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Background

A multilayer perceptron network trained with a highly popular algorithm known as the
error back-propagation (BP) has been dominating in the neural network literature for
over two decades (Haykin 2008). BP uses two practical ways to implement the gradi-
ent method: the batch updating approach that accumulates the weight corrections over
the training epoch before performing the update, while the online learning approach
updates the network weights immediately after each training sample is processed (Wil-
son and Martinez 2003).

Note that training is usually done by iteratively updating of the weights that reduces
error value, which is proportional to the negative gradient of a sum-square error (SSE)
function. However, during the training of feedforward neural networks (FNN) with
SSE, the weights might become very large or even unbounded. This drawback can be
addressed by adding a regularization term to the error function. The extra term acts as a
brute-force to drive unnecessary weights to zero to prevent the weights from taking too
large values and then it can be used to remove weights that are not needed, and is also
called penalty term (Haykin 2008; Wu et al. 2006; Karnin 1990; Reed 1993; Saito and
Nakano 2000).
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There are four main different penalty approaches for BP training: weight decay pro-
cedure (Hinton 1989), weight elimination (Weigend et al. 1991), approximate smoother
procedure (Moody and Rognvaldsson 1997) and inner product penalty (Kong and Wu
2001).

In the weight decay procedure, the complexity penalty term is defined as the squared
norm of the weight vector, and all weights in the multilayer perceptron are treated
equally. In the weight elimination procedure, the complexity penalty represents the
complexity of the network as function of weight magnitudes relative to a pre-assigned
parameter (Reed 1993).

In approximate smoother procedure, this penalty term is used for a multilayer per-
ceptron with a single hidden layer and a single neuron in the output layer. Compared
with the earlier methods, it does two things. First, it distinguishes between the roles of
weights in the hidden layer and those in the output layer. Second, it captures the interac-
tions between these two sets of weights, however, it is much more demanding in com-
putational complexity than weight decay or weight elimination methods. In Kong and
Wu (2001) the inner-product form is proposed and its efficiency in general performance
of controlling the weights is demonstrated. Convergence of the gradient method for the
ENN has been considered by Zhang et al. (2015, 2009), Wang et al. (2012) and Shao and
Zheng (2011).

The convergence of the gradient method with momentum is considered in Bhaya and
Kaszkurewicz (2004), Torii and Hagan (2002), Zhang et al. (2006), in Bhaya and Kasz-
kurewicz (2004) and Torii and Hagan (2002) under the restriction that the error func-
tion is quadratic. Inspired by Chan and Fallside (1987), Zhang et al. (2006) considers the
convergence of a gradient algorithm with adaptive momentum, without assuming the
error function to be quadratic as in the existing results. However, in Zhang et al. (2006),
the strong convergence result is based on the assumption that the error function is uni-
formly convex, which still seems a little intense.

The size of a hidden layer is one of the most important considerations when dealing
with real life tasks using FNN. However, the existing pruning methods may not prune
the unnecessary weights efficiently, so how to efficiently simplify the network structure
becomes our main task.

Recently, considerable attention has been paid to the sparsity problems and a class of
regularization methods was proposed which take the following form:

1 n
min {n > i hx) + ﬂ»nhnk} M)

i=1

where I(-,-) is a loss function, (x;, ;) is a data set, and /4 is the regularization param-
eter. When / is in the linear form and the loss function is square loss, || 4| is normally
taken as the norm of the coefficient of linear model.

