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Background

Throughout this paper, let V and W be real vector spaces, let X and Y be a real normed
space and a real Banach space, respectively, and let Ny denote the set of all nonnegative
integers. For any mapping f : V — W, let us define

folwy o= TR,
iy = LD

Af (x,y) = fx+y) —fx) —fO),
Qf (x,y) == flx+y) +f(x—y) —2f(x) —2f ()

for all x,y € V. A mapping f : V — W is called an additive mapping (or a quadratic
mapping) if f satisfies the functional equation Af(x,y) =0 (or Qf(x,y) = 0) for all
%,y € V. We notice that the mappings g,/ : R — R given by g(x) = ax and h(x) = ax?
are solutions of Ag(x,y) = 0and Qh(x,y) = 0, respectively.

A mapping f : V — W is called a quadratic-additive mapping if and only if f is rep-
resented by the sum of an additive mapping and a quadratic mapping. A functional
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equation is called a quadratic-additive type functional equation if and only if each of its
solutions is a quadratic-additive mapping. For example, the mapping f (x) = ax? + bx is
a solution of the quadratic-additive type functional equation.

In the study of stability problems of quadratic-additive type functional equations, we
follow out a routine and monotonous procedure for proving the stability of the quad-
ratic-additive type functional equations under various conditions. We can find in the
books (Cho et al. 2013; Czerwik 2002; Hyers et al. 1998; Jung 2011) a lot of references
concerning the Hyers-Ulam stability of functional equations (see also Alotaibi and
Mohiuddine 2012; Aoki 1950; Baker 2005; Brillouét-Belluot et al. 2012; Gavruta 1994;
Hyers 1941; Mohiuddine 2009; Mohiuddine and Sevli 2011; Mursaleen and Mohiuddine
2009; Rassias 1978; Ulam 1960).

In this paper, we prove a general stability theorem that can be easily applied to the
(generalized) Hyers-Ulam stability of a large class of functional equations of the form
Df (x1,%2,...,%,) = 0, which includes quadratic-additive type functional equations. In
practice, given a mapping f : V. — W, Df : V" — W is defined by

m
Df (1, %0, ., %) i= Y cif (an®1 + ainxs + -+ + ainy) (1)
i=1
for all x1,%3,...,%, € V, where m is a positive integer and c;, a;; are real constants.

Indeed, this stability theorem can save us much trouble of proving the stability of rel-
evant solutions repeatedly appearing in the stability problems for various functional
equations including the quadratic functional equations (Jun and Lee 2001), the addi-
tive functional equations (Forti 2007; Lee and Jun 2000; Nakmahachalasint 2007a), and
the quadratic-additive type functional equations (see Chang et al. 2003; Eskandani et al.
2012; Jun and Kim 20044, b, 2005, 2006; Jung 1998; Jung and Sahoo 2002; Lee 2013; Nak-
mahachalasint 2007b; Najati and Moghimi 2008; Piszczek and Szczawiniska 2013; Tow-
anlong and Nakmahachalasint 2009).

It should be remarked that Bahyrycz and Olko (2015) applied the fixed point method
to investigate the generalized Hyers-Ulam stability of the general linear equation

m n
ZAi <Z aljxj) +A=0.
i=1 i=1

Moreover, there are numerous recent results concerning the Hyers-Ulam stability of
some particular cases of the equation Df (x1,%3,...,%,) = 0. Some of them have been
described in the survey paper (Brzdek and Ciepliniski 2013).

Preliminaries
We now introduce a lemma from the paper [Lee and Jung (2015), Corollary 2].

Lemma 1 Let k > 1 be a real constant, let ¢ : V\{0} — [0, 00) be a function satisfying
either

[e'e) 1 )
Dx) =Y Fp(klx) <00
i=0 (2
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forall x € V\{0} or

D (x) = Zk”qb(;.) <00 3)

i=0
for all x € V\{0}, and let f : V — Y be an arbitrarily given mapping. If there exists a
mapping F : V — Y satisfying
If (%) — F(x)[| < ®(x) 4)
forall x € V\{0}and
Fo(kx) = k*Fe(x),  Fo(kx) = kF,(x) (5)

forall x € V, then F is a unique mapping satisfying (4) and (5).
We introduce a lemma that is the same as [Lee and Jung (2015), Corollary 3].

Lemma 2 Letk > 1be a real number, let ¢, : V\{0} — [0, 00) be functions satisfying
each of the following conditions

oo x 00 1 4
;k‘w (k’) < 00, gﬁMk’x) < 00,

X

. * - <1 ,
O (x) ;= E k’q‘)(ki) <00, W) := E ﬁ‘ﬁ(k’x) < oo
i=0 i=0

for all x € V\{0}, and let f:V — Y be an arbitrarily given mapping. If there exists a
mapping F : V — Y satisfying the inequality

If @) = F@)l < &) + V(@) 6)
for all x € V\{0} and the conditions in (5) for all x € V, then F is a unique mapping satis-

fying (5) and (6).

Main results

In this section, let a be a real constant such thata ¢ {—1,0, 1}.

