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article selected according to the diffusion function. When the pixels locate at the edges,

the total variation filter is selected to filter the image, which can preserve the edges.
When the pixels belong to the flat regions, the fourth-order filter is adopted to smooth
the image, which can eliminate the staircase artifacts. In addition, the split Bregman
and relaxation approach are employed in our numerical algorithm to speed up the
computation. Experimental results demonstrate that our proposed model outperforms
the state-of-the-art models cited in the paper in both the qualitative and quantitative
evaluations.
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Introduction
With the popularity of image sensor, digital images play a key role in people’s daily life.
Unfortunately, images are ineluctably contaminated by noise during acquisition, trans-
mission, and storage. Therefore, image denoising is still an open and complex problem
in image processing and computer vision (Chatterjee and Milanfar 2010). Image denois-
ing aims to recovering the original image u from the observed noisy image uo, where
uy = u + n, and #n is the zero-mean Gaussian white noise with standard deviation o.
During the past three decades, lots of approaches for removing noise have been developed
from linear models to nonlinear models. Linear models perform well in the smooth area.
However, they don't preserve edges and corners. To overcome the disadvantages of the lin-
ear denoising models, nonlinear denoising models have been developed which have a good
balance between noise removal and edge-preserving. Nonlinear models based on variation
(Rudin et al. 1992) and partial differential equation (PDE) (Perona and Malik 1990) have been
widely used for image denoising. The best known variational denoising model is the total vari-
ation (TV) model proposed by Rudin et al. (1992), which minimizes the following equation,

min {/ (IVu|+)L(u—uo)2>dQ} )
v g 2
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where (3 ¢ R? is a bounded open domain with Lipschitz boundary, V denotes the gradi-
ent operator, | Vu|is the TV regularization term, (z — ug)2 is the fidelity term, 4 > O/is the
regularization parameter, which measures the trade off between the regularization term
and the fidelity term.

The classical TV model is efficient for removing noise and preserving the edges. How-
ever, it possesses some undesirable properties in the recovered image under some cir-
cumstances, such as the staircasing effect. To overcome the deficiency of the original TV
model (Strong 1997), developed the adaptive TV regularization based variational model

as,
. A 2
min g@X)|Vul + —(u — ug)” |dQ2 )
o 2
where g(x) is an adaptive edge-stopping function, which is defined in Strong (1997) as
follow,
() = .
ST TTKIVG, () * uol® 3)

where I > 0 is a threshold parameter for balancing the noise removal and edge preser-
vation, and G, (x) is the Gaussian filter with standard deviation p. Seen from (3), g(x) is
smaller near the edges and larger away from the boundaries, so the model of (2) has the
capability of preserving the edges while removing noise because the diffusion is stopped
across edges.

In addition, Nikolova replaced the £2-norm with the £!-norm in the fidelity term of
TV model in Nikolova (2002). Osher et al. (2005) proposed an iterative regularization
method of TV model. Chen et al. (2010) presented an adaptive total variation method
based on the difference curvature. Wang et al. (2011) put forward a modified TV model.

Numerical experiments demonstrate that the models mentioned above have good per-
formance in the terms of the trade-off between removing noise and preserving the edges.
Unfortunately, the staircasing effects appear in the recovered image owing to using the
TV-norm as the regularization term. To overcome this shortcoming, high-order PDE
filters have been proposed and applied for image denoising successfully (Lysaker et al.
2003; Liu et al. 2011). One of the most classical fourth-order PDEs (LLT) is introduced
by Lysaker et al. (2003)

/Q (|V2u| + %(u — u0)2> aQ (4)

where V2 denotes the Laplacian operator. However, a major challenge is that higher-
order PDEs blur the edges during image denoising.

To make use of the advantages of both TV filter and high-order PDE filters, some
hybrid regularization models are recently proposed, which combined the second-order
partial differential equations and the fourth-order partial differential equations (Oh et al.
2013). Li et al. (2007) proposed the adaptive image denoising model based on hybrid
regularizers combining the advantages of TV model and LLT model as follows,

. 2 A 2
mm/ ((1—g)|Vu|+g|V ul + —(u — ug) >ds2 (5)
u Q 2
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where g(x) also denotes the edge-stopping function defined as in (3). The results of
experiments indicate that the model of (5) performs better than the pure second-order
or hight-order models.

In recent years, efficient computational algorithms for solving the denoising mod-
els have emerged in large numbers, for instance, fixed point iteration, gradient descent
methods, primal-dual methods, relaxation methods, Bregman iteration and split Breg-
man method, and so on. These methods are efficient for image denoising while preserv-
ing the edges.

