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principle has been obtained by using an ingenious method.

Introduction and preliminaries

Sometimes, it is found appropriate to assign the average of several measurements as a
measure to ascertain the distance between two points. Inspired from this line of think-
ing, Menger (1942, 1951) introduced the notion of probabilistic metric spaces as a
generalization of metric spaces. In fact, he replaced the distance function d(x, y) with
a distribution function Fy, : X x X — R wherein for any number ¢, the value F;,(t)
describes the probability that the distance between x and y is less than . In fact the study
of such spaces received an impetus with the pioneering work of Schweizer and Sklar
(1983). The theory of probabilistic metric spaces is of paramount importance in random
functional analysis especially due to its extensive applications in random differential as
well as random integral equations (Chang et al. 1994). Sehgal and Bharucha-Reid (1972;
Sehgal 1966) established fixed point theorems in probabilistic metric spaces (for short,
PM-spaces). Indeed, by using the notion of probabilistic qcontraction, they proved a
unique fixed point result, which is an extension of the celebrated Banach contraction
principle (Banach 1922). For the interested reader, a comprehensive study of fixed point
theory in the probabilistic metric setting can be found in the book of Hadii¢ and Pap
(2001), see also Van An et al. (2014) for further discussion on generalizations of metric
fixed point theory. Recently, Choudhury and Das (2008) gave a generalized unique fixed
point theorem by using an altering distance function, which was originally introduced
by Khan et al. (1984). For other results in this direction, we refer to Chauhan et al. (2013,
2014a, b, ¢, d), Choudhury et al. (2008), Choudhury and Das (2009), Ciri¢ (1975), Gaji¢
and Rakocevi¢ (2007), Mihet (2009), Dutta et al. (2009), Hadzi and Pap (2001), Kutbi
et al. (2015). In particular, Dutta et al. (2009) defined nonlinear generalized contractive
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type mappings involving altering distances (say, {-contractive mappings) in Menger PM-
spaces and proved their theorem for such kind of mappings in the setting of G-complete
Menger PM-spaces. On contributing to this study, In 2015, Marwan Amin Kutbi et al.
weakened the notion of ¥-contractive mapping and establish some fixed point theorems
in G-complete and M-complete Menger PM-spaces, besides discussing some related
results and illustrative examples.

Next we shall recall some well-known definitions and results in the theory of proba-
bilistic metric spaces which are used later on in this paper. For more details, we refer the
reader to Chauhan et al. (20144, b), Kutbi et al. (2015), Xu et al. (2015a, b), Chauhan and
Pant (2014), Su and Zhang (2014), Su et al. (2015).

Definition 1 A triangular norm (shorter 7-norm) is a binary operation 7 on [0, 1]
which satisfies the following conditions:

(a) Tis associative and commutative;

(b) Tis continuous;

(¢) T(a,1) =aforalla € [0,1];

(d) T(a,b) < T(c,d)whenevera < candb < d for each a, b,c,d € [0, 1].

The following are the four basic T-norms:

Ti(a,b) = max(a + b — 1,0);

Ty(a,b) = a - b;

ab

ath—ab’ ﬂb#o
Ty by =4 7 °

0, ab=0;

T4(a,b) = min(a, b).

It is easy to check, the above four T-norms have the following relations:
T1(a, b) < Ty(a, b) < Ts(a, b) < Ty(a, b),

foranya, b € [0,1].

Definition 2 A function F(¢) : (—o0,+00) — [0,1] is called a distance distribu-
tion function if it is non-decreasing and left-continuous with lim;—,_o F(¢) =0,
limy—, 1 5 F(¢) = 1. and F(0) = 0. The set of all distance distribution functions is denoted
by DT. A special distance distribution function is given by

0, t<0,
H(t)={1 £>0.

Definition 3 A Menger probabilistic metric space is a triple (E, F, T) where E is a non-
empty set, T is a continuous ¢t-norm and F is a mapping from E x E into D™ such that, if
Fy,y denotes the value of F at the pair (x, y), the following conditions hold:
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(MPM-1) Fy,(t) = H(¢)if and only if x = y;
(MPM-2) Fy(t) = Fyx(t)forallx,y € Eand t € (—00, +00);
(MPM-3) Fyy(t +5) > T (Fy,,(t),F,y(s)) forallx,y,z € Eand t > 0,5 > 0.

