x,; Vn € Zo, for any given initial point x, € X. Note
that, since T, is a strict ¢-contraction with Fr, = {xn}, Vn € Zoy, we can perform the
two next replacements to a close set of inequalities to those got in (19) and (24) within
the proof of Theorem 1

1
1+ (Fl L. ©-1)

FT;ﬁ-lan Ty % &) —

1
R G

Fx:+1,x* (k_mt) —>

for allt € Ry and m € Zy4. Thus, one gets instead of (24),

Eiy oy = Fry e mee ©) = Ayi (Frmg o (6/2), Fpmg (t/2)

SEL N v D%

1
> Apm s Frpm g  (t/2) Vn,me Zoy, YVt € R4
(1 + (pm (F.;:}rl‘x* (t/2) _ 1) n+17 n+] n+1

€1y

Since {T’"} — T then limy—, oo Frmy*

and the above constraint implies that

(t/2) = 1;Vt € Ry; Ym € Zo,,Vt € Ry,

1 D1 ¥

1 1
lim inf — — >0; VmeZyy, Vt e Ry
Equivalently, lim sup,,_, (F < @B —1—9 (1‘;}11 o (E/2) — 1)) < 0; Vt € Ry. Since,
n+1”
furthermore, F1(¢) is non- mcreasmg and ¢(¢) is non-decreasing, one has:

lim sup (F « W) —1- go(F;;il’x*(t) — 1))

n—00

<llmsup(F* *(t)—1—<p(F;11x*(t/2)—1))50; Vt € R,
n+1”

n—oo

Page 18 of 27
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Define oy, = sup{o € Ry : 0 — ¢(c) < n} which is defined for any given 5 € Ro:
(the extended nonnegative real semi-line) from the prop-
erty of strict ¢-contractions, since ¢ is a strict comparison function,
lim sup,_, | ot — @"(t)) < limy_s 4 oo(t — (t)) = 400;Vn € Zp4 as t — + oo. It turns
out that lim,_, o0, = 0. Now, define o, = x* x* (t) — 1;Vn € Zp4, Vt € R,. Taking into

account that

tim sup (Filo0) =1 - ¢ (Fla0—1)) <0, Vee Ry (32)

n—oo

One concludes that lim,_, g0y, = lim,_¢ (F;;Ix* (t) — 1) = 0; Vt € R so that {xn} —>x
a.s..
Also, one can get, instead of (19) in the proof of Theorem 1, that

Pyt O 2 A (Fayoy 170y 012, At (Frge g 1 (69, Frms | oms (219 ))

= At (Fupor 11 s 8/2),

Apm | Ay | Frmyr (t/8),

1 D1 %11

14 gm (F— (t/8) — 1)

Xn+1r xn+1
1
14 gm (Fx_zipx* (t/4) — 1)

;Vl’l € Zo+,Vm € Z+, Vt € R+

and then lim;,—, 50" (Fx_yl (t/2”+1) — 1) = 0 since {¢" ()} — 0; Vt € R,. Take limits in
the above expression by using the continuity of the minimum triangular norm and the
fact that ¢ is a strict p-comparison function by using close arguments to those used to
get (32). We then conclude in a similar way the validity of (21) to (25) by replacing the
conditions of k-contractions by conditions of strict ¢-contractions so that there exist the
limits limy,—, oo Fxs a ()= limy— 0o Fx, 2+ (t) = 1, Vt € Ry and {x,,} — x™as.. O

A close result to Theorem 4 is now got in the case when {T},} = T, with T), : X — X,
so that T : X — X is a strict g-contraction without requesting that all the elements of

the sequence {7} be strict ¢-contraction.

