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Abstract

In this article, existence and uniqueness of common coupled fixed point for a pair of
mappings in the setup of complete b-metric spaces are studied. The derived result
generalizes and extends some well known results from the existing literature in
b-metric spaces. Appropriate example is also given.
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Background

Bakhtin (1989) and Czerwik (1993) generalized the notion of metric spaces and intro-
duced the concept of b-metric spaces, which is also known as metric type space (Hus-
sain et al. 2012). b-metric space solved some problems, particulary the problem of the
convergence of measurable functions with respect to a measure, lead to a generaliza-
tion of notation of metric. Using this concept Czerwik (1993, 1998), generalized the
well known Banach contraction principle in b-metric spaces, see Czerwik (1998), Czer-
wik et al. (1997, 2001). Many researchers including Aydi et al. (2012), Boriceanu (2009a,
b, ), Bota et al. (2011), Chugh et al. (2012), Shih Du and Karapnar (2013), Kir and
Kiziltunc (2013), Olaru and Branga (2011), Olatinwo and Imoru (2008), Lina and Curar
(2010) and Pacurar (2010) studied the extension of fixed point theorems in b-metric
space.

Guo and lakshmikantham (1987) introduced the concept of coupled fixed point for
partially ordered set. By using the concept of mixed monotone property (Gnana Bhaskar
and Lakshmikantham 2006) studied the existence and uniqueness of a coupled fixed
point result in partially ordered metirc space. After that many researchers studied the
coupled fixed point and discussed it’s application. See Berinde (2012), Gnana Bhaskar
and Lakshmikantham (2006), Guo and lakshmikantham (1987), Mustafa et al. (2013),
Mustafa et al. (2014), Mustafa et al. (2014), Sintunavarat et al. (2012), Sintunavarat et al.
(2013). Recently Malhotra and Bansal (2015) studied the existence and uniqueness of
common coupled fixed points for a pair of mappings in complete b-metric space.
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The aim of this manuscript is to study the existence and uniqueness of common cou-
pled fixed point for a pair of mappings in the setup of complete b-metric space. The
derived results generalizes some well known results from the existing literature.

Preliminaries

Throughout this paper R is the set of real and R™ is set of positive real numbers.

Definition 1 (Bakhtin 1989; Boriceanu 2009¢c) Suppose X be a non empty set and
s>1,s € R. A function d : X x X — R™ is said to be b-metric if for all x,y,z € X, the
following condition are satisfied:

1) dx,y) =0sx=y

(2) dx,y) =dy,%);

(3) dx,2) <sldx,y) +d,2)]

Then the pair (X, d) with parameter s is said to be b-metric space.

Example 1 (Boriceanu 2009¢c) The [, space, 0 < p < 1,1, = {(x,) € R : > |x,4? < o0}
and function is defined as d : [, x [, — R by

1
d(x,y) = (Z % — Y |p) ?,x = (%1),y = (yn) € lp then (X, d) is said to b-metric space
with parameter s = 22 provided that d(x,z) < 23 [d(x,y) +d(y,2)]

Example 2 'The space L, with 0 < p < 1 of all1 real functions x(¢),t € [0, 1] such that
fol lx(@®)P < oo, if d(x,y) = [fol lx(t) — y(@)1Pdt]? for all x, y € L, then d satisfy all the
condition of b-metric on the L, space.

Definition 2 Boriceanu (2009c) Let (X, d) be a b-metric space. Then a sequence {x,} is
said be converge to x € X if for each € > 0 there exists i(¢) € N, such that d(x,,x) < €
for all n > i(e).

Definition 3 Boriceanu (2009c) Let (X, d) be a b-metric space. Then a sequence {x,} is
said be a Cauchy sequence if for each € > 0 there exists i(¢) € N, such that d(x,,x,,) < €
for all m, m > i(e).

Definition 4 Gnana Bhaskar and Lakshmikantham (2006) An element (x,y) € X x X
is said to be a coupled fixed point of T : X x X — X ifx = T'(x,y)and y = T (y, %).

Definition 5 An element (x,y) € X x X is said to be a coupled coincidence point of
ST: X xX —> XifS(x,y) =Tx,y)and S(y,x) = T (y,x).