Inspired by Li et al. (2007) and Liu (2015), we propose a novel adaptive anisotropic
diffusion model, incorporating the advantages of the total variation filter and the fourth-
order filter, and develop an efficient computational algorithm. The main contributions of
our paper can be generalized as follows. First of all, the hybrid regularization term of the
novel model is composed of total variation regularization and a fourth-order filter. The
fidelity term uses the H~!-norm as opposed to the more commonly used ¢!-norm or ¢2
-norm. The two above-mentioned filters can be adaptively selected according to the dif-
fusion function. When the pixels locate at the edges, the total variation filter is selected
to filter the image, which can preserve the edges. When the pixels belong to the flat
regions, the fourth-order filter is adopted to smooth the image, which can eliminate the
staircase artifacts. Another main contribution is that the split Bregman and relaxation
approach are successively employed in our numerical algorithm to speed up the com-
putation. Experimental results demonstrate that our proposed model achieves higher
quality in both the qualitative and quantitative aspects than that of the state-of-the-art
models cited in the paper.

The remainder of this paper is organized as follows. In “Preliminaries” section, we
give some definitions. In “The new model and algorithms” section, we give the proposed
model and numerical implementation in detail. The experimental results are given in

“Experiments” section. Finally, this paper is concluded in the fifth section.

Preliminaries
In this section, we give a brief overview of some necessary notations and definitions for
the proposed model, which will be used in the subsequent sections.

Definition 1 (Chen and Wunderli 2002). Let Q be an open bounded subset of
R”(n > 2) with Lipschitz boundary. Given a function # € L!(2). Then the total variation
of u in Q is defined as,

/Q |Vu| := sup {/Q udivpdQ|p € C}(QR"), |$ll1=@) < 1}, (6)

where div is the divergence operator, C1 (2, R") is the subset of continuously differen-
tiable vector functions of compact support contained in €2, and L°°(2) is the essential
supremum norm.

Remark 1 Let the Sobolev space be WV(Q):={u e L (Q)|Vu e L (Q)}. If
lullgy2q) = fQ IVl + llullyi ) the space BV?2(Q)is a Banach space.
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Definition 2 (Liu et al. 2007). Let 2 be an open bounded subset of R”(n > 2) with Lip-
schitz boundary. Given a function # € L!(2). Then the BV seminorm of u is defined as,

/ |V2u| := sup {/ < Vu,div(p) >pn g € CHQ,R™M), [@llro@) < 1}, (7N
Q Q

where
le(gD) = (le(Qﬁl), diV((PZ); Tt ,diV(QDn)): (8)
with Vi, g; = g}, - ¢ and divig) = Y, 3, andllgll = /S0y (62,

Definition 3 (Liu 2015). Let 2 be an open subset of R”(n > 2) with Lipschitz bound-
ary. Given a function u € L'(2), and let «(x) > 0 be a continuous real function. Then the
a—total Variation of u# in Q2 is defined by,

/ a|Vu| := sup {/ udivgpdQ|¢p € C}(Q, R, lgillzo) <, 1 <i < n}, )
Q Q

where the vector valued function ¢ = (¢1, ¢2, . . ., ¢,). Moreover, the « — BV seminorm
is characterized by ||u|lq—pv = an|Vu| + llull 1 )

Definition 4 (Liu 2015). Let Q2 be an open subset of R"”(n > 2) with Lipschitz bound-
ary. Given a function u € LY(2), and let B(x) > 0 be a continuous real function. Then the
weighted BV? seminorm of u in Q is defined as,

/ BIV2u| == sup {/ < Vu,div(p) >pn |¢ € CCZ(Q, R™), @l < ﬁ}, (10)
Q Q

and |ullg_py2(0) = [q BIV?ul + lullyr1 gy

Definition 5 (Jia et al. 2011). For 4 > 0 and ¢ € R, the soft thresholding operator
cut(c, %) is defined as,

NI
cut(c,q>= ¢ if —1i<c<l, (11
& —% if c<—%.

The new model and algorithms

The proposed model

Meyer analyzed that there exists no oscillation function in the space L?(2) and a weaker
H~l-norm is appropriate to represent textured or oscillatory patterns (Meyer 2001), so
that we replace £%-norm of the fidelity term (uo — u) with H ~Lnhorm. Therefore, a novel
adaptive image denoising model is proposed,

A
min {E(u) - /Q (1= g@)|Vul + g @) VuDdS + Jlluo — ully } (12)
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where u and ug are the recovered image and the noisy image, respectively. Seen from
Eq. (12), the H -norm is considered as the fidelity term and the regularization term is
composed of a total variation regularization and a fourth-order filter in the proposed
model. ||ug — u||?1,1 = fQ IV(A~Y(ug — u))|?dS2, and A~1 is the inverse Laplace opera-
tor. The diffusivity function g(x) is defined as,

gx) = exp(—K|VG,, * up|?), (13)

where Gaussian filter G, (x) pre-smooths the noisy image. The larger standard deviation
o of the noise is, the larger standard deviation p of Gaussian filter is. We set p = Co,
where C lies between 0 to 1. When g(x) — 0, it means that the pixels locate at the edges.
Then total variation filter is selected to filter the image, which can preserve the edges.
When g(x) — 1, it means that the pixels belong to the flat regions. Then the fourth-
order filter is adopted to smooth the image, which can eliminate the staircase artifacts.
We replace g(x) with g in the next part of this article. Figure 1 shows the results of image
denoising by our proposed model and model from Li et al. (2007), which demonstrates
that the model whose fidelity term uses the H~!-norm yields better results in image
denoising since H~!-norm is appropriate to represent textured or oscillatory patterns.