Definition 4 (Kutbi et al. 2015) Let (E, F, T) be a Menger probabilistic metric space.

(1) A sequence {x,} in E is said to converge to x € E if for any givene > Oand 4 > 0,
there exists a positive integer N = N (g, A) such that Fy, ,(¢) > 1 — 4 whenever
n> N.

(2) A sequence {x,} in E is called a Cauchy sequence if for any ¢ > 0 and 4 > 0,

there exists a positive integer N = N (¢, 4) such that Fy, . (¢) > 1 — 4, whenever

nXm
n,m > N.

(3) (E, F, T) is said to be M-complete if each Cauchy sequence in E converges to
some point in E.

(4) A sequence {x,} in E is called a G-Cauchy sequence if lim_, oo Fi,, x,,, (£) = 0 for

any given positive integer m and ¢ > 0.
(5) (E, F, T) is said to be G-complete if each G-Cauchy sequence is convergent in E.

Example Letx, =Y %, n=1,2,3,...Itis easy to show, for any given m, that

n+m
| | 1 - m 0
Xn — X = E - < —
n n+m ' i n+1
i=n+1

as n — oo. Hence {x,} is a G-Cauchy sequence. But it is not a Cauchy sequence, since x;
does not converge.

Definition 5 (Kutbi et al. 2015) A function ¢ : Rt — R is said to be a ¢-function if it
satisfies the following conditions:

i) ¢ () = 0ifand only if£ = 0;

i)  ¢(t)is strictly increasing and ¢ (t) — coast — oc;
iii) ¢ () is left continuous in (0, +00);

iv) ¢ (t)is continuous at 0.

In the sequel, the class of all ¢-functions will be denoted by ®. We denote by W the
class of all continuous non-decreasing functions ¥ : R — R such that ¥(0) = 0 and
¥"(a,) — 0, whenever a,, — 0, asn — oc.

Kutbi et al. (2015) proved the two generalized contraction mapping principles for the
following so-called -contractive mapping 7 from a Menger probabilistic metric space
(E, F, T) into it-self:

l—lflﬁ(l—l), V¢t >0, Vx,y € E
F (@ (ct)) Fyy(p(2))

where ¢ € (0,1) and ¥ (¢), ¢ (¢t) are two functions with the suitable conditions. In so-
called M-complete Menger probabilistic spaces, they have proved a generalized y-con-
traction mapping principle provided that F is triangular:
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1 1 1
—1 < — 1+ —
Fiy(t) Frz(t) Fy ()

’

for every x,y,z € E and each ¢ > 0.

The purpose of this paper is to present the definition of (¢, ¢)-contractive mapping and
to discuss the relation of y-contractive mappings and (¢, ¢)-contractive mappings. Fur-
thermore, the generalized (¢, ¢)-contraction mapping principle has been proved without
the uniqueness condition. Meanwhile, the generalized /-contraction mapping principle
has been obtained by using an ingenious method.

The equivalence of (¢, ¢)-contractive and (¢, ¥ )-contractive

We denote by €2; the class of all continuous non-decreasing functions ¢ : (0,1] — (0,1]
such that lim; ¢ ¢(¢) =0 and ¢(1) = 1. We denote by Q3 the class of all continu-
ous non-decreasing functions ¥ :[0,+00) — [0,+00) such that ¥(0) =0 and
lim;—, o0 @ (t) = Ho00. Further we give the following definition.

Definition 6 Let (E, F, T) be a Menger probabilistic space and f : E — E be a mapping
satisfying the following inequality
Frp(@(ct)) = @(Fry(@(2))) Vx,y €E, Vi >0, (1)

where ¢ € (0,1), ¢ € @, ¢ € Q1. The mapping f satisfying condition (1) is called
(¢, p)-contractive mapping.

Definition 7 Let (E, F, T) be a Menger probabilistic space and f : E — E be a mapping
satisfying the following inequality

1 1
_ 1 — —1, Vg, E, YVt > 0,
Frp@@n =7 (Fx,yws ) > Byes T @

where ¢ € (0,1),¢ € ®, ¥ € Qy. The mapping f satisfying condition (2) is called
(¢, ¥)-contractive mapping.