Example 3 Suppose X =R and S,T:X x X — X defined as S(x,y) = x%y*> and
T (x,7) = (9/4)(x + y) for all x,y € X. Then (3,1), (1,3) and (0,0) are coupled coincidence
points of S, T.

Definition 6 LetS,T : X x X — X a point (x,y) € X x X is said to be common fixed
point of S, T if
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x=8xy) =Tx,y) and y=S@,x) = T(y,x).

Main results

This section derives some fixed point results in the setup of b-metric spaces.

Theorem 1 Let (X, d) be a complete b-metric space with parameter s > 1 and let the
mapping S, T : X x X — X satisfy:

dx,u) +d(y,v)
2
dx, S, y)du, T (u,v))
1+dx,u)+dyv)
du, S(x,y)dx, T (u,v))
14+d@,u)+d@y,v)
A(Sx,y), T (u,v))d(x, u)
1+d(x,u)+dy,v)
L d(S@), Tw)do,v) M
14+dxu) +dy,v)
dwu, T (u,v)d(y,v)
®1+d@u) +dyv)
du, S(x,y)d(x, 1))
*7 14+d@x,u)+dy,v)
d(u, S(x,y)d(y,v)
81 +dx,u) +d(y,v)

d(S(x,J’), T(”: V)) <o

+«

Forallx,y,u,v, € X and a1, ay, 23,24, 05, g, 007,08 > Owithsay + oy + g + o5 +ag < 1
and oy + o3 +oa + a5 + a7 +ag < 1. Then S and T have unique common coupled fixed
point in X. O

Proof Taketwo arbitrary points xg, yoin X, define xo5 11 = S(¥ox> ¥ok)» Yok+1 = S Vok> X2k ),
Xok+2 = T Kok415 Yok+1) Yok+2 = T ok+1 %2k+1) fork = 0,1,2, ...

Consider

A (X2u41, X2k42) = A(S X2k, Yor)» T (Kok15 Y2k+1))-
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Then by using condition (1) of Theorem 1, we have

d Xk, %2k41) + A2k Yok+1)
2
d (%o, S Xok> yor))d Xox 11, T (X241, Y2k+1))
1+ d®ok, %2k41) + A2k Yok+1)
d(%2k 41, S ok, You))d (Xox, T (Xop 41, Yok+1))
1+ d(xox, %2x41) + A2k Y2k+1)
A (S (o yar)s T Kok+15 Y2k +1)) 4 (%o X2k +1)
1+ d(xop, %2x41) + A2 Y2k +1)
A (S @op y2i)s T K2k415 Y2k+1))4 Yok Yok-+1)
1+ d (o, %2k 1) + A2k Y2k+1)
dox+1 T Kok+15 Y2k+1))4 W2k Yok-+1)
1+ d (%o, %2k 11) + A2k Y2k+1)
, A (Xok+1, S K2k Y2u)) A (K2ke> Xok+1)
1+ d(xox, %2x41) + A2k Y2k+1)
. A (%ok+1, S 2k ¥2u)) A4 Y2k Y2k+1)
1+ d(xox Xox+1) + Aok Y2k+1)
— d (%o, %2k +1) ; A2k y2k+1)
d Xk, %2k 414 X2k 41, %2k 4-2)
+
1+ d(xop %ok 1) + d Yoo Yok+1)
o A Xk 1, %2k +1)@ X2k, X2k 4-2)
1+ d(xop %ok 11) + Aok Yok+1)
. d (xox 11, %2k +2)d Kok, X2k 41)
1+ d(xox %2k 11) + d Yok Y2k+1)
. A (Xok-+1, %2k+2)4 Yok Yok+1)
1+ d(xop %ox+1) + d Yok Y2k+1)
; A (Xok-+1, %2k+2)4 Yok Yok+1)
1+ d(xop, %2x 1) + d Yok Yok+1)
o d(%2k 41, %2k +1)4 (X210, X2441)
1+ d(xox, %2x41) + W2k Y2k+1)
. A (Xok-+1, %2k+1)4 Y2k Yok+1)
1+ d(xox, %2x41) + W2k Y2k+1)
<o d (X2, %2k+1) . ald(y2kry2k+1)
2 2
+ aad (Xop 41, X2k 12) + oad (X241, X2k 42)
+ asd (Xox 41, X2k 12) + d6d X2k 1, X2k +2)-

d KXok 41, %ok42) < o1

+ o

+ o

+ o

+ o

+ o

+ o

+

+ o

which implies that

d 3 d ’
(%o 2962k+1) tay Yok 2J/2k+1)

