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Abstract

In this paper, by using the existence of the exponential dichotomy of linear dynamic
equations on time scales and the theory of calculus on time scales, we study the exist-
ence and global exponential stability of periodic solutions for a class of n-dimensional
neutral dynamic equations on time scales. We also present an example to illustrate

the feasibility of our results. The results of this paper are completely new and comple-
mentary to the previously known results even in both the case of differential equations
(time scale T = R) and the case of difference equations (time scale T = 7Z).
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Background

The theory of dynamic equations on time scales was introduced by Hilger (1990) in 1988
in order to unify the study of continuous and discrete calculus. Since then, the study
on dynamic equations on time scales has received much attention of many scholars.
For example, in DaCunha (2005), the author studied the stability of the following linear

dynamic equation on time scales:
28 (t) = ADx(), x(to) =0, to € T.

In Du and Tien (2007), the authors obtained some conditions ensuring the stability of
the trivial solution for the following dynamic equation on time scales:

x2() = A)x(t) +f(t,x), teT.

For other studies on dynamic equations on time scales, we refer the reader to Bohner and
Peterson (2001), Graef and Hill (2015), Li and Sun (2013), Li and Xu (2011), Lupulescu
and Younus (2011), Su and Feng (2014), Wang et al. (2010), Zhang et al. (2010a, b, 2014),
Zhou and Li (2010, 2012) and the references therein.

Since it is natural and important that systems will contain some information about the
derivative of the past state to further describe and model the dynamics for such complex
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reactions, many authors have studied the existence of solutions of various neutral delay
models (Abbas and Bahuguna 2008; Ardjouni and Djoudi 2012; Chen and Lin 2010; Hov-
hannisyan 2014; Kaufmann and Raffoul 2006; Li and Saker 2014; Xu et al. 2007; Zhang
et al. 2009). However, to the best of our knowledge, there are few papers published on the
existence and stability of periodic solutions to neutral dynamic equations on time scales.
Motivated by the above discussion, in this paper, we are concerned with the following

neutral dynamic equation on time scales:
X2t = AWx@®) +f (tanxl), teT, (1)

where T is an w-periodic time scale and satisfies that for f,seT,t+seT,
A@) = (aij(®))uxn is a regressive and rd-continuous matrix-valued function,
f e Cyuy(T x BC x BC,R”) and f(t, xt,xtA) is w-periodic whenever x is a A-differen-
tiable w-periodic function with rd-continuous A-derivative, where BC denotes the
Banach space of all bounded rd-continuous functions ¢ : [—6,0] N T — R” with the
norm |¢|o = mMaxji<;<y SUP;e[—p,0]NT lpi(s)] where ¢ = (¢1,¢2,.. .,gon)T,a) >0 is a
constant, 0 is a positive number or oo and if 6§ = oo, then we set [—0,0] = (—o0,0]. If
x,x22 € Cpy(T,R"), then for any ¢ € T, x; and x> € BC are defined by x;(s) = x(t + s)
and x2 (s) = x2 (¢ + s) for s € [-6,0] N T, respectively.

Remark 1 Throughout this paper, we denote the class of all functions
f:T x BC x BC — R” that are rd-continuous with respect to their first argument and
continuous with respect to their second and third arguments by C,;(T x BC x BC,R").

Remark 2 If 0 is a finite positive number, then Eq. (1) is a bounded delay neutral
dynamic equation on time scales and if 6 is infinite then Eq. (1) is a unbounded delay

neutral dynamic equation on time scales.

Our main purpose of this paper is to study the existence and global exponential stabil-
ity of periodic solutions for (1) by using the exponential dichotomy of linear dynamic
equations and the theory of calculus on time scales. As we all know, Eq. (1) contains
many differential equation models and difference equation models as its special cases.

For example, if we take

T =R, A(t) = diag[_bl(t): _bZ(t)x BRI _hn(t)]! f = (fler: cee rfn);

filtt0,0)) = agO)fi((0) + Y by()f (g (—1(£)))

j=1 j=1
+cipl(—oi) + L), i=1,2,...,n,

where ¢ = (91,92, . . ., @y), then (1) reduces to the following neural network with neutral

type delays:

xX(6) = —bi(Oxi(t) + > agO)fi () + Y by (0)fi (x5t — 75(£))

j=1 j=1
+exi(t —oi(8) + Li(t), i=1,2,...,n,
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which was studied in Li et al. (2012). If we take
T =R, A(¢) = diagla;(?),ax(t),...,an(t)],
f(t» @, (ﬂ/) = ;VF(t: (Pt),

then (1) reduces to
&' = A)x(t) + AF (L, %),

which was studied in Liu and Li (2004). Even in both the case of differential equations
(time scale T = R) and the case of difference equations (T = Z), our results are com-
pletely new and complementary to the previously known results.