For k =0, (1) becomes L regularization and can be understood as a penalized least
squares with penalty ||/1]|o, which yields the most sparse solutions, but for large data anal-
ysis it faces the problem of combinatory optimization (Davis 1994; Natarajan 1995). In
order to deal with such difficulty, Tibshirani (1996) proposed L; regularization where
k = 1and||4|; is the L1 norm of n dimensional Euclidean space R”, which just needs to
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solve a quadratic programming problem but is less sparse than the L regularization. At
the same time Donoho (1995, 2005) proved that under some conditions the solutions of
the Lo regularizer are equivalent to those of the Lj, so the hard NP optimization problem
can be avoided in the L; regularizer. In order to find a new regularizer which is more
sparse than the L; regularizer while it is still easier to be solved than the Ly regularizer, in
Xu et al. (2010) a modified L1 7 regularizer is proposed of the following form:

A 1 d 1
B =argmm{n > —XiTﬂ>2+AZ|ﬁi|z} )
i=1 i=1

1
2

where / is the tuning parameter. As shown in Xu et al. (2010), L1 /5 regularizer has a non-
convex penalty and possesses many promising properties such as unbiasedness, sparsity,
oracle properties and can be taken as a representative of the L, (0 < r < 1) regularizer.
Recently, we develop a novel method to prune FNNs through modify the usual L1/,
regularization term by smoothing technique. The new algorithm not only removes the
oscillation of the gradient value, but also get better pruning, namely the final weights to
be removed are smaller than those produced through the usual L3 regularization (Wu
et al. 2014; Fan et al. 2014).

The focus of this paper is on extension of L1/, regularization beyond its basic concept
though its augmentation with a momentum term. Also, there are some other applica-
tions of FNNs for optimization problems, such as the generalized gradient and recurrent
neural network methods shown as Liu et al. (2012) and Liu and Cao (2010)

It is well known that a general drawback of gradient based BP learning process is its
slow convergence. To accelerate learning, a momentum term is often added (Haykin
2001; Chan and Fallside 1987; Qiu et al. 1992; Istook and Martinez 2002). By adding
momentum to the update formula, the current weight increment is a linear combination
of the gradient of the error function and the previous weight increment. As a result, the
updates respond not only to the local gradient but also to recent gradient in the error
function. Selected reports discuss the NN training with momentum term in the litera-
ture (Torii and Hagan 2002; Perantonis and Karras 1995; Qian 1999).

As demonstrated in Torii and Hagan (2002), there always exists a momentum coef-
ficient that will stabilize the steepest descent algorithm, regardless of the value of the
learning rate (we will define it below). In addition, it shows how the value of the momen-
tum coeflicient changes the convergence properties. Momentum acceleration, its per-
formance in terms of learning speed and scalability properties is evaluated and found
superior to the performance of reputedly fast variants of the BP algorithm in several
benchmark training tasks in Perantonis and Karras (1995). Qian (1999) shows that in the
limit of continuous time, the momentum parameter is analogous to the mass of Newto-
nian particles that move through a viscous medium in a conservative force field.

In this paper, a modified batch gradient method with smoothing L/, regularization
penalty and adaptive momentum algorithm (BGSAM) is proposed. It damps oscillations
present in the L/ regularization and in the adaptive momentum algorithm (BGAM). In
addition, without the requirement that the error function is quadratic or uniformly con-
vex, we present a comprehensive study of the weak and strong convergence for BGSAM
which offers an effective improvement in real life application.
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The rest of this paper is arranged as follows. The algorithm BGSAM is described in
“Batch gradient method with smoothing L,,, regularization and adaptive momentum
(BGSAM)” section. In “Convergence results” section, the convergence results of BGSAM
are presented, and the detailed proofs of the main results are stated in the “Appendix”
The performance of BGSAM is compared to BGAM and the experimental results shown
in “Numerical experiments” section. Concluding remarks are in “Conclusions” section.

Batch gradient method with smoothing Lq,; regularization and adaptive
momentum (BGSAM)

Batch gradient method with Ly /; regularization and adaptive momentum (BGAM)

Here and below, some definitions and notations used in e.g. Wu et al. (2006), Shao and
Zheng (2011), and Wu et al. (2006), Shao and Zheng (2011) have been re-defined and
used without repeatedly citing the references. We consider a FNN with three layers,
and we denote the numbers of neurons of the input, hidden and output layers by p, g
and 1, respectively. Suppose that {£/, 0/ }1]»=1 C RP x R is the given set of ] training sam-

ples. Let wo = (w19, wap, - - -, wqo)T € R7 be the weight vector between the hidden units
and the output unit, and w; = (w1, wp, .. ., wip)T € R? be the weight vector between
the input units and the hidden unit i (i = 1,2, ...,¢q). To simplify the presentation, we
combine the weight vectors, and write W = (WOT, wi, ..., qu)T € R71P1 and we define a
matrix V = (wy,wo, ..., wq)T € R7*P, We also define a vector function G : R? — RY, for
x = (x1,%02,... ,xq)T e R