Theorem 1 Let n be a fixed integer greater than 1, let 1, v : V\{0} — [0, 00) be func-
tions satisfying the conditions

> wia'x) > v(dix)
E e oo and E al < 00 (7
i=0 i=0

forall x € V\{0}, and let ¢ : (V\{0})" — [0, 00) be a function satisfying the conditions
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ad go(aixl, aixs, ..., alxy,) ad go(aixl, aixs, ..., alxy,)

2 2 <oo and ) o ®)
SJorall x1,%,...,%, € V\{0}. If a mapping f : V — Y satisfies f(0) =0,

Wfe(ax) — @fe@)l < px) and  [lfy(ax) — afo@)] < v(x) ©)
forall x € V\{0}, and

I1Df (x1, %2, . . ., xn) Il < @(x1,%2, ..., %n) (10)

forall x1,%2, . ..,%, € V\{0}, then there exists a unique mapping F : V' — Y such that
DF(x1,%2,...,%4) =0 an
forall x1,%a,...,%, € V\{0},
F.(ax) = a’F.(x) and F,(ax) = aF,(x) (12)
forallx € V, and

@ —Foll <> (g’f; + T;Tff) (13)

i=0
forall x € V\{0}.

Proof First, we define A :={f : V. — Y | f(0) = 0} and a mapping J,, : A — Aby

_ fe@"x) | fo(a"x)
Jif () = azm + am

for x € V and m € N U {0}. It follows from (9) that

m+l—1
Wnf ) = Jmtf R < Z Wif ) — Jit1f @)l
mzzll
m—fl—l

D

i=m

fe(ﬂix) +ﬁ,(aix) _fe(ﬂH_lx) _fo(ai+1x)

ai al q2i+2 ait1

- ail+1<f”(“'“ix> - ﬂfo(u"x>) (14)
1 i 2 (i
- W(ﬂ(ﬂﬂx)—aﬁ(ax))

m+l—1 i i
ula'x) — v(a'x)
<> (MER ey

i=m

for all x € V\{0}. In view of (7) and (14), the sequence {J,,,f (x)} is a Cauchy sequence for
all x € V\{0}. Since Y is complete and f(0) = 0, the sequence {/,,,f ()} converges for all
x € V. Hence, we can define a mapping F : V — Y by

Page 4 of 16
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= Jim Jaf ) = fim (E00 00)

for all x € V. We easily obtain from the definition of F and (10) that the equalities in (12)
hold for all x € V, and by (1) and (8), we get

IDF (x1,%2; . .., %)l

— lim Df, (a’”xl,amxg, ... ,a’”x,,) n Df, (amxl,amxg, ... ,u’”xn)
T om0 a’m a™
- lim p(amx1,a"xy, ..., a"x,) + @ — a"x1,—a"xy, . .., —a"xy)
— m—>o 2612”’
go(amxl,amxz, e amxn) + <p( —ax1,—a"x,, ..., —amx,,,)
2|al™
=0

for all x1,x2,...,x, € V\{0}, ie., DF(x1,%2,...,%,) = 0 for all x1,%x,...,%, € V\{0}.
Moreover, if we put m = 0 and let / — oo in (14), then we obtain the inequality (13).
Notice that the equalities

|al |al
Fo(lalx) = |alF,(x), F(x) _ B
|al |a

are true in view of (12).
When |4| > 1, in view of Lemma 1, there exists a unique mapping F : V — Y satisfy-
ing the equalities in (12) and the inequality (13), since the inequality

Fw-Fol<S) (’;ﬁ‘lf; + Tﬂ(l”‘ff)

i=0

. (n(@ax)  pax)  vaHax)  v(a*x)

= 2(; T TR 212 a2
i=l

o0

¢ (a*x)

ai

¢ (kix)
ki

(]

i=0

o

i=0

holds for all x € V, where k = a® and ¢ (x) = % + ka@x) % + wax)

a* a?
When |a| < 1, in view of Lemma 1, there exists a unique mapping F : V — Y satisfy-

ing the equalities in (12) and the inequality (13), since the inequality
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2L ((ulaix)  v(aix)
e -Fwl <3 ( gl WM)

ad ,u(a u(aziax) v(ax)  v(aZax)

- Z 4z+2 hita a2+ 242
o0

< Z ¢(a x)
;O x

= Z k2i¢ (>
i=0 Kt

holds for all x € V, where k = a% and ¢ (x) = “(x) + “(“x) + ”‘Sjl) + ”(“x). O

Theorem 2 Let n be a fixed integer greater than 1, let i, v : V\{0} — [0, 00) be func-
tions satisfying the conditions

2 (x 2, [
E la|'v <ﬂi> < oo and Zam“(ai) < 00 (15)
i=0 i=0

forall x € V\{0}, and let ¢ : (V\{0})" — [0, 00) be a function satisfying the conditions

X1 X2 X X1 xz X
Shg( BB <o Say(BE ) ew

a’ a’ al

for all x1,%3,...,%, € V\{O}. If a mapping f:V — Y satisfies f(0) =0, (9) for all
x € V\{0}, as well as (10) for all x1,x3,...,x, € V\{0}, then there exists a unique map-
ping F : 'V — Y satisfying (11) for all x1,%2, . .., %, € V\{0}, and (12) for all x € V, and

such that
ERTOTEDS (a”u(ﬂfil) + |a|iv(afil>> a7
i=0

forall x € V\{0}.