(1 — (a2 + ag + a5 + a6))d (Ko 1, Xok+2) < 1

) d (k0 X2k +1)
2(1 — (a2 + ag + a5 + o))
o A2k Yok+1) '
2(1 — (a2 + ag + a5 + o))

d(Xok41, %2k42) < @

2
+

Page 4 of 13
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Proceeding similarly one can prove that

dYaks Y2k+1) dXoks Xok+1)
d , <a +« .
Dot y2ki2) = 1 ot as tae) T 20— (@ ton bas L ae) O
Adding, (2) and (3), we get
d( )+d(y ) < -
Xofs 1, X , <
2k+1 X2k+2 2k+12 Y2k+2 (1= (og + a + a5 + 0g))
[d (%215 X2k 41) + A Y2kes Yok +1)]
= hld (xo, %24+1) + d Y21 Yor+1]-
where
h= “ < 1.
(I — (a2 +ag +as + ag))
Also,
A (Xok1, X2k +2)
d(x , X <a
Coaker 2 %2043) = 500 Y i+ s + xg))
d 4
ta Yok+1>Y2k+2)
2(1 — (a2 + g + a5 + ag))
dY2k+1, Yok+2)
d , <«
Dokt Y2kes) < 50 G+ a5 + ) )

o A (X241, X2k+2)
2(1 — (a2 + s + a5 + )

+

Adding, (4) and (5), we get

o1
d (Xo42,% +d ) =
(Vok+25 %2k+3) + A (Vok+25 Yok+3) (1= (s +oa + a5 + a0)

[d (@ok415%2642) + & Yok15 Y2u+2)]
= hld (xok415%2k+2) + dW2k+15 Y2k+2)]

< W2[d (o, Xok+1) + Ak Yok 1)]-

Continuing this way, we have
dxn, %n+1) + AW Ynt1) < hldxu—1,%n) +dYn-1,94)]

< 1*[d(xp-2,%n-1) + d V-2, Yn—1)]
<. < W'[d(x0,x1) + d o, y1)]

If d(x, Xpt1) + d(yn:yn—H) =68, Thend, < hé,—1 < h28n—2 <..- < Hh".
For m > n,

[d (s Xm) + Ay ym)] < s[d(%n, %p11) + AWy Ynv1)]
+ 82[d (nt1, Xnt2) + A1, Yrg2) ] + - -
+ 8" 7Md (-1, %) + AYim—1,Ym)]
< W"s80 + 280 + - 5T,
< sH"[1 + sh+ (sh)> + -+ 180
sh"
1= sh

—> Qasn — o0.

Page 5 of 13
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Shows that {x,} and {y,,} are Cauchy sequences in X. As X is complete b-metric space, so
there exists x,y € X such that x,, — x and y,, — y as n—> o0.
Now we will prove that x = S(x,y) and y = S(y,x). On contrary suppose that
x # S(x,y)and y # S(x,9). Thend(x,S(x,y)) = {1 > 0and d(y, S(x,y)) = lp > 0.
Consider the following and using condition (1) of Theorem 1, we get

h =d(x,S(x,y) < sld(®x,%2k12) + d(Xxop+2, S, )]
= sd (%, %2k 42) + $A(T X2k 41, Y2k+1), S (%, 7))
= sd (%, %05 42) +8d(S(x,¥), T (%2k+1, Y2k +1))

d(x, %01 41) + Ay, y2u11)

2
d(x, S(x,y))d (xox+1, T (%241, Y2k+1))
1+ dx,%2%41) +d©, yox+1)
d(xox41, S, YA (x, T (%2411, Yox+1))
1+ d(x, % +1) + A yax+1)
a(S @, ), T (Kok+1,Y2k+1))4 (%, Xop+1)
1+ d(x, %2 +1) + A yox+1)
(S ), T (%2441, Y2k+1))A Y, Y2kc+1)
1+ d(x, %1 41) + A yax+1)
dxox+1, T K2k 115 Yox+1)) 2 Yok+1)
1+ d(x,%2%11) + A, yor+1)