The numerical algorithm for the proposed model
We apply a split Bregman method (Cai et al. 2009) to solve Eq. (12). The idea of split
Bregman method is to use splitting operator and Bregman iteration to solve various
inverse problems (Goldstein and Osher 2009).

We turn Eq. (12) into the following constrained minimization problem by introducing

an auxiliary variable z,
)\/
min {/ ((1 —9)|Vu| +g|V2u| + 5|V(A—1(uo - z))|2)dQ},s.t.z =u. (14)
Q

The method of solving the constrained minimization problem is that it may be trans-
formed into the unconstrained minimization problem, so the constrained problem (14)
can be turned into the following unconstrained problem by introducing an auxiliary var-
iable b,

u,z,

i
mn; {/ <(1 — )| Vu| +g|V2u| + E|V(A—1(u0 - z))|2>dQ + %Ilu —z+ bll%},
Q
(15)

By taking advantage of split Bregman method, Eq. (15) can be solved iteratively accord-
ing to the following equations,

uktl = min, { [o((1 — @)|Vul + g|V2u)dQ + &llu — 25 + bX)|3},
A = ming {4 [ IV(A w0 — 2)PdR + § b+ — 2+ 0F3}, (16)

bk+1 — bk +Ltk+1 _Zk-i-l’

where k is the number of iterations.
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e f

Fig. 1 Results of image denoising by our model and model from Li et al. (2007). a Original image, b noisy
image with o = 25, € result by our model, d noise, detecting by our model, e result by model from Li et al.
(2007), f noise, detecting by model from Li et al. (2007)

Solve the first subproblem in Eq. (16)
At present, the Euler-Lagrange equation method is usually used to solve the problem
similarity to the first subproblem in Eq. (16). However, it works slowly. To accelerate the
computation speed, the split Bregman algorithm and relaxation algorithm are adopted
to solve the first subproblem in Eq. (16).

First, we define |[Vu| = || V,ull1 + || Vyull1, and IV2u| = || Agull1 + |Ayull;, and then
the first subproblem in Eq. (16) can be rewritten as follows,

. K
w1 = min {1 = @) (1 Vsl + [V,010) + gl Aataly + 11 8y0010) + 5 1w = 25 + BH13 .

a7)
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where V, V), A, and Ay are the first-order difference operators and the second-order
difference operators, respectively. All the difference operators are approximated using
following formulas:

{0 if i=1,
quz,] - { ui,j — ui—l,j %f 1<i < M, (18)

_Jo if j=1,

Vytij = { uij—uij-1  if 1<j=<N, (19)
Uy — Uy if i=1,

Aguij = 2uij —uj—1; — i1y if 1<i<M, (20)
UM—1j — UM, if i=M
Wil — Ui if j=1,

Ayuij = 2ij — Uij—1 — Uij+1 lf 1 <j <N, 21
UiN—1 — UiN if j=N.

where M x N represents the image size.
Second, we introduce four auxiliary variables vy, vy, wx, and wy, and then Eq. (17) can
be transformed into the following constrained optimization problem,

. 1z
w1 = min {1 = @) (1vsll + Iy 1) +gloslh + oyl + 5 I — 2 + 515 },
(22)

with vy, = Ve, vy = Vyu, 0 = Ayu,and 0y = Ay,
The above constrained problem (22) are turned into the unconstrained minimization
problem,

W= min ) {@ =@ Uvxl + vyl + gllwxlls + llwylin)

Ug, Uy, WDy,
uw o o
ol =25+ BN + Sl = Ve — £515 + S oy = Vyu — £ 13
B B
5 Mo — At = 115 + 2 lloy — Ay — 13 ¢, (23)
where the parameters @ > 0 and B > 0. Let F(vy, vy, Viut, Vyur) = §|lvx — Vyu —ka||5+

Llvy — Vyu—£K13 and  E(wy, oy, Agtt, Ayit) = § |l — Arr — k|13 + B lloy — Ayu—
c;f ||%, and apply the split Bregman method, Eq. (23) can be solved by following equations,

A — min, {%Ilu — 2K+ BK(3 + F U, vf, Vi, Vyu) + E(f, of, Ayu, Ayu)},
WL ) = min{(1 =) (luxlh + vyl + Fus, vy, Va1, Wy,
XYy

X )

(@, k) = ming, o, (g(loxl + lloylh) + E(@s oy, A+, Auk+h), 24

with the update equations,

x y Y y

C];-H — CI; _ (w§+1 _ Auﬁ“), C;/(—H — C;( _ (a)k+1 _ AMJI;—H),

{ xk+1 :fk _ (U£+1 _ VMI;-H), fk+1 :fk o (Uk+1 _ VMI;-’_I), o5)

Y
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— 0_¢0_,0_ .0_ 0_,0_,0_,0_
where k > 0. For k = 0, choose f/ =’ = ¢; = ¢, =0and v, = v = w; =, =0.