Theorem 8 Let T be a (¢, )-contractive mapping, then T is also a (¢, ¢)-contractive
mapping, where

ot)=————— O0<t<l.
" (% - 1) 1
Proof We rewrite the (2) to the following form
1 <¢f< ! 1)+1 Vx,y € E,Vt > 0
- ) ) ’ > U,
Frop@(e0) ~ * \Ey(@(0) g

which can be rewritten to
1

Fefy(p(ct)) = ( , Vx,y€E, Vt>0.

1
v\ Eem 1) +1
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That is

Fropy(@(ct)) > o(Fry(¢(8))) Vx,y € E, ¥Vt > 0.

This completes the proof. (]

Theorem 9 Let T be a (¢, p)-contractive mapping, then T is also a (¢, y)-contractive
mapping, where

1
v = )

Proof From the (3), we have

-1, 0<t<+oc.
- (3)

p(t) = , O0O<t<l.

w(%—1)+1

We rewrite the (1) to the following form

1

Frefy(d(ct)) = ( , Vx,yeE, Vt>0,

1
Wlwww‘4)+1

which can be rewritten to

1 1
—1|+1, Vx E, YVt > 0.
@) =7 (Fx,y«p(t)) ) Bres T

That is,

1 1
-1 —— —1), Vx E, vVt > 0.
Fap@en =7 (Fx,y@ ) ) nyes T

This completes the proof. O

In this paper, we prove the following contraction mapping principle for the (¢, ¢)-con-
tractive mappings in a G-complete Menger probabilistic space. Meanwhile, we do not
need to add the uniqueness condition of fixed point (see Kutbi et al. 2015).

Theorem 10 Let (E, F, T) be a G-complete Menger probabilistic space and f : E — E
be a (¢, )-contractive mapping. Assume that lim,, .1 ¢"(a,) = 1. Then f has a unique
fixed point.

Proof For any xg € E, we define a sequence {x,} by x,4+1 = Tx, for all > 0. From (1)
and the properties of ¢ and ¢ we know, for all £ > 0, that

i (s o) 2ol ()
e o(2)) 7 2 ()

“4)
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asn — oo. Let ¢ > 0 be given, then by using the properties (i) and (iv) of a function ¢ we
can find ¢ > O such that e > ¢ (¢). It follows from (4) that

A Fri, (6) = 1. 5)

By using the triangle inequality (MPM-3), we obtain

& & &
Fxn:xwrp (8) = T (Fxnianrl <p> ’ T (Fxn+1:xn+1 <p> LA (warpl’xwrp (p>> e ) ) :

Thus, letting n — oo and making use of (5), for any integer p, we get

E, (e)=1, Ve>DO.

lim
X,
N> 60 n+prn

Hence {x,} is a G-Cauchy sequence. Since (E, F, T) is G-complete, there exists a point
u € E such thatx,, — uasn — oo. For any ¢ > 0, choose ¢ (¢) < %, we have

Fut®) > 7B (5) P ().

> T (B, @O, Frpena(5)):

> T<Fu,xn <¢(Z))F+(;)> 1,

as n — oo, which in turn yields that fu = u. Next we show the uniqueness of the fixed
point. If there exists v such that fv = v, by using (3) we hvae

Fuv(p(2)) =Ffu,ﬁ/(¢(t)) > §0<Fu,v <¢(Z>)) > ..o > 9" (Fu,v<¢<ctn>>) -1

asn — oo. It is easy to see u = v. The proof is completed. g

Kutbi et al. (2015) proved the following fixed point theorem for the (¢, ¥)-contractive
mappings in a G-complete Menger probabilistic space. Meanwhile, they need to add the
uniqueness condition of fixed point (see Xu et al. 2015). In order to clearly show the con-

tent of theorem, we use a clear form to write this theorem.

Theorem 11 (Kutbi et al. 2015) Let (E, F, T) be a G-complete Menger probabilistic
space and f : E — E be a (¢, ¥)-contractive mapping. Assume that lim,,_.o ¥"(a,) = 0.
Then f has a fixed point.

In order to get the uniqueness of fixed point, authors added the following condition:
F,,(0) =0, Vu,veF(), ()

where F(f) denotes the set of all fixed points of a mapping f.