G = (€(x1),g(2),.... g 3)

Let g : R — R be a given transfer function for the hidden and output nodes, which is
typically, but not necessarily, a sigmoid function. Then for each input § € R?, the actual
output vector of the hidden layer is G(V &) and the final output of the network is

gwo - G(VE)). 4)
For a fixed W, the output error function with the L1, regularization penalty term is

J p
1 . . 1
EW) =23 (0 —glwo GVEN + 23 Y il

1 i=1 k=0

j=
J ) q P 1
=Y gwo - GVEN +23 D wal?
j=1

i=1 k=0

(&)

where g;(t) := %(Oj —g(t))z, j=12,...,],t € R, A > 0is the penalty coefficient, and
| - | denotes the absolute value. The gradient of the error function is

Ew (W) = (E (W), Ef (W),...,Ef (W)T (6)
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where
EL (W) = (Euyg(W), Euyy (W), ..., Eyy o (W)
Ep (W) = (Ey;, (W), Eyyy (W), ..., Eny, (W)
Ej (W) = (Euyy (W), Evyy (W), ... ., Eny, (W)

ET (W) = (Euyy (W), Enyy (W), .., Euyy (W)

qu

The gradient of the error function with respect to w;o and wj are, respectively, given by

Eua W) = Y g GVENgne) + Sg”(w’f’)
/=1 2|wipl 2
I ' el ASgn(Wik)
Evy (W) = 3" g/ (wo - GOVE ) wiog (w; - £)&] + 52
=t 2|wic|2

wherei =1,2,...,q,and k = 1,2,...,p.
The detailed BGAM algorithm is presented as follows.

Wl = W 4+ AW”", n=0,1,2,.., starting from an arbitrary initial value W° and W},

and the weights { W"} are updated iteratively by
AW" = —nEw(W™) + al, AW"Y, n=0,1,2,...

The learning rate is assumed constant and satisfies n > 0, and ofy, = (a],

is the momentum coefficient vector of the n-th training. It consists of coefficients oy, for
each Awfk(i =12,...,q, k=1,2,...,p), and av"vO for each Awj(i = 1,2,...
to Shao and Zheng (2011), for every «y,, after each training epoch it is chosen as

T
lAw; =12

—nE,, (W™)-Aw 1 . _
n_{a.”z(_)wl, if Ey(W") - AW/™1 <0
0,

otherwise

where « € (0, 1) is the momentum factor. Compared with the traditional algorithm, the
BGAM has better pruning performance, but we notice that this usual L1/, regularization
term used in this part involves in absolute values and it is not differentiable at the origin,
which will cause difficulty in the convergence analysis. More importantly, it causes oscil-
lations of the error function and the norm of gradient. In order to overcome these draw-

backs we improved the BGAM algorithm as follows:

Smoothing L1 /; regularization and adaptive momentum (BGSAM)

This section introduces a modified algorithm with smoothing L;/> regularization and
adaptive momentum term. The network structure is the same as the description in part
of last subsection (BGAM). We modify the usual L1/, regularization term at the origin
(i.e. we replace the absolute values of the weights by a smooth function in a neighbor-
hood of the origin). Then we use a smooth function f{x) to approximate |x|. We get the

following error function with a smoothing L1 /3 regularization penalty term:

WO’O‘M""’

Page 5 of 17
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1 ] ‘ 4 q b )
EW) =23 (0 —gwo GWVEN +4) > f(wi)?