Theorem 5 Let (X,F, Ay) be a complete Menger space and let {T,} be a sequence of

operators such that:

1. {Ty} 2 T such that Ty, : X — X; Vn € Zoy for some T : X — X which is a strict ¢
-contraction,
2. xheFr, #0;Vn e Zo;

Then, {T,} has a subsequence of strict ¢-contractions and {x;;} — x* a.s., where
Fr, ={«}};Vn € Z; and F; = {x}. Furthermore {x,} — x* a.s.,, where x,,, = T,x;
Vn € Zy. for any given x,, € X.
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Proof We have FT_xl,Ty(t) —-1< (p(ngl (t) — 1); Vx, y € XVt € Ry,Vn € Zy, for some
strict comparison function ¢ : Roy — Ro4, since T : X — X is a strict g-contraction,

1
—————;Vx,ye XVt € R, ,Vn € Zy, and then
e (ngl(t)_l) Y + 0+

equivalently, Fry,7y(t) >
Fr,u T,y (8) = Apt (Fr,a,1x(¢/2), F1a,T,,5(£/2))
> At (Frs,1,0(8/2), Ant (Fra 1y (£/4), F1,0,15/(£/4)))
1

> Am | Frx1,x(t/2), Am -
1+ o (Fl /) - 1

Vn e Z()+, vVt € R+.

Thus, since {T,} = T and T : X — X is a strict g-contraction, then everywhere continu-
ous, and Az : [0,1] x [0,1] — [0, 1]is a continuous triangular norm, one gets:

1
lim inf Fr,u,1,y () = lim inf Ay | Fraz,2(¢/2), Aut 1y (/%)
n—>00 n—00 1+(P<F;Zy1(t/4) - 1>
1
> Ap | lim inf Fry,1,x(¢/2), Am . Jlim inf Fr,y1y(t/4)
s 00 14 w(F,;y (t/4) — 1) P

1 1 .
- (LAM (1+¢(Fx,y1(t/4) - 1)’1)> - 1+¢<F,;;(t/4) - 1)’

Vt e Ry, Vx,y e X

so that one gets the following recursion:
m— 00

lim sup (lim sup FT_},x Tmy(t)>
n—00 nnn

<1+ limsup (lim Supgo(l-“l (t/4) — 1))

m—1 m—1
mM—>00 H—>00 T Ty

IA

- <14 lim sup (lim sup o™ (Fx_yl (t/2m+1) — 1)) =1
m— 00 n— 00

since  limy_ 00@™ (Fx_yl (¢/27F1) — 1) =0 since {¢"™(t)} > 0;Vte R;. Then,

limp—ooFyy (£/27F1) = 1,VE € Ry, Vx, y € X, and limy—.coFrng,ny(t) = 1;Vt € Ry,

Vx, y € X. So, there is a subsequence {Tnn} of {T},,} whose elements are strict g-contrac-

tions and the elements of such a subsequence have unique fixed points {xzk } Eq. (32)

can also be got under the conditions of this theorem so that one concludes that {x} — x~
a.s.. The remaining of the proof is close to its counterpart in Theorem 4. O

We now reformulate close results to the above ones associated with strict ¢-contrac-
tions via a dual class of contractions referred to as dual strict ¢-contractions which oper-
ate directly on contractive conditions on the probability density function instead on its
inverse. For that purpose, we first introduce the concept of dual strict comparison func-
tion as follows:
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Definition 4 A non-increasing function ¢ : Ro; — Roy (i.e. ¢(t) > ¢(t,) if ¢, < t,)

is said to be a dual comparison function if {¢p"(£)} — 1,Vt € R;. If, furthermore,
(t — ¢(t)) = 4o0ast— + oo then it is said to be a dual strict comparison function.

Definition 5 Let (X, F) be a PM-space. Then, G : X — X is said to be a dual strict ¢
-contraction if Gz, 1y (£) > q)(Gx,y(t)), Vx,y € X,Vt € R for some dual strict comparison
function ¢ : Ro+ — Ro.

Note that if T'is any strict k-contraction for any given k € (0, 1) then
FTx,Ty(t) > Fx,y (k_lt) > Fx,y(t) = gD(Fx,y(t)); Vx,ye X; Vte R,

if ¢ = 1 which is a dual strict comparison function since F is non-decreasing and
left-continuous.