Theorem 12 (Kutbi et al. 2015) Adding condition (x) to the hypotheses of Theorem 11,
we obtain uniqueness of the fixed point.
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By using Theorem 10, we can get the following contraction mapping principle for the
(¢, ¥)-contractive mappings in a G-complete Menger probabilistic space.

Theorem 13 Let (E, F, T) be a G-complete Menger probabilistic space and f : E — E
be a (¢, V)-contractive mapping. Assume that lim,, .1 ¢"(a,) = 1. Then f has a unique
fixed point, where

1
H=-—1—", 0<t=<L
O yd e T

Proof From Theorem 8, we know that, T is also a (¢, ¢)-contractive mapping, where
1
)= —5———, O0<t=L
VG -D+1
Since lim,,—1 ¢"(a,) = 1, by using Theorem 8, we obtain the conclusion. This com-
pletes the proof. O

Open question 14 Is the following property right?

baigll Wb =1 alniglo v an) =0, (6)
where
() 1 0<t<1
(] =, < = 1.
v -1 +1

If the property (6) is right, then we can obtain the following result.

Theorem 15 Let (E, F, T) be a G-complete Menger probabilistic space and f : E — E
be a (¢, V)-contractive mapping. Assume that lim,, .o ¥"(a,) = 0. Then f has a unique
fixed point.

Conclusion 16 The property (6) is right. Therefore Theorem 15 holds.

Proof It is not hard to show that, the property (6) is equivalent to the following

proposition
bly,igl (pn(bn) =1l alnifo V" (an) =0, (7)

where a,, = bi — land
n

1
H=————6#¥— 0O0<t<l.
@(t) yA-D+1 <t<

Next, we prove (7). Let

1 1
B(ty=—, A)=--1, 0<t<],
O =17 AO=7 <t=
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then we have

B l=4 Al=5B

1 1
:——leb 5 b: :B B
ap ; (bn) n 4+ 1 (an)

1
= T ) 1 vA) +1

¥ (t) = ApB(t), 0 <t < +oo.

= BYA®), O0<t<lL.

Now we prove

lim ¢"(b,) =1= lim ¥"(a,) = 0.
by,—1 ay—0

Observe
Y (an) = " Y (an)

= y" ' ApB(a,)
= Y" " 2ApBApB(ay)

= (ApB)"(an)
= (ApB)"A(by)
= A¢" (by).
Because lim;,—, o ¢"(b,) = 1and lim,_,1 A(t) = 0, we have lim,, .0 ¥"(a,) = 0.

Now we prove

lim ¢"(b,) =1« lim ¥"(a,) =0.
b,—1 a,—0

Observe
@"(by) = ¢" Lo (by)
= ¢" 'ByA(b,)
= ¢" 2By A)*(by)

= (BpA)" (bn)
= (BpA)"B(ay)
= Bwn(ﬂn)
Because lim;,_. o ¥"(a,) = 0 and lim;_,o B(¢) = 1, we have lim, _,; ¢"(b,) = L

This completes the proof.

Examples

Theorem 17 Let (X, d) be a metric space, f : X — X be a mapping satisfying the fol-

lowing condition:

d(f(x),f () < 2c*d(x,y), V¥x,y€X, (8)

Page 8 of 12
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where ¢ € (0,1) is a constant. Let

t
() t O;
Fyy(t) = { (t)+d(x,y) ; Z 0 Vx,y € X.

Then

(1) (X, F, Ty) is a Menger probabilistic metric space;
2) T is a (¢, ¢ )-contractive mapping, where ¢ (t) = ¢(t) = t%
(3) T is also a (¢, V)-contractive mapping where ¢ (t) = t>,y(t) = t* + 2¢.

Proof (1) We prove (X, F, Ty) is a Menger probabilistic metric space. The conditions
(MPM-1) and (MPM-2) obviously hold. We prove the condition (MPM-3). For any
x,9,z € Xandt > 0,s > 0, we claim that

t+s .{ t s }
————— > min , .
t+s)+dxy) t+dx,z) s+d(z,y)

If not, we have

t+s t

< ’

Et+s)+dxy t+dxz)
t+s S

t+s)+dxy) =5 +d(z,y)

which is equivalent to

E+s)E+dxz) <t((t+3s)+dxy),
t+s)(s+d(z,y) <s((t+s)+dxy)).