1 i=1 k=0

j=
] ' q p . (11)
= gwo-GVEN +2> > fwi)?
j=1

i=1 k=0

where gi(f) := %(Oi —g®))?%j=12,...,],t € R, . > 0is the penalty coefficient. Here,
by smoothing we mean that, in a neighborhood of the origin, we replace the absolute
values of the weights by a smooth function of the weights. For definiteness and simplic-
ity, we choose fx) as a piecewise polynomial function such as:

%1, if x| = a

f(x):{—siax‘brf;x%rga, if x| <a (12

where a is a small positive constant. and | - | denotes the absolute value. Then, from the
definition of flx) immediately yields

fx) e {361, +oo), [ el-1,1], f"(x) € [0, 3}
8 2a

The gradient of the error function with respect to W as in (6), and the gradients of the
error function with respect to wjg and wy; are then as follows:

] .
Euo(W) = > gllwo - GVE)glw; - ) + L0 (13)
j=1 zf(WiO)i
/ , ; , i S Wir)
Ewy (W) =Y g/(wo - G(VE ) wiog' (w; - € + 71— (14)
j=1 2f (wix)?2

wherei =1,2,...,q, k=1,2,...,p.
For BGSAM algorithm, we denote wrtl — W 4L AW 1 =0,1,2,... Starting with
an initial value W and W\, the weights { W"} are updated iteratively by

AW" = —nEyw (W") + o, AW, n=0,1,2,... (15)

Here the learning rate 1, the momentum coefficient vector of the n-th training oy, and
other coefficients are the same as the description of algorithm BGAM. For each ay, after
each training epoch it is chosen as (10).

Convergence results
The following assumptions are needed to introduce the relating convergence theorems
of BGSAM.

(A1) lg(®)],1g’(®)}, 1g” ()| are uniformly bounded for ¢ € R.
(A2) There exists a bounded region 2 C R" such that {wj}°° , C Q.

n=0
(A3) 0<n< m, where M = 4:7&% and C; is a constant defined in (16)
below. .
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Assume conditions (A1)—(A2) is valid. Then there are some positive constants C1—Cs
such that

1 1
C; =J(1 + Cy)C3 max{C3,C2} + 5/(1 + Cy)Cs + 51(:3,(:565,

Cy = max { /7G5, (C3Ca1? },

(16)
C3 = max {sup lg(@®)],sup |g’ ()|, sup |g” (®)|, sup |gj/(t)|, sup |gj”(t)|},
teR teR teR teR1<j<J teR1<j<J

Cy = max |||, Cs = sup |lwgll.
1sj<J neN

Theorem 1 If assumptions (A1)—(A3) are valid for any arbitrary initial value W° and
WL the error function be defined by (1), and let the learning sequence 1{W"} be generated
by the iteration algorithm (15), then we have the following convergence

(i) limy— oo Ew(W™) = 0. Moreover, (A4) if there exists a compact set ® such that
W7 € ® and the set &9 ={W € @ : Ew (W) = 0} contains finite points also holds,
then we have the following convergence

(ii) limy_ 0o (W™) = W*, where W* € ®,.

Numerical experiments

This section presents the simulations that verify the performance of BGAM and
BGSAM. Our theoretical results are experimentally verified with the 3-bit parity prob-
lem, which is a typical benchmark problem in area of the neural networks.

The two algorithms (BGAM and BGSAM) are implemented by the networks with the
structure 5-7-1 (input p = 5, hidden ¢ = 7 and output nodes, see Fig. 1). Each of the two
algorithms are carried out fifty trials for 3-bit parity problem and then take the mean
values, and the termination criterion is that the error is <le—6 or 3000 iterations. For
the network with linear output, we set the transfer function for hidden neurons to be
tansig(-) and that for output layer to be g(¢) = ¢. For the network with nonlinear output,
the transfer functions for both hidden and output neurons are tansig(-). The inputs and
the ideal outputs are shown in Table 1.