; d(%2k41, S (%, ¥)d (%, X2k 41)

1 +d(x, x%241) + A yox+1)

. d(xok-+1, S® ¥)A (Y Yar-+1)

1 +d(x, % 41) +d @ yox+1)
d(x, %1 41) + A, yor+1)
2
, d(x, S(x,)d (X2x41, X2k +2)
1 +d(x, % 41) + A yox+1)

, d(xox+1, S (%, 1)) d (%, %01 42)

1+ d(x, %2%41) + A, yor+1)

s d(S(x,y), %og-+2)d (%, Xok+1)

1+ d(x,x%41) + AW, Yar+1)

. d(S(x,¥), %2k+2))A Y, y2k+1)

1+ d(x, %24+1) + AW, yor+1)

; A (%2441, %2k+2)4 Y, Y2k+1)

1+ d(x,%2+1) + AW, yor+1)

; d (%241, S(*, ) (%, X2k 11)

1+ d(x, x2+1) + AW, yor+1)

. d (%241, S, )y, y2u+1) .

1+ d(x, x2+1) + AW, yor+1)

< sd(x, Xox42) + sa1

+ sap

+ sa3

+ say,

+ sos

+ sug

+ so

+ so,

= sd (%, %ok 42) + so1

+ s«

+ s«

+ s«

+ sa

+ s«

+ s«

+ s«

Since {x,} and {y,} are convergent to x and y, therefore by taking limit as k — oo we get
1 < 0. Which is contradiction, so d(x, S(x,y)) = 0= x = S(x, ).

Similarly we can prove that y = S(y,x). Also we can prove that x = T'(x,y) and
y = T(y,%), Thus (x, y) is a common coupled fixed point of S and 7.



Sarwar et al. SpringerPlus (2016) 5:257

Uniqueness
Let (x*,y*) € X x X be second common coupled fixed point of S and 7.
Then by using condition (1) of Theorem 1, we have

d(x,x*) = d(S(x,9), T(x*,y%))
o d(x,x*) +dy,y") n aZd(x,S(x,y)d(x*, T (x*, y*))
= 2 1+d(@,x%) +d(y,y*)
d«*, S, y)dx, T (x*,y%)) o dSx,y), T (x*,y)d(x,x*)
14+dx,x*) +d(y,y*) 1+dx,x*) +d(y,y*)
0 28@ ), Ty ))dGyY) | A&, TG y7)d(y,y")

o3

1+d(xx*) +d(y,y) T+ dxx%) +dy,y)
o d(x*, S(x,y))d (x,x*) s d(x*,S(x,y))d(y, y*)
14+dx,x*) +d(y,y*) 14+ dx,x*) +dy,y*)
dx,x*) +d@y,y") dx, x)d(x*, x*)
- 2 O G ) +d0, )
dx*, x)d (x,x*) dx,x*)d(x,x*)

Bl dea) +doy) | THdEe) +d,y)
d(x,x*)d(y, y*) o dx*,x*)d(y, y*)

+
L T dma) +dy,y") | 11 dxx) +dy, )
d(x*, x)d (x, x*) dx*,x)d(y,y*)
+ a7 og
14+dx,x*) +dy,y") 14+dx,x*) +dy,y")

d(x,x*

<o (2, x™)
2

+ asd (%, x%) + a7d (x,x%) + agd (x,x7).

+ + o3d (%, 8™) + ctad (x, ")

dy,y*)
o]
2

Thus
d(y,y*
(1—%—053—054—055—057—068)61(96,96*)5051 (yzy )
_ _ _ _ _ _ *
(2 — o1 — 203 20142 205 — 207 zaS)d(x, ) <y d(yéy )

231

d(x,x*) < dy,y").
(xx)_(2—0(1—2013—2014—2055—20{7—2053) ) (©)
Similarly,
a1
d(y,y*) < d(x,x).
(yy)_(2—a1—2a3—2a4—2a5—2a7—2a3) (x,%7) Q)
Adding, (6) and (7), we get
[e3]

dx,x") +d(y,y") <

dy,y") + d(x,x*
(2—0{1—20[3—20{4—20{5—20{7—20{8)[ 0’)’)+ (xx)]

231

1- dy,y*) +dx,x")] <0
(2 — a1 — 203 — 204 — 205 — 207 — 208) [0,y +d(xx0] <

U1l — ) — a3 — ag — @5 — a7 —
l—oy—a3—ag —as —ay ozs()x [dx, 5% + d(y,y")] < 0.
8

2—(11—20(3—2(14—20[5—20[7—2

Page 7 of 13
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Sincea; + a3 +ag + o5 + a7 +ag < 1.
Therefore,

21 —op — o3 —og — a5 — a7 — ag)

> 0.
2 — a1 — 203 — 204 — 205 — 2007 — 2008

Hence
[d(x,x*) +d(y,y)] < 0.