For convenience, we denote|a, bl = {t|¢t € [a, b] N T}. For an rd-continuous w-periodic
function /2 : T — R, denote it = sup,c(o 1, A(1)], i~ = infsefo,01; [A(2)]. For an rd-con-
tinuous w-periodic function u : T — R”, we define |u|o = max;<;<, maX;c[o,w}y |4 (@)
For matrices or vectors A, B, A > B (or A > B) means that all entries of A are greater
than or equal to (or greater than) corresponding entries of B. For A() = (a;;(t))nxn We
can take [|A|| = maxi<j<p Z;’zl Ia;; |

The initial condition of (1) is

x(s) = ¢ (s), x(s) = ¢%(s), s €[—6,0lr,

where ¢ € CL ([—0,0]7, R").
Throughout this paper, we assume that the following condition holds:

(H1) f € Cyq(T x BC x BC,R") is w-periodic with respect to its first argument and
there exist positive constants Lj, Ly such that

If (& 01, Y1) — f & @2, ¥2)lo < Liler — @alo + La|¥1 — ¥2lo

forallt € Tand ¢;, ¥; € BC,i =1,2.

Preliminaries
In this section, we introduce some definitions and state some preliminary results.

Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators o, p : T — T and the graininess 1 : T — R are defined, respectively, by

o) =inf{seT:s>1t}, pt)=sup{seT:s<t} and u()=o() —t

A point ¢t € T is called left-dense if ¢ > inf T and p(¢) = ¢, left-scattered if p(¢) < ¢,
right-dense if t < sup T and o (¢) = t, and right-scattered if o (¢) > t. If T has a left-scat-
tered maximum 1, then TX = T\ {m}; otherwise TX = T. If T has a right-scattered mini-
mum m, then Tj, = T\ {m}; otherwise T} = T.

A function f: T — R is right-dense continuous provided it is continuous at right-
dense points in T and its left-side limits exist at left-dense points in T. If fis continuous
at each right-dense point and each left-dense point, then f'is said to be continuous on T.
We denote the class of all rd-continuous functions f : T — R by C,4(T, R).

Fory: T — Randt € TX, we define the delta derivative of y(t), y2(t), to be the num-
ber (if it exists) with the property that for a given ¢ > 0, there exists a neighborhood U of
t such that
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ly(o(®) — y(s)] — y2(®)[o (@) — sl < elo(®) —s|
foralls € U.

We denote the class of all A-differentiable functions with rd-continuous A-derivative
f:T— Rby C}d(’]l‘, R).

If y is continuous, then y is right-dense continuous, and if y is A-differentiable at £, then
y is continuous at £.

Let y be right-dense continuous. If Y2(¢) = y(¢), then we define the delta inte-
gral by f; y()As =Y (t) — Y(a). Assume that f:T — R"” is a function and
f@®) =1 @®),....fa(t)), then we define f;f(s)As = (f;fl(s)As, s f;fn(s)As)(pro—

vided it exists).

Definition 1 (Bohner and Peterson 2001) Let A be an m x n-matrix-valued function
on T. We say that A is rd-continuous on T if each entry of A is rd-continuous on T. We
say that A is differentiable on T provided each entry of A is differentiable on T, and in
this case we put AA = (ai?)mxm where A = (@) mxn-

Definition 2 (Kaufmann and Raffoul 2006) We say that a time scale T is periodic if
there exists p > Osuch thatif¢ € T, thent & p € T. For T # R, the smallest positive p is
called the period of the time scale.

Definition 3 (Kaufmann and Raffoul 2006) Let T # R be a periodic time scale with
period p. We say that the function f : T — R is periodic with period w if there exists a
natural number # such that w = np, f(t + w) = f(¢) for all t € T and w is the smallest
positive number such that f (¢ + w) = f(¢).