According to the relaxation algorithm (Jia et al. 2011), we may define,

k
x

cut(Vouk + [, 1/a),  fF = cut(Vyuk + £51, 1/ ),
(26)

c/; cut (Axu* + cfg_l, 1/8), c;f = cut(Ayuk + V)]f_l, 1/8).

So, we have

o B
W= (Lo | = b - S VA - Caafe + AT

27)

where VxT s VyT , A}; and A}w are respectively the adjoint operators of Vy, V;, Ay and A, Vf
and VyT have the following discrete forms,

—uyj if i=1,
VxTuilj =q uij—uir1; if l<i<M, (28)
UM.j if i=M
T — 2 lf /= 1.’
Vo uij =4 Uij — Uij+1 if 1<j<N, (29)
y . .
Ui,N if j=N

Definitely, AT = A, and A} = A,

Solve the second subproblem in Eq. (16)
For the second subproblem in Eq. (16), we derive the Euler-Lagrange equation with
respect to z, which is as follows,

(4 — uD)z = dug — p A + bF). (30)

This is a linear equation, so additional operator split (AOS) iteration and Gauss—Seidel
(GS) iteration can be used to solve Eq. (30). We use AOS iteration to solve this equation.
In summary, the proposed algorithm for image denoising can be described as follows,

Algorithm 1. The proposed algorithm for image denoising
Initialization:u® = 2% = uy, =0, f0= fz? = = 62 =0, and k=0;
Step 1: Compute u*+! according to Eq. (27);

Step 2: Compute z**! according to Eq. (30);

Step 3: Compute b**! according to the third term in Eq. (16);
Step 4: k=k+1.

Until the stop condition is satisfied.
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Experiments
In this section, we experimentally compare our proposed model with the state-of-the-art
models. All experiments are performed under Matlab R2009a on a PC with an Intel CPU

” « ” «

of 1.7 GHz and 4 GB memory. Six grayscale images viz. “Manmade’, “Lena’; “Peppers’,
“Barbara’; “Cameraman’, and “House” are selected as testing examples for both qualita-
tive and quantitative evaluations. The original test images are shown in Fig. 2. The per-
formances of all methods are compared quantitatively by using the peak signal to noise
ratio (PSNR), structural similarity index measure (SSIM) (Wang et al. 2004), multi-scale
structural similarity index (MS-SSIM) (Wang et al. 2003), and feature-similarity index
(FSIM) (Zhang et al. 2011). In addition, we also compare the computing time and itera-

tions of six models. PSNR is defined as follows,

2

255
PSNR =1 — ,
SNR = 10 x logio (MSE) (db) (31)

e f
Fig. 2 Original test images. a Manmade image, b lena image, ¢ peppers image, d barbara image, e camera-
man image, f house image
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with
_ 1 =2
MSEh#) = 30 D > (it = i))?) (32)
i

where u and # are respectively the recovered image and the original image. Generally,
the larger the value of the PSNR, the better the performance. However, PSNR is incon-
sistent with human visual judgments. SSIM, MS-SSIM, and FSIM are close to the human
vision system, so we also use them to assess the noise removal quality. SSIM is defined

by,

Quypa + c1)(2oyz + ¢2)

SSIM(u, u) = )
(13 + 13 + D) (0F +0f +¢2)

(33)

where 1, and 03 are the mean and variance of u, respectively, o,; is the covariance of u
and 1, and ¢1 and ¢y are two constants to avoid instability. MS-SSIM is defined by,

M
MS-SSIM(u, ) = [Ip(u, 1)]*M H[Ci(u: in)1P [s;(u, 1)]", (34)
i=1

where the luminance distortion /;(«, i), the contrast distortion c¢;(u, i) and the structure
distortion s; (i, iz) at scale i between images u and i are defined as follows,

Li(u, i) = Zutater .
l( ’ ) M%+I‘L%+Cl
. -\ __ 20403+Cy .
Glhit) = o otey’ (35)
- 202,43
si(u, i) = 02?—5+c3,
u-u

where 1, and pj represent the mean intensity of # and u at scale i; o, (resp. o) is the
standard deviation of u (and i) at scale i, and oy is the covariance between u and i at
scale i. ¢, c3 and c3 are three small constants to avoid instability. In this paper, the values
of the exponents a,y, B; and y; are set as the same as those in Wang et al. (2003). FSIM is
defined by,

> xeq SLE)PCp (%)

FSIM =
2xeq PCn(x)

(36)

where Sy (x) at each location x is the similarity measure, which is defined as product of
the similarity function Spc(x) on Phase Congruency (PC) and similarity function Sg(x)
on Gradient Magnitude (GM). Spc (x) and S (x) are defined as follows,
_ 2PCy(x)-PCy(x)+T
Spc(®) = poatorpCim Ty

So(x) = 26u) Gy Ty (37)
G G2(0)+G2()+T>

where PC, and PCj; denote the PC maps extracted from u and i, respectively, and G, and
Gj; denote the GM maps extracted from u and #, respectively; 77 and T, are two small
positive constants to avoid instability.