Which implies that x = x* and y = y* = (x,5) = (x*, y").
Thus, S and T have unique common coupled fixed point.
Theorem 1 yields the following corollary.

Corollary 1 Let (X, d) be a complete b-metric space with parameter s > 1 and let the
mapping T : X x X — X mapping satisfy:

dx,u) +dy,v) dx, T(x,y)d(u, T (u,v))
o
2 14+dxu)+d@y,v)
du, T(x,9)d(x, T (u,v))
1+dxu)+dyv)
a(T(x,y), T (u,v))d(x, u)
14+dxu)+d@y,v)
d(T(x,y), T (u,v))d(y,v)
14+d@,u)+d@y,v)
du, T (u,v)d(y,v)
e 14+dxu)+dy,v)
N du, T (x,y)d(x,u))
"T+d@u) +do,v)
d(u, T (x,)d(y,v)
1+ dx,u) +d@y,v)

ad(T(x,9), T (u,v)) <o

+ g

+ a5

+ o

forall x,y,u,v, € X and a1, a2, o3, a4, 005, 0, 07,008 > Owith sog +aa + g + a5 +ag < 1
and a1 + a3+ as + as + a7 +oag < 1. Then T has unique common coupled fixed point
in X.

Proof The proof follows from Theorem 1 by taking S = T O

Theorem 2 Let (X, d) be a complete b metric space with parameter s > 1 and let the
mapping S, T : X x X —> X satisfy:

dx,u) +d@y,v)

dlS,y), Tw,v) <a 3

d(x, S, y)dw, T (u,v)) (®)

+h 1+4sld(x, T(u,v)) +d(u, S(x,9)) + d(x,u)) + d(y, nl

For all x,y,u,v € X and «, B are non-negative real numbers with s(« + ) < 1. Then S
and T have unique common coupled fixed point.
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Proof Take two arbitrary points xg,y0 in X. Define xpxi1 = S(Xok, Yok)> Yok+1 =)
SOk %21)s %242 = T K2k 1, Y2k+1) and yog 12 = T (Yaky1, %2k 1) fork =0,1,2,. ...

Consider

dXok41, X2k+2) = A(S X2k, Yor)» T Kok415 Y2k+1))-

Then by using condition (8) of Theorem 2, we have

which implies that
d (o, %2+1) + A2k Y2k+1)
2
P d (%o, S (%o Y2u)) A op+1, T Kk 415 Yok+1))
1+ sld ok, T (ok41, Y2u+1)) + @Kok 1, S (ks yar)) + d (g, Xau 1) + d ks y2u41)]
—u d %ok, Xok+1) + Aok, Yar+1)
2
8 d (xok, Xk 41)d (k115 X2k 42)
1+ sld (or, %2k +2) + d Xk 11, %2k+1) + d X2k, Xag+1) + AWk, Yok+1)]
— d (%, X2k +1) ‘o Aok Yok+1)
2 2
d %ok, %ok 1) (Xok 41, X2k 42)
1+ sld (or+1, ¥ax+2) + 4k Yar+1)]

N A Xk X2k +1) d Y2k Y2k+1)

dXoky1,%2%12) < o

+8

< 3 +a 5 + Bd(xox, X2k+1)
oa+28 o
A (X1, X2k 42) < Td(karx2k+1) + Ed(yzk,yzkﬂl )
Similarly we can prove
o+ 2 o
d(Yak+1Y2k+2) < Td(karka—H) + Ed(ka,x2k+1)~ 10