If {¢"(¢£)} — 1, although ¢ : Ro;+ — Ro+ be non-necessarily unity but a dual strict
comparison function, then

Frntry priiy(t) > Fra1y (k_"t) > (p(Fx,y (k_”t)) = ¢" (Fx,y(t)); Vx,y € X, Vt € Ry.

Since {¢"(t)} — 1,Vt € Ry because it is a dual strict comparison function, all the lim-
its of the above chain equalize unity. So, if T : X — X is any strict k-contraction then it
is also a dual strict ¢-contraction. The converse is not true in general. Assume now that
T : X — X is a dual strict ¢-contraction for some dual strict comparison function ¢ so
that Fry, 1y () > go(Fx,y(t)); Vx,y € X,Vt € Ry. Since F is non-decreasing and ¢ is non-
increasing, we have for k € (0, 1):

Ey, (k’lt) > Fy)(0): ¢(Fx,y (k’lt)) < ¢(Fey(®): VryeX, VteR,

so that Fry7y(t) > go(Fx,y(t)) > ga(Fx,y (k’lt)); Vx,y € X,YVt € Ry and any given
k € (0, 1). One then gets that Fyuy, 7ny(2) > ¢” (Fx,y (k’”t)) so that Frny ny(t) — 1 as
n— oo;Vx,y € X,Vt € Ry. Then, if T : X — X is a ¢-contraction, it is not a strict k-con-
traction, in general.

The next result follows:

Theorem 6 Let (X,F, Ay) be a complete Menger space and let {T,} be a sequence of
operators such that:

1. The operators Ty, : X — X;Vn € Zoy of the sequence {T,} are all dual strict ¢-con-
tractions,
2. {Ty} — T forsomeT : X — X.

Then, T : X — X is a dual strict g-contraction and {x};} — x* a.s., where Fr, = {x};};
Vn € Zy and Fy = {x}. Furthermore {x,,} — x* a.s., where x,,; = T,x,; Vn € Zo for any
given x, € X.
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Proof We have Fr,x1,y(t) > (p(Fx,y(t)); Vx, y € X,Vt € Ry,Vn € Zy4 for some strict
comparison function ¢ : Roy — R4, since all the operators of the sequence {T,} are
dual strict g-contractions; Vx, y € X,Vt € R;. Under close steps to those used in the
proof of Theorem 4, we get instead of (28):

Frugrny(t) > w(FTn_lx‘Tn_ly(t/z;)) > .. " (Fx,y (t/2”+1>>; Vi e Zoy, Vt € R, Vx,y € X o)
and  limy,— oo@" (Fx,y (t/2”+1)) =1, since {p"(t)} > 1;Vt € Ry. Then Ilim,_
Frnyny(t) = 1; V¥t € Ry, Vx, y € X and one can conclude in a similar way to Theorem 4
that T, which is the point-wise limit of the sequence {7} of dual strict ¢-contractions, is
also a dual strict g-contraction. We also can prove the remaining properties of the state-
ment in a close way to the proof of Theorem 4. (]

It turns out that a similar result to Theorem 6, under the guidelines of Theorem 5,
can be directly formulated for the case when {T,,} = T with T, : X — X where the limit
operator T : X — X is a dual strict ¢-contraction.