Definition 4 (Bohner and Peterson 2001) A #n x n-matrix-valued function A on time
scale T is called regressive (respect to T) provided I + u(£)A(t) is invertible for all £ € TX.

Definition 5 (Bohner and Peterson 2001) Let A, B be two n x n-matrix-valued regres-
sive functions on T, we define

(A®B)() :=A() + B(t) + u()AQ@X)B(®),
(©A)(®) = —[I + p(OAWD]A®E) = —A®) + pOAWB]
(AD) © (B()) := (A1) ® (©(B(1)))

for all £ € TX.

Definition 6 (Bohner and Peterson 2001) Let £y € T and assume that A € Risan x n
-matrix-valued function. The unique matrix-valued solution of the initial value problem

2 =AW, x(t) =1,

where, I denotes as usual the # x n-identity matrix, is called the matrix exponential
function (at o) and it is denoted by e4 (-, £o).



Li et al. SpringerPlus (2016) 5:224 Page 5 of 13

Remark 3 Assume that A is a constant # x n-matrix. If T = R, then e4 (¢, tg) = eA¢—%),
while if T = Z and I + A is invertible, then e4 (¢, tp) = (I + A)¢ %),

Lemma 1 (Bohner and Peterson 2001) Let A € R be a n x n-matrix-valued functions
on T and suppose that f : T — R” is rd-continuous. Let to € T and xo € R”. Then the
initial value problem

2B(t) = ADx() +f (1), x(to) = o
has a unique solution x : T — R", which is given by
t
x(0) = ea(t, to)xo + / ea(t, 0 ()f ()As.
to

Lemma 2 (Bohner and Peterson 2001) If A, B € R are matrix-valued functions on T,
then

(1) eo(t,s) =Tandes(t,t) =1I;

(i)  ealo(t),s) = U + n@®)A®@))ea(t, s);

(iii)  ea(t,s) = e;l (s, t);

(iv)  ea(t,s)eals,r) = ea(t,r);

) eq(t,s)ep(t,s) = eagn(t,s), if e4(t,s) and B(t) commute.
Lemma 3 (Bohner and Peterson 2001) IfA € R and a,b,c € T, then

lea(c, )]* = —[ealc, )" A

and

b
/ ea(c,o(t)A(t)At = eq(c,a) —eq(c, b).

Definition 7 (Zhang et al. 2010a) Let x € R” and A(t) be a n x n matrix-valued func-
tion on T, the linear system

x2@) = A@x(), teT )
is said to admit an exponential dichotomy on T if there exist positive constants

ki, a;, i = 1,2, projection P and the fundamental solution matrix X(t) of (2) satisfying

IX()PX 1 (s)|o < kiecn, (£,5), s,teT, t>s,
X&) — P)X 7 (s)lo < kaesay(5,), s,t €T, t <s.

Lemma 4 (Zhang et al. 2010a) If (2) admits an exponential dichotomy, then the follow-
ing w-periodic system:
X2t =AWX®) +g@t), teT

has an w-periodic solution as follows:

+00

t
X(@) = / X()PX (o (5))g(s)As — XU —P)X (o (s)g(s)As,
—0 t

where X(t) is the fundamental solution matrix of (2).
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Lemma 5 (Zhang et al. 2010a) If A(¢) is a uniformly bounded rd-continuous n x n
matrix-valued function on'T and there is a § > 0 such that

2

1 n
|a,-i(t)|—§|aij<t>|—2u<t> ;mi;(m —u) =28, teT, i=12...,n
Eal J=

then (2) admits an exponential dichotomy on T.
Definition 8 Let x(f) be an w-periodic solution of (1) with initial value ¢(s). If there

exists a positive constant A with —4 € R such that for tg € [—6, O], there exists M > 1
such that for an arbitrary solution y(£) of (1) with initial value ¥ (s) satisfies

||J’ _x”X =< M”(p - w”Xeei(t, t())) te [_9) OO)T» t> tO-

Then the solution x() is said to be globally exponentially stable.

Existence of periodic solutions

Set X ={¢p € Crld(T, R™)|¢ is w-periodic on T} with the norm ||¢||x = max{|¢|o, 9% o),
where [¢|o = maxi<i<; SUP;c(g u}, [9i ()} |92 |0 = maxi<i<, Sup;c(g ) 19 ()], then X is
a Banach space.