Adding (9) and (10), we get

[d Xok+15 %2k+2) + AYokt15 Y2k+2)] < (@ + B)d %ok, X2k 4+1) + 4 Yok Yor+1)]-

Also

dKok+2, %2k+3) = A(T K2k 11, Yak+1)5 S K2k 42, Y2k +2))
= d(S(xk12, Y2k+2)r T Foxs1, Y2k41))
u d(%k+2, %2k+1) + AY2k+2, Yox+1)
- 2
5 d(xok+2> S Wok+2, Y2k+2))8 K2k 11, T K1, Yok+1))
1+ sld@opr1, T g1, Yar+1)) + d &gy, Sak2, Yak+2)) + dkr2, Xok+1) + dGar2: Yar+1)]
Y d(okt2%2k+1) + dYakt2 Y2k+1)
2
4B A (X2 %2k43)d Kok 41, X2k 42)
1+ sld (41, %2k+2) + d(xop2, ¥ak+3) + dXokr2, X2k+1) + dY2k+2, Yox+1)]
d s d ,
o d(arnrFaiss) < (x2k+22 Xok+2) ta ()'2k+22 Yok+2)
A (Xok+2> %2k+3) A (F2k-+1, ¥ak+2)
1+ sld (11, %2k 13) + d(Xop 2, Xop1) + dYar2s Yaka1)]
—u d (%12 %2k+1) ‘o A (yak+2>Yak+1) +p d (%25 %2k+3) 4 Kok 1> X2k +2)
2 2 1+ sld (%212, %2k+3) + dW2k12, Y2u+1)]

d(Xok 42, %2k+1) d(Yak+2 Yok+1)
2 ta 2

+8

d Kok, %2k +3) < @ + Bd(xok+1, %2k+2)
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(o +28) d , )
d Xk 42, X2k 43) < Td(xszrl’kaJrZ) + QM (1D
(o +28) A (X415 %2k+2)

A (Yok42: Y2k+3) < ?d(yzk+l:y2k+2) +o (12)

2

Adding, (11) and (12), we get

[d (k425 %2k 43) + AYoky2s Your+3)] < (@ + B)d Kokq1, Xok+42) + AYoxt15 Yok+2)]
< (o + B)*[d (o1 %2x11) + dGager Yr41)]

continuing the same process, we get

d(Xn, Xny1) + d(yn:yn-i-l) < (a+ Bldxn—1,%1) + d(yn—byn)]
< (@ + B [dGn-2,%n-1) + A2, yu-1)]
<---=< (O[ + ﬁ)n[d(xo,xl) + d(y(),yl)]

whereh=a+ 8 < L
Now if d (%, x4 11) + d()’n:ynJrl) =8, Thend, < hd,_1 <--- < h"&
so for m > n, we have

Ay Xm) + AW Ym) < sldxp, %p11) + AWy Yny1)]
+ -+ "Td X1, %m) + A Y1, Ym)]
< sh"8o 4+ s*W" 6o + - + "WML,
< sH"[1 + (sh) + (sh)*> + - - 180
sh"
- 1—sh

Therefore, {x,} and {y,} are Cauchy sequences in X. Since X is complete b-metric space,

§g —> Oasn —> oo.

there exists x, y € X such that x,, — x and y, — y as n—> oo.

Now we will show that x = S(x, y) and y = S(y, x). Suppose on contrary that x # S(x,y)
and y # S(x,y), so that d(x,s(x,y)) = I1 > 0 and d(y,s(x,y)) = I, > 0 consider the fol-
lowing and using condition (8) of Theorem 2, we get

h =d(xsx,y) < sldx, xuq2) + dxopq2, S, )]
= 5d (%, %oky2) + sd (S, ), Xok42)
= sd (x, Xor42) + sd (S, ), T (Xox11, Y2k+1))
A (%, %ok41) + d ¥, yor+1)
2
dx, S, y)d xog+1, T (Kok+15 Y2k+1))
1+ s[d(x, T (%ok41, Y2k+1)) + A, S, 9) + d(x, %0x41) + A @, Yor+1)]
d(x, %2k 41) + AW, Yok+1)
2
d(x, S(x, YA (Xok 41, X2k +2)
1+ s[d(x, %0k 12) + d(u, S(x,9)) + d (%, %% 1) + d ¥ yous+1)]

< sd(x, %k 42) + sc

+sB

= sd (%, Xk 42) + sa

+sB

Taking limit k — cowe getl; < 0.