Page 10 of 24
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The termination condition for all experiments is defined as follows,

n+1 n2
"™ —u"|3

<eg, 38
13 %)

where #” and ! are respectively denoising results at nth and (# + 1)tk iteration, and &
is a given positive number. We set ¢ = 1073 in the experiments.

Figure 3 shows the results for the 8-bit gray-scale synthetic image with size 320 x 320
pixels, which is corrupted by zero-mean Gaussian white noise with o = 30. In our
experiments, we use the trial-and-error method for determining the optimal param-
eters. We set u =03, « = 8 =0.15, t = 0.2, £ =0.005, and p =1 in our algorithm,
while all parameter values in TV model Rudin et al. (1992), LLT model Lysaker et al.
(2003), non-local means (NLM) model Buades et al. (2005), BLS-GSM Portilla et al.

5 5
C@ Ad@
W e
*HO

A®@ Al©

Fig. 3 Results of the synthetic image by the six models. a Original image, b noisy image, ¢ result by TV
model, d result by LLT model, e result by NLM model, f result by BLS-GSM model, g result by hybrid model, h
result by our model

*HO
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(2003), and hybrid model Liu (2015) are chosen manually by trial-and-error method
to ensure the best results. Figure 3a, b are the original and noisy images, respectively.
Figure 3c—h show that the denoising results of TV model, LLT model, NLM model, BLS-
GSM, hybrid model, and our proposed model, respectively. Figure 3c indicates that there
exists the staircase effects in the recovered images by TV model. Although LLT model
has the advantage on relieving the staircase effect, the edges are blurred and there are
serious speckles in the recovered image. The computational efficiency of NLM model is
very low. There exits the edges blurring in the result of BLS-GSM from Fig. 3f. We also
find that there still exits a little stair-case effect by hybrid model from Fig. 3g. Our pro-
posed model relieves the staircasing effects and avoids the edges blurring. Table 1 shows
the PSNR, SSIM, MS-SSIM, and FSIM values corresponding to Fig. 3. From Table 1 and
Fig. 3, it is shown that our proposed model produces the best result. At the same time,
the proposed method takes less computational time than LLT model, NLM model and
hybrid model, but the computational time of our proposed method is slightly inferior to
that of TV model and BLS-GSM.

In order to demonstrate that our model can also work well for natural images, the next
experiments are conducted for different images corrupted by zero-mean Gaussian white
noise with & = 30. The experimental results are shown in Figs. 4, 5, 6, 7 and 8, where the
experimental results of TV model, LLT model, NLM model, BLS-GSM, hybrid model,
and our proposed model are illustrated, respectively. The figures show that our model
produces the visually most appealing results among the six models. The quantitative
PSNR, SSIM, MS-SSIM, and FSIM values are presented in Fig. 9, which depicts that the
performance of our proposed model are better than those of TV model, LLT model,
NLM model, BLS-GSM, and hybrid model. In order to verify the better performance of
our proposed method, Fig. 10 shows the enlarged regions cropped from Fig. 4.

We also use six images corrupted with different levels of Gaussian noise to examine
the performance of the proposed model and the alternative models. Tables 2, 3, 4 and 5
give the PSNR, SSIM, MS-SSIM, and FSIM values obtained by the proposed model and
the alternative models, respectively. From Tables 2, 3, 4 and 5, it can be observed that
our model is greater than or equal to the other five models in PSNR, SSIM, MS-SSIM,
and FSIM for the same standard deviation, which demonstrate that our model provides

the best noise removal performance at different noise level.
Conclusions

To eliminate the so-called staircase effect in total variation filter and avoid the edges
blurring for fourth-order PDE filter, we propose an adaptive anisotropic diffusion

Table 1 Performance comparison of the recovered results with different methods in Fig. 2

Method PSNR SSIM MS-SSIM FSIM Iterations Time(s)
TV model 31.97 091 0.97 0.94 246 11.20
LLT model 30.62 0.86 0.95 0.75 216 87.21
NLM model 32.15 0.89 0.97 0.89 1 27542
BLS-GSM 31.94 0.92 0.96 091 1 4.68
Hybrid model 3267 0.92 0.96 0.90 197 93.72