Theorem 1 Let (Hy) hold. Suppose that

(Hp) system (2) admits an exponential dichotomy on T with constants k;, o, i = 1,2;

k(149 k k(149 k
(H3) q=:max{1(+al)+az,||A||<1(+al)+2>+1}(L1+L2)<1 ,
2

(241 (241 o3

where ¢ = sup, . i (t). Then (1) has a unique w-periodic solution.

Proof By (Hs3), we can take a positive constant L satisfying

k(14709 k k(1470 k
max{l(oﬂ)+ 2’||A||<1(a1)+ 2) —|—1}((L1 +Ly)L+a) <L,
a1 (4% 05} )

where a = |f(-,0,0)|o. We set Xo = {¢ € X]|||¢||x < L}. For any given ¢ € X, we con-
sider the following periodic system:

2 = AWx) +f (L oo o). 3)

Since (H>) holds, by Lemma 4, we obtain that (3) has an w-periodic solution, which is
expressed as follows:

t +o00
x(t) = / X@OPX o $)f (s, 9502 ) As — XU —P)X o ()f (5,05, 92 ) As.
—00 t

For ¢ € X, define the following operator:
®: Xy — Xo, ¢ > x%.

First we show that for any ¢ € Xy, we have ®¢ € X,. Note that
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If (s, 0502 )0 < If (5,05, 05") — £(5,0,0)|0 + £ (5,0,0)o
< Lilplo + Lal¢™ o + a
< (L1 +Ly)llelx +a.

So, we have that

t
|Pglo = '/ XOPX N ($))f (5,95, 05" ) As

+00

- X&) = P)YX o ©)f (s, 05 92) As
t

0

t
< sup </ ‘X(t)PX_l(o(s))'Olf(s,gos,gasA)IOAS

T tel0,wlt

+00
+ \X(t)(l—P>X—1(o<s>)\OV(s,¢s,¢£)|0As)
t
t
/ Kreoa, (t0/(9)) As
t
k1 / 1+ p(s)ar)eq, (s, t)As

t
/ ateq, (s, L) As

—00

< (L1 +L)llellx +a) ( sup
tel0,w]T

+ sup
tel0,w]T

+00
/ koeca, (0(s), £)As
t

= (L1 + L) llelx + a)( sup

te[0,wlT

+ sup

telO,wlT

+00
ko / (14 p(s) © an)eca, (s, t)As
t

k1(1 + 190[1)

(241 te0,w]T

)

ki(1+ day) N k2>
o o2

= (L1 + L) llellx + @) (

+ sup
te[0,0]r

k +00
= / Barecy, (s, L) As
a3 Jy

< (L1 +L)llelx + ﬂ)(

On the other hand, we have

t
[(Pp)4 o = ‘( / X@OPX o ($)f (5,95 0 ) As

A

+00
_ / X(t)([—P)X_I(U(S)y(5’¢sr¢sA)AS>
t

tlo

t
= P(t, 05, 01) + A(t) ( / X®OPX Mo ()f (s, 05,08 ) As

+o0

_ XU —P)X o $)f (s, 05 02) AS)
¢ 0

k(1 + 9 k
< (L1 + L) llelix +a>(IIAII<1(;a1) + Q) * 1)'

Page 7 of 13
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Hence, we have ||®¢||x < L, that is, ¢ € X(. Next, we show that ® is a contraction. For
any ¢, ¥ € Xg, we have

t
|Dp — DYy = ‘ / XOPX o)) (f (s 0508) —f (5,95 ¥ 2)) As

+00

- XU =P)X o)) (f (5,05 08) — f (s, ¥, W) As

t

0

t
/ IXOPX (o )olf (5,06 08 ) — f (5,96 ¥) |y As

—00

< sup
te[0,0]T

+0o0
+ / XU = PYX o 6Dlolf (5,05 62) — £ (5 ¥ ¥2)], A5
t

ki(1+ vay) n /(2)
251

o2

<L+ Lyllg — 1/f||x<

and

t
|(Pp — DY) o = ‘ [ [ XOPX o) (f (s 05 08) —f (5,95, ¥ E)) As

+00 A

—~ XU = P)X o)) (f (505 08) = £ (s, ¥, vfﬁ))As}

t

t o

t
= fevusd) = evit) + 40| [ xorG0)
X(f(S:‘Psr‘/’sA) —f(S, Vs, wsA))AS

“+0o0

- XU -P)X o) (f(s 05 08) = f (s Vs, wﬁ))As}

t

k(1l+9 k
< +L2><||A||(Q(a1“1) + ai) + 1> lo — ¥lx.