Page 10 of 13
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Therefore d(x, S(x,y)) = 0. Which implies that x = S(x, y)

Similarly we can prove that y = S(y,x),x = T'(x,y) and y = T (y, x).

Hence (x, y) is a common coupled fixed point of S and T. 1
Uniqueness

Let (x*,y*) € Xx X be another common coupled fixed point of S and T.

Using condition (8) of Theorem 2 here, we get

ﬂ%f>=d6meTuﬁﬁ»sad@“);dUJ)

d(x, S, y)d(x*, T (x*, y*))

+h 14 sld(x, T(x*,y*)) + d(x*, S(x,9)) + d(x,x*) + d(y,y*)]
d(x,x*) +d(y,y*) d(x,x)d(x*, x™)
<a + B
2 1+ sld(x,x*) + d(x*, x) + d(x,x%) + d(y,y*)]
_ d(x,x) ay,y*) d(x,x)d(x*,x™)
ey e P Bt ) + diy ]
Therefore,
d(x,x*) < ad(’;x ) 4 ad(yéy ) & die ) {1 - %} < ad(yéy )
= d(x,x") [2 ; a] < ad(yéy )
d(x,x") < ——d(y,y")
XX ) = 7 0557 (13)
Similarly, we can prove that
k o *
d(y,y") < 2_ad(x,x ). (14)
Adding, (13) and (14), we get
d(,x) +d(ny) = 57—[d(xx7) +d(,7)]
= (1 - a)[d(x,x*) +d(»,yH1<0
2—«a

d(x,x*) + d(y,y*) < 0, which implies that x = x*and y = y* = (x,7) = (x*,y").
Hence, S and T have unique common coupled fixed point.

Corollary 2 Let (x, d) be a complete b metric space with parameter s > 1 and let the
mapping T : X x X = X satisfy:

dx,u) +d@y,v)
2

ad(T(x,9), T(u,v)) < o

d(x, T (x,y)du, T (u,v))
1+sldx, Tw,v)) +dw, T(x,y) +dxu) +dy,v)]

+ B

Page 11 of 13
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For all x,y,u,v € X and o, B are non-negative real numbers with s(a + 8) < 1. Then T has

a unique common coupled fixed point.

Remarks

o Ifa;j=0"fori=4,56,7,8 in Theorem 1, then we get the result of Malhotra and
Bansal (2015).

o Ifwetake S =T and o; =0 fori =4,5,6,7,8 in Theorem 1, then we get the corol-
lary of Malhotra and Bansal (2015).

Example 4 Suppose X =[0,1]. Defined the function d:X xX — R by
dx,y) = %(x —9)2Vx,y € X. Clearly (X, d) is b-metric space with parameter s = 2.

If we define S, 7 : X x X — X by S(x,y) = %, T (x,y) = x—? for each x,y € X. Then
it can be proved simply that the maps S and T satisfy the conditions of Theorem 1 with
o] = %,az = 1—15,053 = %,m = %,a;; = %5,016 = %,om = 2%,058 = 3—56. Hence (0,0) is a
unique common coupled fixed point of S and T.

Conclusion
The derived results generalize and extend some results of Malhotra and Bansal (2015) in
the setting of b-metric spaces.

Authors’ contributions
MS, SH and PSK contributed equally to the writing of this manuscript. All authors reads and approved the final version.

Author details
! Department of Mathematics, University of Malakand, Chakdara Dir(L), Pakistan. 2 Department of Mathematics, National
Institute of Technology-Andhra Pradesh, Tadepalligudem, India.

Acknowledgements
The authors are grateful to the editor and anonymous reviewers for their, valuable comments and remarks to improve
this manuscript. The authors are also grateful to Springerplus for granting full fee waiver.

Competing interest
The authors declare that they have no competing interests.