Fig. 1 Feedforward neural network with one hidden layer and one output
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Table 1 3-bit parity problem

Input Output Input Output

=1 1 1 =1 0
-1 -1 1 —1 1

I
I
o o o —

The performance results of BGAM and BGSAM are shown in the following figures.
Figures 2, 3 and 4 present the comparison results for learning rate 5, penalty parameter A
and momentum term « with 0.01, 0.0006 and 0.03, respectively.

From Figs. 2 and 3, it can be seen that the error function decreases monotonically
and the norm of the gradient of the error function approaches zero as depicted by the

convergence theorem, respectively. Also Fig. 3 show us that our modified algorithm

error function

0 500 1000 1500 2000 2500 3000
number of iterations

Fig. 2 The curve of error function

norm of gradient

0 500 1000 1500 2000 2500 3000
number of iterations

Fig. 3 The curve of norm of gradient
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norm of weight

1 s s s s s

0 500 1000 1500 2000 2500 3000

number of iterations
Fig. 4 The curve of norm of weight

overcomes the drawbacks of numerical oscillations, i.e., for BGSAM the norm of gra-
dient curve is much smoother than BGAM. The reason as the following: Since the
derivative of |x| jumps from —1 to +1 near the x = 0, the learning process of BGAM will
oscillate when a weight w;; is close to zero, whic prevents it from getting further closer
to zero. And on the contrary, the derivative of f{x), which is a smooth approximation of
||, is smooth and equal to zero at the origin, and will not cause any oscillation in the
learning process when wy is close to zero. In the meantime, it can be seen that BGSAM
convergence faster than BGAM. Fig. 4 demonstrates that the effectiveness of the algo-
rithm BGSAM in controlling the magnitude of weights is better than BGAM.

Conclusions

In this paper, the smoothing L1/ regularization term with adaptive momentum is intro-
duced into the batch gradient learning algorithm to prune FNN. First, it removes the
oscillation of the gradient value. Second, the convergence results for three-layer FNN are
proved under certain relaxed conditions. Third, the algorithm is applied to a 3-bit parity
problem and the related results are supplied to support the theoretical findings above.
Finally, this new algorithm will also effective for other types neural networks or big data
processing.
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Appendix
In the following section three useful lemmas are given for convergence analysis for
BGSAM algorithm. For the sake of description, we introduce the following notations:

G" = G(V"E))
,(p.}’l,j — GH+1,j _ Gn,j

17
Aw! =w!Th—w! fori=1,2,...q an
Awozwgﬂ—wg

Using the error function (11) we have

(Wn+1) Zgl( ntl | (Vn+1€j)> +
_ ;gj(wg 6(ve)) Hi

i=1

Nl

MQ

if( n+1)

1 k=0

N\»—A

Mm

fw

>~
Il

0

Lemma 1 (Wu et al. 2010, Lemma 1) Suppose that F : R? — R is continuous and dif-
ferentiable on a compact set D C R and that Q = {x € D|=; aF(x) =
number of points. If a sequence {x*} C D satisfies

= 0} contains only finite

AF (x%)
ox

lim = 0,

k— 00

P ka =0, lim

k— o0

then, there exists x* € Q such that limg_, oo X = x*.

The above lemma is crucial for the strong convergence analysis, and it basically follows
the same proof as Lemma 1 in Wu et al. (2010). So its proof is omitted.
Now, we give the proofs of Theorem 1 through the following 4 steps.

Step 1. We show the following inequalities holds

IGWI < Vasuplg®)] < Ca,  x € R 18
teR ( )

-

2 1 5
=) law]
i—1

q
< COPA+a)? > [E,Wh|* j=12....]. (19)
i=1
Proof With the assumption (A1), (16) and the definition of G(x), it is easy to show that
there exists a positive constant Cy such that (18) holds.