0

By (H3), we have || ®¢p — P ||x < gll¢ — ¥ |x. It follows that @ is a contraction. There-
fore, according to the Banach fixed-point theorem, ® has a fixed point in Xy, that is, (1)
has a unique periodic solution in X. This completes the proof of Theorem 1. ]

In view of Lemma 5 and Theorem 1, we have the following corollary:

Corollary 1 Let (Hy) and (Hs) hold. Suppose that

(H}) there is a constant § > 0 such that
Then (1) has a unique w-periodic solution.

2

1 n
|aii<t>|—§|a,-,<t>|—2u<t) ;mq(m —2u(t) =25, teT, i=12...,n
VEall =

Global exponential stability of periodic solution

Theorem 2 Let (H1)—(H3) hold. Suppose further that
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(Hy) Li+Ly+ ”;\‘,—” < land N(Li + Ly)(1 + 9)||Al|l < . Then the periodic solution of
(1) is globally exponentially stable.

Proof By Theorem 1, (1) has an w-periodic solution x(f) with the initial value ¢(s).

Suppose that y(¢) is an arbitrary solution of (1) with the initial value ¥ (s). Denote

z(t) = y(t) — x(¢). Then it follows from (1) that for ¢ € T,

22 = AWz®) +f (t,y6,57) —f (L%, 4)
The initial value condition of (4) is
B (s) = Y (s) — p(s), $(s) = Y2 (s) — 9™ (s), s € [0, 0lr.

By Lemma 1, for ty € [—6,0)t with £y < ¢, we have

¢
z(t) = ea(t, to)z(to) + / eq(t,o(s)) [f(s,ys,ySA) —f(s,xs,st)] As. )

to

Take a constant 0 < A < o with—24 € R* and let

No Nall|A||
M > max , .
@ —N©Li+L)A+ DA o — (L1 + L) (. + N1 + D)|A]]?)

By (Ha), it is easy to verify that M > 1and hence, we have

llzllx = Mll$llxesi(t o), VYt € [0, t0]r.
We claim that

llzllx < Ml|plIxea.(t o), Vt € (o, +00)T. (6)
To prove this claim, we show that for any constant p > 1, the following inequality holds

llzllx < pMI|®lIxes,(t t0), VE € (to, +00)T, (7)
which means that

lzlo < pM|l¢|Ixesi(t, t0), Vi € (f0,+00)T (8)
and

1z%l0 < pM || |Ixeci(t, to), Vi € (to,+00)rT. 9)

By way of contradiction, assume that (7) does not hold. We will have the following three
cases. Case One: (9) is true and (8) is not true. Then there exists t; € (¢y, +00) such that

|zlo = pM||dlIxec (1, t0), |zlo < pM||PlIxess(t,to), t € (fo,t1)T.
Hence, there must be a constant ¢ > 1 such that
|zlo = cpM||pllxess(tr, to), 1zlo < pM||PlIxec;(t, t0), € (Lo, t1)T-

Then, by (5), for t = t;, we have
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lzlo =

t
eq(t, to)z(ty) + / ea(t,o(s)) [f(s,ys,ysA) —f(s, xs,st)] As

to

0

t
< lea(t, to)loll¢l1x + / ea(t, o) [f (5,96 98) —f (5,56, %) | As

to

0

< lea(t to)lollpllx + sup
tel0,wlt

t
lea(t, o (SDlolf (5,75 72) —f (5,25 x2) o As

to

< Ne_q(t1, to)ll9llx + (L1 + Lo)l|z||x sup
tel0,wly

< Neg,(t1, 00)||9l|x + (L1 + La)cpMeg(t1, to)

t
/ lea (s, o (s)loAs
to

x ||¢llx sup
te[0,wlr

< Neg,(t1,10)l1¢llx + (L1 + L2)cpNMeg ) (t1, Lo)

t
x |lollx (1 4 D[IA]]) sup /e—ot(S;tO)AS

tel0,w]T to

(L1 + La)epNMeg; (t1, to) |19 11x (1 + 9)|A]|
o

N N +L2)(1+l9)||A||>

< CPMeez(t1,to)||¢llx<M + ”

t
/ [ + 1 (s)A(s))ea(t,s)|oAs

to

< Neg, (t1,20)|1¢]1x +

< cpMeg,(t1, to)l1o]Ix,

which is a contradiction.
Case Two: (8) is true and (9) is not true. Then there exists ty € (¢y, +00)T such that