Received: 18 November 2015 Accepted: 15 February 2016
Published online: 02 March 2016

References

Aydi H, Bota MF, Karapinar E, Mitrovic S (2012) A fixed point theorem for set-valued quasi-contractions in b-metric spaces.
Fixed Point Theory Appl 2012:8

Bakhtin IA (1989) The contraction mapping principle in quasimetric spaces. Funtional Anal 30:26-37

Berinde V (2012) Coupled fixed point theorems for g-contractive mixed monotone mappings in partially ordered metric
spaces. Nonlinear Anal Theory Methods Appl 75(6):3218-3228

Boriceanu M (2009) Fixed point theory on spaces with vector-valued b-metrics. Demonstr Math XLI 1(4):285-301

Boriceanu M (2009) Strict fixed point theorems for multivalued operators in b-metric spaces. Int J Mod Math
4(2):285-301

Boriceanu M (2009) Fixd point theory for multivalued generalized contraction on a set with two b-metrices. Studia Univ
Babes-Bolyani Math LIV(3):1-14

Bota M, Molnar A, Varga C (2011) On ekeland’s variational principle in b-metric spaces. Fixed Point Theory 12(2):21-28

Chugh R, kumarV, Kadian T (2012) Some fixed point theorems for multivalued mappings in generalized b-metric spaces.
Int J Math Arch 3(3):1198-1210

Czerwik S (1993) Contraction mappings in b-metric spaces. Acta Math Inform Univ Ostrav 1:5-11

Czerwik S (1998) Non-linear set-valud contraction mappings in b-metric spaces. Atti Sem Math Fis Univ Modena
46:263-276

Czerwik S, Dlutek K, Singh SL (1997) Round-off stability of iteration procedure for operatos in b-metric spaces. J Nat Phys
Sci 11:87-94



Sarwar et al. SpringerPlus (2016) 5:257 Page 13 of 13

Czerwik S, Dlutek K, Singh SL (2001) Round-offstability of iteration procedure for set valued operatos in b-metric spaces.
JNat Phys Sci 15:1-2

Gnana Bhaskar T, Lakshmikantham V (2006) Fixed point theorems in partially ordered metric spaces and applications.
Nonlinear Anal TMA 65:1379-1393

Guo D, Lakshmikantham V (1987) Coupled fixed points of non-linear operators with applications. Nonlinear Anal Theory
Method Appl 11:623-632

Hussain N, Doric D, Kadelburg Z, Radonovic S (2012) suzuki-type fixed point result in metic type spaces. Fixed Point
Theory Appl 2012:12

Kir M, Kiziltunc H (2013) on some well known fixed point theorems in b-metric spaces. Turk J Anal Number Theory
1(1):1316

Lina Md, Curar P (2010) A fixed point result for ¢-contractions on b-metric spaces without the boundedness assumption.
Fascicyli Mathematici 43:125-137

Malhotra N, Bansal B (2015) Some common coupled fixed point theorems for generalised contaction in b-metric space. J
Nonlinear Sci Appl 8:8-16

Mustafa Z, Rezaei Roshan J, Parvaneh V, Kadelburg Z (2013) Some common fixed point results in ordered partial bmetric
space. J Inequal Appl 2013:562

Mustafa Z, Rezaei Roshan J, Parvaneh V, Kadelburg Z (2014) Fixed point theorems for weakly T-Chatterjea and weakly
T-Kannan contractions in b-metric spaces. J Inequal Appl 2014:46

Mustafa Z, Parvaneh V, Roshan JR, Kadelburg Z (2014) b2-Metric spaces and some fixed point theorems. Fixed Point
Theory Appl 2014(1):144

Olatinwo MO, Imoru CO (2008) a generalisation of some results on multi-valued weakly Picard mappings in b-metric
space. Fasciculi-Mathematici 40:45-56

Olaru IM, Branga A (2011) Common fixed point results in b-k-metric spaces. Gen Math 19(4):51-59

Pacurar M (2010) Sequences of almost contractions and fixed pointsin b-metric spaces. Analele Universit de Vest Tim-
isoara Seria Matematic Informatic XLVIII(3):125-137

Shih Du W, Karapnar E (2013) A note on cone b-metric and its related results: generalizations or equivalence. Fixed Point
Theory Appl 2013:210

Sintunavarat W, Kumam P, Cho YS (2012) Coupled fixed points theorems of nonlinear contractions without mixed mono-
tone property. Fixed Point Theory Appl 2012:170

Sintunavarat W, Radenovic S, Golbovic Z, Kuman P (2013) Coupled fixed points theorems for F-invariant set. Appl Math
Inf Sci 7(1):247-255

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Common coupled fixed point theorems satisfying rational type contractive conditions in b-metric spaces
	Abstract 
	Background
	Preliminaries
	Main results
	Conclusion
	Authors’ contributions
	References