Adding the above two inequalities, we get
(t+9)dx2) +dzy) < +s)dx,y)
which implies
dx,2) +d(z,y) < d(xy).
This is a contradiction which implies the condition (MPM-3) holds.

(2) From (8) we have

2
d(f@),f () < (2> + %d(x,y»d(x,y), Va,y e X, t >0,
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and hence

d(f ®),f ) < t%(zczt"‘ + c2d(x,y))d(x,y), Vr,yeX, t >0,

2 d(f (x),f () < QA2+ *d(x,9)d(x,y), Vx,yeX, t >0,

At 4 2d(f (x),f () < Atr + 2P + Cd(x,y)d(x,y), Vx,ye X, t >0,
222 +d(f (x),f () < At +22d(x,y) + d*(x,9), Vx,yeX, t>0,

2P +d(f@).f ) < A +dxy)?, VryeX, t>0, ©)
¢ c*t?
< , Vx,yeX,t>0,
@ +day)? = 22 +df@.f0) 7
(tz >2 < e Vi,yeX, t>0
7 ‘x’ e ) > .
Prdy) T eErdf@.fon
We rewrite inequality (9) to the following form
Frfo)(c0)?) = (Fey(t®)? ¥x,y € X, t > 0.
That is,
Fraofo)(@(ct)) = o(Fxy(@(), Vx,y€ X, t>0,
where ¢ (t) = 2, 0(t) = ¢%.
(3) By using Theorem 9, we know that, T is also a (¢, ¥)-contractive mapping with
1
Y(t)=—5—--1 0=<t<+oo.
o(77)
O

Thatis ¢ (¢) = — 1 = t? + t. This completes the proof.

_1
(#7)?

Theorem 18 Let (X, d) be a metric space, f : X — X be a nonexpansive mapping. Let

t >0,

t<o, Vx,y € X.

_t
Foy(t) = { e

Then

(1) (X, F, Ty) is a Menger probabilistic metric space;
(2) Tisa(e, p)-contractive mapping where ¢ (t) = t2, ¢(t) =

(1+0)e,
2
(3) Tis also a (¢, V)-contractive mapping, where ¢ (t) = t>, Y (t) = 2743t

’ PPING =t = 23t

)

Proof (1) It is a conclusion of Theorem 17. (2) Since T is nonexpansive, let ¢ € (0, 1) be

a constant such that 3c¢2 > 2, we have

3¢2t2 + d(x, ¥)

D dly) (@ TEIEX =0

aff (x),f») <

Page 10 of 12
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and hence

22 +dx, y)d(f (x),f ) < B> +d(x,9)d(x,y), VYx,y€X, t>O0.
262t 4 26%d(f (%), f () + 22 (%, y) + d(f ), f ())d (x,)

<22t + 402t2d(x,y) + (d(x,y))Z, Vx,ye X, t > 0.
(@8 +d(f (x).f )2 + d(x,y)

< 2c*t* + 4Pt d(x,y) + (d(x,9)%, VYx,yeX, t>0.

22 +d(xy) _ 2¢? Vay e X, £ 0 (10)

2 +d@xy)? = A2 +d(f®).f0) ’ '

<1 + e ) e < 207 Vx,yeX, t>0
2+dxy) )2 4+dey = A2 +df®).f0) ’ '

1(14— a > e < e Vx,ye X, t>0

2 24+dxy) ) +dxy) ~ AR +df@.f0) ’ '

We rewrite inequality (10) to the following form

1+ Fy (¢
%y()sz(ﬂ), Vx,y € X, t > 0.

Frin s ((ct)) =

That is,
Frafo)(@(ct)) = (Fry(@(2)), Vx,ye X, £>0.

where ¢(t) =2, @) = (%t)t (3) By using Theorem 9, we know that, T is also a

(¢, ¥)-contractive mapping with

1
Y(t)=—F——1, 0<t<+oo.
()
That is,
o= — 1
= 4L 151
A+ 1)
201402 )
24t
2% 43¢
2+t
This completes the proof. ]
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