12%10 = pMl1@||xec;(t2 o), 12%l0 < pMI|BlIxec(t o), ¢ € (fo, t2)7.
Hence, there must be a constant b > 1 such that
12810 = bpM||§|Ixec; (ta, o), |2%l0 < pM||BlIxec,(t to), ¢ € (fo, t2)r.
In view of (5), for t = t5, we have
12810 = |A()ea(t, to)z(to) + £ (t: 6,95 ) — f (&%, %7)
+A®) /tt ea(t,o () (f (57575 ) —f(5,%5, %)) As
5
< 1Allleat, to)lollgllx + [f (636 v ) —f (&0, %8) |
+ ‘A(t) /: eq(t,o(s)) (f(s,ys,ysA) —f(s,xs,st)) As .
0

< ||A||Ne_q (t2, to) @ ||xx + (L1 + L2)bpMeg ) (t2, to) 9| |x
4 [IA|[2NbpM (L1 + La)ec; (t2, to) 1§ |x (1 + O)

0

o
NJAl I|AI[2N (L1 + Lo)(1 + &)
< bpMeeﬂ(tZ’ tO)|¢||X<M + L1+ Ly + 1 S 2

< bpMeg;(t2, to) |9 |Ix,

Page 10 of 13
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which is also a contradiction.
Case Three: (8) and (9) are both untrue. By Case One and Case Two, we can obtain a
contradiction. Therefore, (7) holds. Let p — 1, (6) holds. Hence, we have that

||J’ - x”X =< M”(p - w”Xeei(t, t())) t e [_9) OO)T» t> tO,
which implies that the periodic solution x(¢) of (1) is globally exponentially stable. This

completes the proof of Theorem 2. ]

Corollary 2 Let (Hy), (H,) and (H3)-(Hs) hold. Then (1) has a unique periodic solution,
which is globally exponentially stable.

An example
In (1), if we take

[ —0.002sin 2¢ 0 B .
A0 = ( 0 —0.001 c052t>’ f=0Hn,

where

fit, 0, 9™) = 0.0003(sin p(—7(£)) + cos g (—¢ (1)),
Folt, 0, 9%) = 0.0002(sin p(—7(£)) + cos o (—¢ (1)),

7,¢ € C(T, T NR™)are n-periodic. Then (1) reduces to

x8()\ _ { —0.002sin 2¢ 0 x1(2)

POV 0 —0.001cos2t )\ xa(t)
0.0003(sin ¢ (—1(£)) + cos 9> (—¢ (1))
0.0002(sin ¢(—7(£)) + cos (=L (1)) )

By a simple calculation, we have L; = Ly = 0.0003, ||A|| = 0.002, &«; = —0.001,
ki =1, 0a3 = ky = 0, « = 0.001. One can easily verify that all the conditions in Corol-

(10)

lary 2 are satisfied for 0 < p < 1. In particularly, if we take T = R, then u(¢) = 0 and if
we take T = Z, then (¢) = 1. Therefore, in both the cases of T = R and T = 7Z, (10) has
a -periodic solution, which is exponentially stable.

Remark 4 Example (10) shows that both the continuous case of (10)

%x(t) = AR +f (L2t — 1), %' (¢t — 1), teR

and its discrete analogue
Ax(n) = Amx(n) +f (mx(n — t(n), Ax(n — {(n), neZ

have the same dynamical property for the periodic case.
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Conclusion

In this paper, by using the existence of the exponential dichotomy of linear dynamic
equations on time scales and the inequality techniques, we established the existence and
global exponential stability of periodic solutions for a very general class of n-dimensional
neutral dynamic equations on time scales. Our results of this paper are completely new
and complementary to the previously known results even in both the case of differential
equations (time scale T = R) and the case of difference equations (time scale T = Z),
and our methods used in this paper may be used to study the problem of periodic solu-
tions to other types of dynamic equations on time scales.
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