By the Lagrange mean value theorem, (A1) and (16), we obtain that

¢ G —wi) g\ |
(tZ,],n)(Wg 1 W'f) <&

o

q
<Gy |lawy|? (20)
i=1

g (tq} n)(Wn+1 Z) : éj

Page 10 of 17
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where Zi,j,n €R(1<i<gq,1<j<])isbetweenw - & and Wl(l+1 L&

Furthermore, in terms of (9) and (10) we can show that
lAW!] = H—nEwi(W”) +al - AW;HH
<1+ )||Ey, (W

On the basis of the above inequalities (20) and (21) we immediately have (19).
Step 2. We show the following monotonicity of the sequence {E(W")}

E(W"™hY <EW™, n=0,1,2,...

Proof According to the definition of w/j and ¥/, we get

i = f:w;g (¢(wrt &) —g(wr-¢))
i=1

Page 11 of 17

21

(22)

(23)

By the Taylor mean value theorem with Lagrange remainder to g(?) at the point w!’ - &/,

we obtain
g(W?“ : E’) —g<W? : Sf)
=g/ (&) w8+ 5 () (207 -8)

where each ¢;;, lies on the segment between
i=12..,q:.j=12...,].
Together with (10) and (14), we get

Eljg,»’ (wg - 6" Y whys

j=1

Il
,MQ
M\

Il
_
N~
Il
—_

g]’(w G”’) Og(w S’)-Aw?~§j+61

J
Zg (Wg'G”’j)W?og/<W7 5’) AW £, + 81
1j=1

Il
M~
Mr&

>~
Il

—
T

Il
M~
MQ

>~

=l
_
-
Il
—
=

1i=1 Zf(wi"k)%

k=
q ny "
S I NUSINTITS 9) BrAL e
i=1

T
=1 i=1 2f(wp)2

Il
M=

n n n—1
1EWZ.(W/)( NEw,(W") +all - Aw] )

r q f n Wi
;“ZZ k45
k=1 i=1 zf(wik)
q
=Y _[[Bn W+ Za By (W) - Aw™!
i=1 i—1

~ I

sz(wﬁ() : A:V,nk 48

k=1 i1 2f(wy)?

L ). AW
Wik(Wﬂ) . AW;;( /‘Lzzf<wlk) wlk +81

(24)

and w/-¥,

(25)
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where 6; = 137 | }j«zlgj’(wg -G witg” (tijn) (AW - 57)2, and ¢, € R is between

w! - & and W;H_l .,
Using (10) and (13), we obtain

Zg]’ (w(’)’ . G”’j) G" AW}

j=1

q

= ZZ&’(W’S : G”’j)g(wlnéj) AW
i=1 j=1
4 /

= Z (EWiO(Wn) f ( )l - Awl
2 ()’

= Eyy (W AW — AZJM

i=1 2f( )

- EWO(W”)(—nEWO(W") +al - AWO*I)

S AR
n)E
=1 2f (wh)

2 -
= —nHEWO(W”)H - a;’VOEWO(W")Awg !
(W) - A
l
=)
Apply the Taylor mean value theorem with Lagrange remainder, we have

E(Wn+1) _ E(Wn)

= z]: {g}/ (Wg : Gn,j) ) (Wg+1 LG — wg . G”J‘)}

j=1
q9 P 1 .
IS0 (1 () s k)
i=1 k=0
J
:Zgj/(wg Gn})Gn]AWO+Zg}( n/)wgwn,j
j=1

+
~
M»&
M*@
=
/N
<
2
N\)—‘

>+52+53

(26)

27)

where 8y = 3 37, g/ (su)wg ™ - G —wi - GM)2 83 = Y1 ol (wh - G™) AWy

and s,,; € Ris a constant between wy; - G™ and w6’+1 -G,

Substituting (25) and (26) into (27) and using the Lagrange mean value theorem for

flx), we have

Page 12 of 17
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E(W}’H-l) _ E(W}’l)

) q p f/
A HEp 9y WA e
i—1 k=0 2f (W] )
q
> @ Ew (W) - AW o By (W) - Awg ™!
i=1
q P 1 1
+51+52+53+}ZZ< ( n+1) f(w;;()z)
i=1 k=0
PR
< —nllEw W|*+ 5 ;l;)F”(tlkn)(Aw,kﬁ
+681+682+ 83 (28)

where Z;x , € R is between wj; and w"+1.