Proposed model 3349 0.93 097 0.93 147 81.72
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g h
Fig. 4 Results of Lena image by the six models. a Original image, b noisy image, ¢ result by TV model, d result

by LLT model, e result by NLM model, f result by BLS-GSM model, g result by hybrid model, h result by our
model

model for image denoising, which is composed of a hybrid regularization term combin-
ing a total variation filter and a fourth-order filter and the fidelity term using the H~!
-norm. We also develop an efficient algorithm to solve our proposed model. Numerical
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Fig. 5 Results of Peppers image by the six models. a Original image, b noisy image, ¢ result by TV model, d
result by LLT model, e result by NLM model, f result by BLS-GSM model, g result by hybrid model, h result by
our model
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g h
Fig. 6 Results of Barbara image by the six models. a Original image, b noisy image, ¢ result by TV model, d

result by LLT model, e result by NLM model, f result by BLS-GSM model, g result by hybrid model, h result by
our model
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Fig. 7 Results of Cameraman image by the six models. a Original image, b noisy image, ¢ result by TV model,
d result by LLT model, e result by NLM model, f result by BLS-GSM model, g result by hybrid model, h result
by our model
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g h
Fig. 8 Results of House image by the six models. a Original image, b noisy image, ¢ result by TV model, d

result by LLT model, e result by NLM model, f result by BLS-GSM model, g result by hybrid model, h result by
our model
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Fig. 9 Comparison results in a PSNR, b SSIM, € MS-SSIM and d FSIM for Gaussian noise with o = 30
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g h
Fig. 10 The enlarged detail regions cropped from Fig. 3. a Original image, b noisy image, ¢ result by TV

model, d result by LLT model, e result by NLM model, f result by BLS-GSM model, g result by hybrid model, h
result by our model
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Table 2 Comparison results in PSNR(dB) for different levels of Gaussian noise

Method Lena Peppers Barbara Cameraman House
o=>5
Noise 35.76 34.18 33.15 3397 35.17
TV model 3746 36.86 35.96 3595 3712
LLT model 36.92 35.94 3567 3567 36.34
NLM model 3741 36.48 36.72 36.76 37.81
BLS-GSM 37.16 36.37 36.18 36.63 37.53
Hybrid model 37.07 36.19 36.11 36.07 37.25
Proposed model 3744 36.52 36.82 36.81 37.89
o=10
Noise 27.72 28.18 28.15 28.12 28.12
TV model 33.72 33.19 30.07 32.39 34.27
LLT model 3261 31.98 30.12 31.87 32.14
NLM model 34.79 33.35 33.81 3341 3541
BLS-GSM 34.64 3325 3357 3326 3532
Hybrid model 34.56 3313 3341 3322 3525
Proposed model 35.07 33.86 34.15 34.27 35.64
o =20
Noise 22.17 22.16 22.15 22.20 22.18
TV model 3151 30.54 2878 2947 31.21
LLT model 30.67 2937 27.79 29.32 30.29
NLM model 31.69 31.02 29.92 30.82 31.82
BLS-GSM 31.54 30.76 29.64 3059 31.54
Hybrid model 3145 30.71 29.19 30.38 3143
Proposed model 3197 31.17 3032 3098 3229
o =40
Noise 16.11 16.09 16.12 16.08 16.14
TV model 29.22 27.95 2693 27.62 28.85
LLT model 2846 26.07 2592 27.19 27.95
NLM model 29.57 28.19 27.89 2859 2942
BLS-GSM 29.36 28.13 27.67 28.35 29.17
Hybrid model 29.49 2812 27.86 2847 29.23
Proposed model 30.13 28.94 2842 29.15 30.27
o =50
Noise 1417 14.23 14.21 14.16 14.19
TV model 27.51 26.05 24.77 25.89 27.73
LLT model 26.89 25.07 2391 2511 26.84
NLM model 27.95 26.21 25.69 26.32 27.06
BLS-GSM 27.67 26.03 2543 26.13 26.74
Hybrid model 27.76 26.14 2517 26.27 26.97

Proposed model 28.21 26.97 25.88 26.62 2737
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Table 3 Comparison results in SSIM for different levels of Gaussian noise

Method Lena Peppers Barbara Cameraman House
o=>5
Noise 0.85 0.85 0.89 0.84 0.80
TV model 093 091 0.92 0.93 097
LLT model 091 0.89 0.93 0.92 0.94
NLM model 0.94 092 0.96 094 097
BLS-GSM 0.94 092 0.96 0.96 0.98
Hybrid model 0.94 093 0.96 0.96 0.98
Proposed model 0.94 0.93 097 0.97 0.97
o=10
Noise 061 061 0.71 063 053
TV model 0.89 0.88 0.87 0.86 0.90
LLT model 0.87 0.86 0.85 0.86 0.89
NLM model 0.90 0.89 0.90 0.90 0.92
BLS-GSM 091 0.88 0.91 092 092
Hybrid model 091 0.88 0.90 0.90 091
Proposed model 091 0.89 0.91 0.91 0.90
o =20
Noise 0.34 043 048 041 035
TV model 0.86 0.85 0.82 0.83 084
LLT model 0.84 0.83 0.80 0.82 0.83
NLM model 0.87 0.86 0.83 0.85 0.85
BLS-GSM 0.86 084 083 0.84 087
Hybrid model 0.87 0.85 0.82 0.83 0.85
Proposed model 0.89 0.87 0.84 0.86 0.87
o =40
Noise 0.15 0.21 0.26 0.22 0.16
TV model 0.79 0.77 0.75 0.77 0.80
LLT model 0.75 0.74 0.73 0.74 0.76
NLM model 0.82 0.80 0.76 0.76 0.82
BLS-GSM 0.79 0.77 0.74 0.76 0.83
Hybrid model 0.81 0.79 0.76 0.78 0.81
Proposed model 0.82 0.79 0.75 0.79 0.83
o =50
Noise 0.11 0.17 0.15 0.18 0.13
TV model 0.73 0.72 0.69 0.71 0.73
LLT model 0.70 0.69 0.65 0.69 0.70
NLM model 0.73 0.74 0.71 0.70 0.75
BLS-GSM 0.74 0.73 0.69 0.72 0.75
Hybrid model 0.73 0.73 0.70 0.71 0.74