Numerical example

This section contains some numerical examples illustrating the theoretical results previ-
ously established, in particular Theorems 1, 3 and 6 from “Main results concerning the
uniform convergence of operators” and “Main results concerning the point-wise con-
vergence of operators” sections, respectively. For this purpose, we extend the example
proposed in de la Sen and Ibeas (2015):

Example 4 Consider the space X = Ro4 = [0,+00) with the probabilistic met-

ric given by F,,(t) = where d(x, y) is a deterministic metric, selected in

t
t+d(x,y)
this example as d(x, y) = ||lx — y|| where || - || stands for the Euclidean norm. Clearly,

([0,+oo),Fx,y(t),AM) is a Menger PM-space. Moreover, consider now the iterative
scheme given by x, , = T,x

nm

n € Zo4 with the family of nonlinear operators T, (n > 0)

being defined by T,x, = m on [0, + oo) and f(n) = 2::13. This family of non-
linear operators is simultaneously a strict k and dual strict ¢-contraction (according to
Definitions 1 and 4, respectively) so that conditions from Theorems 1, 3 and 6 hold and
they can be applied simultaneously. A numerical simulation of the iterative scheme is
performed in this section to show these theoretical results. Initially, we must ensure that
they are strict k and dual strict g-contractions. Thus, according to Definition 1 each T,
has to satisfy Fr,, 1,y (kt) > Fyy(£), ¥, y € [0, 4+ 00) and V¢ > O for some real constant

0 < k < 1. Therefore,

y Xx—)

X
Tox — Ty = - =
I fA e fmdty | fmd+nd+y)
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so that
kt ktM,,

Frope 1,y (kt) = =
et ke + Lzl ke + e = 5]

; Vte R+, Vn e Z()+

where M, = fin)(1 + x)(1 + ). On the other hand:

Fuy(t) = ; VteR,

t+||x—y

so that the condition Fr,,7,y(kt) > Fy,(t) becomes:

ktM,,

;. VteR,.
e A T A @4
If we denote now g = kM, and consider the function g(g) = ﬁ;_y” we have:
dg(q) _d qt lx—slle
= = = >0; VteR
dg - dq (qt+ [+ —yH) (at +[lx = o]))* '

Therefore, g(g) is a non-decreasing function and if g > 1 we have g(g) > g(1). Thus,
Eq. (34) holds provided that ¢ = kM,, > 1, condition that can be achieved if:

1 1
k > > —
= inf M, — M,

Moreover, inf M, = infifin)(1 + x)(1 + y)) = inffin) = 2 since X = [0, +00) and Eq. (34)
holds if k > % Therefore, we can choose % <k <1land T, is a strict k-contraction for
every non-negative n. Furthermore, if we select now the dual strict comparison function
¢(t) =1, T, is also a strict dual ¢-contraction since F7,4,1,y(kt) > Fy,(t) still holds when
k = 1 (Definition 4). Therefore, Theorems 1, 3 and 6 hold and the nonlinear iterative
scheme:

Xn

Fn A+ (35)

Xn+1 =

converges to the unique fixed point of T = lim,_ 00Ty = limnﬁwm = ﬁ
which is x” = 0. Figure 1 shows the evolution of the iterative scheme (35) for different
initial conditions. It can be seen in Fig. 1 that the sequence of iterates converges to zero
as predicted by Theorem 2(iii), Theorems 3 and Theorem 6. Moreover, the sequence of

probability functions Fy, .+ (t) = Fy,0(Z) converges to unity as Figs. 2, 3 and 4 show.

Conclusions

This paper has investigated some relevant properties of convergence of sequences built
through sequences of operators which are either uniformly convergent to either a strict
k-contractive operator, for some given real constant k € (0,1), or which are strictly

k-contractive and point-wisely convergent to some limit operator. Those convergence
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Fig. 1 Evolution of the sequence of iterates for different initial conditions
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Fig. 2 Convergence of the sequence of probability functions fy, x= (t) to unity. Display of Fy, o(t)

properties are also reformulated for the case when either the sequence of operators or its
limit are strict ¢-contractions. The limits of the built convergent sequences are either the
limits of the sequence of fixed points of the corresponding sequences of operators or the

fixed points of the limit operator of the sequence of operators. The definitions of strict

k-contractions and ¢-contractions are given in the context of probabilistic metric spaces
for the given probability density function. A numerical illustrative example is proposed
and discussed in detail.
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