According to (21) and (28) we can conclude
E(W}’H-l) _ E(W}’l)

q9 p
—n||Ew (W"|[* + M2 (Awa)? + 81+ 82 + 83
i=1 k=0

q
= || Ew(W™||* + M| 1Awil? + | Awol?| + 81+ 82 + 85

i=1
< —n||Ew(W™||* + Min*( + )| Ew (W)||* + 81 + 82 + 83
—n(1 = (1 + @) M)||Ew (W™)||* + 81 + 82 + 83 (29)
Set M = 4‘&%, and F(x) = (f (x))%. Note that
Fay= 4@
2./f (%)
1" . I 2
iy = 20 f® 3[f )]
4(f (x)]2
- f//(x)
T2V f)
6
<
)

It follows from (16), (18), (19) and the Cauchy-Schwartz inequality that
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)

)
scsi g+ 23 v ||)

<JCs(1+ C3)

||Aw3||2+z |aw!|?

i=1
< JCs(1+ C)n*( + a)?|| Ew (W™ ||
= CP(1+ 0)?||Ew (W) ||? (30)

|

where Cs = C3 max{Cj, C2}, C; = JCs(1 + C3)
Similarly, we can evaluate |83] as follows:

E i;(nwr o)

Jj=

J q
<I\Aw8||2 Loy ||Awf||2)

=1 i=1

Y

| Q

IA

q
lawg]” + > [l awy]?

i=1

JC3(1+ Cn* (1 + )?||Ew (W™ ||?

IA

JC3(1+ Cy)

IA
N = N =

|
9

1?1+ a)?|| Ew (W) ||? (31)

where Cg = 3JC3(1 + Cy).
Similarly, we obtain

1 q
161] < chgcgcgz |aw|?

—_

< ZJCIC2Csn (1 + )? ZHEM(W”)H
i=1

= Con*(1 + )| Ew (W™)|* (32)

where Co = 1JC3C2Cs.
Using C; = C;7 4+ Cg + Co, from (29)—(32) and (A3) we can obtain

N
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9 P
E(W™™) — EW™) < =1 = i1+ @)®M) D >~ (Euwy (W) + 61+ 82 + 63
i=1 k=0

<< —n( = Min( + &) ||[Ew (W™ |?
+ an® (1 + )| Ew (Wh)|*

= —n(1 = Min(1 + a)* = Cin(1 + @) ||Ew (W™ ||?
<0 (33)

There holds E(W"t1) < E(W™) (n = 1,2,...). O
Step 3. we show lim,—,  |[Ew (W")| = 0.

Proof From Step 2, we know that the nonnegative sequence {E(W")} is monotone and
it is also bounded. Hence, there must exist E* > 0 such that limy_, .o E(W") = E*,

Taking 8 = n — (M + C1)n*(1 + «)?, it follows from Assumption (43) that g > 0.
o =31 SF o Ewy (W")? = | Eyy(W™)||? and using (33), we get

E(W"™Y) < E(W™) — B||Ew (W™

n
2
< EWO) - [Ewwh|
k=0
Since E(W"*1) > 0, it gives that
n 2
Y |Ewav®)|” < v
k=
Let n — o, it holds that

E(WW% < o

5 v <
k=0

This results in
lim ||EwW™|*=0
n— 00
Thus

Jim_ || Ew (W] = o. (34)

Step 4. Add the assumption (44), we show lim,,_, .o (W") = W*, where W* € ®,.

Proof Note that the error function E(W) defined in (11) is continuous and differenti-
able. According to (21) and (34), we get



Fan et al. SpringerPlus (2016) 5:295 Page 16 of 17

q P
S5 @aw? < [|Ew v

i=1 k=0
i.e.

lim Wt —w| =0 (35)

n—0o0

According to the assumption (A4), (34), (35) and Lemma 1, there exists a point
W* € @, such that

lim W" = w*, (36)

n—oo

O
Now, we proved the Theorem 1 by Step 1-Step 4.
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