Proposed model 0.74 0.74 0.72 0.73 0.76
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Table 4 Comparison results in MS-SSIM for different levels of Gaussian noise

Method Lena Peppers Barbara Cameraman House
o=>5
Noise 097 098 098 097 097
TV model 0.99 0.99 0.99 0.98 0.99
LLT model 0.96 0.99 0.95 0.96 0.97
NLM model 0.98 0.99 0.99 098 0.98
BLS-GSM 0.99 0.99 0.98 0.98 0.98
Hybrid model 0.98 098 098 097 097
Proposed model 0.99 0.99 0.99 0.99 0.99
o=10
Noise 093 095 0.95 093 092
TV model 097 0.98 0.97 0.97 097
LLT model 0.96 097 095 0.96 0.96
NLM model 0.98 0.98 0.98 0.98 0.98
BLS-GSM 0.98 098 097 0.98 098
Hybrid model 097 097 098 0.99 098
Proposed model 0.98 0.98 0.98 0.99 0.98
o =20
Noise 0.83 0.89 0.88 0.83 0.82
TV model 0.95 097 092 093 0.96
LLT model 0.94 0.95 0.92 091 0.93
NLM model 097 0.97 0.96 0.96 0.97
BLS-GSM 0.96 0.96 0.96 095 097
Hybrid model 0.96 0.95 0.96 0.95 0.96
Proposed model 097 0.96 0.97 0.96 0.96
o =40
Noise 0.66 0.76 0.73 0.68 0.65
TV model 091 0.93 0.87 0.89 092
LLT model 0.88 0.89 0.85 0.82 0.85
NLM model 093 094 092 093 094
BLS-GSM 093 0.93 091 0.93 0.94
Hybrid model 092 093 0.90 092 093
Proposed model 0.93 0.94 0.92 0.94 0.94
o =50
Noise 0.60 0.70 067 063 0.60
TV model 0.89 091 0.85 0.89 0.90
LLT model 0.84 0.86 0.82 0.80 0.82
NLM model 091 092 0.89 091 0.92
BLS-GSM 091 092 0.88 0.90 092
Hybrid model 0.90 091 0.88 0.89 091

Proposed model 092 0.92 0.90 0.91 0.92
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Table 5 Comparison results in FSIM for different levels of Gaussian noise

Method Lena Peppers Barbara Cameraman House
o=>5
Noise 0.99 0.96 0.99 095 0.95
TV model 0.99 0.97 0.99 0.97 097
LLT model 0.99 0.97 0.99 0.97 0.97
NLM model 0.99 098 0.99 098 097
BLS-GSM 0.99 0.97 0.99 0.98 0.97
Hybrid model 0.99 097 098 097 0.96
Proposed model 0.99 0.99 0.99 0.98 0.98
o=10
Noise 0.95 087 0.96 0.86 0.86
TV model 0.98 0.95 0.96 0.93 0.93
LLT model 097 094 097 093 093
NLM model 0.98 097 0.98 0.95 0.95
BLS-GSM 0.98 0.96 097 095 094
Hybrid model 097 0.95 0.96 0.94 0.94
Proposed model 0.98 0.96 0.97 0.96 0.95
o =20
Noise 0.86 0.73 0.88 0.72 0.71
TV model 0.95 091 092 0.88 0.88
LLT model 0.94 0.90 0.92 0.86 0.88
NLM model 0.96 0.94 0.94 091 092
BLS-GSM 0.95 093 094 0.90 091
Hybrid model 0.94 092 0.93 0.89 091
Proposed model 0.96 093 0.94 0.91 092
o =40
Noise 0.72 0.54 0.74 0.56 053
TV model 093 0.86 0.89 0.81 0.84
LLT model 091 0.81 0.86 0.76 0.82
NLM model 093 0.89 092 0.85 0.88
BLS-GSM 0.92 0.88 0.92 0.84 0.87
Hybrid model 092 087 091 0.84 087
Proposed model 0.94 0.89 0.92 0.85 0.88
o =50
Noise 0.65 048 067 0.51 048
TV model 0.89 0.83 0.87 0.79 0.82
LLT model 0.86 0.78 0.84 0.73 0.79
NLM model 091 0.88 0.90 0.83 0.85
BLS-GSM 0.90 087 0.89 0.82 0.85
Hybrid model 0.89 0.86 0.88 0.81 084

Proposed model 091 0.88 0.90 0.82 0.85
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experiments show that our proposed model has the highest PSNR, SSIM, MS-SSIM, and
FSIM values among the six methods, and can preserve important structures, such as
edges and corners.

Authors’ contributions
Dr. KL carried out the study design and drafted the manuscript. Prof. JT analyzed the theory and revised the manuscript.
Dr. KL and Dr. LA participated in software programming and analysis. All authors read and approved the final manuscript.

Author details
! School of Computer and Information, Hefei University of Technology, Tunxi Road, 23009 Hefei, China. > The Key Lab
of Intelligent Perception and Computing of Anhui Province, Jixian Road, 246011 Anging, China.

Acknowledgements
This work is supported by the National Science Foundation of China (No. 61472466) and NASF-Guangdong Joint Foun-
dation (Key Project) (No. U1135003).

Competing interests
The authors declare that they have no competing interests.

Received: 5 January 2016 Accepted: 14 March 2016
Published online: 02 April 2016

References

Buades A, Coll B, Morel JM (2005) A review of image denoising algorithms, with a new one. Multiscale Model Simul
4(2):490-530

Cai J, Osher S, Shen Z (2009) Split Bregman methods and frame based image restoration. SIAM J Multiscale Model Simul
8(2):337-369

Chatterjee P, Milanfar P (2010) Is denoising dead? IEEE Trans Image Process 19(4):895-911

Chen Q, Montesinos P, Sun QS et al (2010) Adaptive total variation denoising based on difference curvature. Image Vis
Comput 28(3):298-306

Chen YM, Wunderli T (2002) Adaptive total variation for image restoration in BV space. J Math Anal Appl 2272(1):117-137

Goldstein T, Osher S (2009) The split Bregman method for L1-regularized problems. SIAM J Imaging Sci 2(2):323-343

Jia RQ, Zhao H, Zhao W (2011) Relaxation methods for image denoising based on difference schemes. SIAM J Multiscale
Model Simul 9(1):355-372

Li F, Shen CM, Fan JS, Shen CL (2007) Image restoration combining a total variational filter and a fourth-order filter. J Vis
Commun Image Represent 18(4):322-330

Liu XW (2015) Efficient algorithms for hybrid regularizers based image denoising and deblurring. Comput Math Appl
69(7):675-687

Liu XW, Huang LH, Guo ZY (2011) Adaptive fourth-order partial differential equation filter for image denoising. Appl Math
Lett 24(8):1282-1288

Liu Q, Yao Z, Ke Y (2007) Entropy solutions for a fourth-order nonlinear degenerate problem for noise removal. Nonlinear
Anal Theory Methods Appl 67(6):1908-1918

Lysaker M, Lundervold A, Tai XC (2003) Noise removal using fourth-order partial differential equation with applications to
medical magnetic resonance images in space and time. IEEE Trans Image Process 12(12):1579-1590

MeyerY (2001) Oscillating patterns in image processing and nonlinear evolution equations. University Lecture Series, vol
22, Am Math Soc, Providence, Rl

Nikolova M (2002) Minimizers of cost-functions involving nonsmooth data-fidelity terms. SIAM J Numer Anal
40(3):965-994

Oh S, Woo H, Yun S et al (2013) Non-convex hybrid total variation for image denoising. J Vis Commun Image Represent
2013(3):332-344

Osher S, Burger M, Goldfarb D et al (2005) An iterative regularization method for total variation based on image restora-
tion. Multiscale Model Simul 4(2):460-489

Perona P, Malik J (1990) Scale-space and edge detection using anisotropic diffusion. IEEE Trans Pattern Anal Mach Intell
7:629-639

Portilla J, Strela V, Wainwright MJ, Simoncelli EP (2003) Image denoising using scale mixtures of Gaussians in the wavelet
domain. IEEE Trans Image Process 12(11):1338-1351

Rudin LI, Osher S, Fatemi E (1992) Nonlinear total variation based noise removal algorithms. Phys D 60(1):259-268

Strong DM (1997) Adaptive total variation minimizing image restoration. Ph.D. thesis, UCLA

Wang Z, Bovik AC, Sheikh HR et al (2004) Image quality assessment: from error visibility to structural similarity. I[EEE Trans
Image Process 13(4):600-612

Wang Y, Chen'W, Zhou S et al (2011) MTV: modified total variation model for image noise removal. Electron Lett
47(10):592-594

Wang Z, Simoncelli EP, Bovik AC (2003) Multi-scale structural similarity for image quality assessment. In: Proceedings of
international conference on signals, sysstems and coputers, Pacific Grove, USA

Zhang L, Mou X, Zhang D (2011) Fsim: a feature similarity index for image quality assessment. IEEE Trans Image Process
20(9):2378-2386



	Hybrid regularizers-based adaptive anisotropic diffusion for image denoising
	Abstract 
	Introduction
	Preliminaries
	The new model and algorithms
	The proposed model
	The numerical algorithm for the proposed model
	Solve the first subproblem in Eq. (16)
	Solve the second subproblem in Eq. (16)


	Experiments
	Conclusions
	Authors’ contributions
	References