Proof First, we define A :={f : V. — Y | f(0) = 0} and a mapping J;, : A — Aby

_ 2me (X me (X
=) 2

for x € V and m € Ny. It follows from (9) that

Page 6 of 16
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Vinf @) ~Jssof @1

S lea(3)ven(3) o) o 0(7)

pol “Zi(f“’ (“' ax+1> _“Zfe(afx“» (1)
el 1))
S on() ()

D

IA

i=m

IA

for all x € V\{0}. On account of (15) and (18), the sequence {/,,f (x)} is a Cauchy
sequence for all x € V'\{0}. Since Y is complete and f(0) = 0, the sequence {J,,,f (x)} con-
verges for all x € V. Hence, we can define a mapping F : V' — Y by

e () o)

for all x € V. Moreover, if we put m = 0 and let / — oo in (18), we obtain the inequality
(17).
In view of the definition of F and (10), we get the inequalities in (12) for all x € V and

I DE (x1, %2, . . ., %u)

1 2m X1 x2 Xn a™ x2 *n

2m
. a X1 x2 Xn —X1 —X3 —Xn

< o e

—mh—r>noo[ 2 <(p<oz’” am’ “’a’”>+(p<a’"’a’”"“’am>>
a|™ X1 X2 Xn —X1 —%2 —Xn

+7 7’7)"'77 + 7)77""
2 ¢ a” a” a” ¢ a”  a” a”
=0

for all x1,x9,...,x, € V\{0}, i.e., DF (x1,%2,...,%,) = Oforall x1,x9,...,x, € V\{0}. We
notice that the equalities

Flla) =laPEuw, F(2) =75,
|al |al

Fg(|ﬂ|x) :|d|Fo(x), Fo <x> _ Fo(x)

|a| |al

hold in view of (12).
When |a| > 1, according to Lemma 1, there exists a unique mapping F : V — Y satis-
fying the equalities in (12) and the inequality (17), since the inequality
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If %) — F@)|

holds for all x € V, where k = a® and ¢ (x) = ,u(%) + azu(%) + v(g) + |a|v(;—2).
When |a| < 1, according to Lemma 1, there exists a unique mapping F : V' — Y satis-
fying the equalities in (12) and the inequality (17), since the inequality

If %) — F@)|

holds for all x € V, where k = ﬂ%and ox) = u(;i) +a2u(:—2) + v(%) + |a|v(:—2). O

Theorem 3 Let n be a fixed integer greater than 1, let 1, v : V\{0} — [0, 00) be func-
tions such that

oo o0

S e 3N o

: ‘ a2

i=0 i=0

oo oo

i (% i *

E It/llu—i < 00, E |a|v—i < 00
a a

i=0 i=0

2, [ x 2, (%

E az’,u<.> < 00, E azlv() < 00,
at at

i=0 i

L

>, ju(ax) >, v(alx)
Z“;'f < o0, Z”‘”.“ < 0

when |a| > 1,

19)

when J|a| <1

forall x € V\{0}, and let ¢ : (V\{0})"" — [0, 00) be a function satisfying the conditions
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o ) )
platxy, a'xy, ..., a'x,)
= when |a| > 1,
(P
lal @ T e | <00
P a a a

(20)

o0 i i
Z(p(axl,axg,...,a

— |al’

=0 when |a| <1
2i X1 X2 Xn

Do Zn i) <

P a’ a a

forall x1,x9,...,%, € V\{O}. If a mapping f : V — Y satisfies f(0) = 0 and the equality
(9) for all x1,%2, .. .,%, € V\{0}, then there exists a unique mapping F : V — Y satisfy-
ing the equality (11) for all x1,x3, . . .,x, € V\{0)}, the equalities in (12) for all x € V, and

If ) = Feoll < ¢ 'R

> % x v(alx) @D
Z a”u prasy + Pis when J|a| <1

forall x € V\{0}.

Proof We will divide the proof of this theorem into two cases, one is for |a| > 1 and the
other is for |a| < 1.

Case 1 Assume that |a| > 1. We define aset A :={f : V — Y |f(0) = 0} and a map-
ping J,, : A — Aby

Jf ) - —fe 2 oy, (;)

m

for all x € V and m € Ny. It follows from (9) that

()
L )l

SCIEs)
- 2i+2 i+1

i=m

inf ) —=Tnsmf @)l
m+1—1 fe(ﬂ .X') ; x fe(ai-l-lx)
2 T\ ) T

D

i=m
m+1—1

IA

for all x € V'\{0}. In view of (19) and (22), the sequence {/,,,f (x)} is a Cauchy sequence for
all x € V'\{0}. Since Y is complete and f(0) = 0, the sequence {/,,,f (x)} converges for all
x € V\{0}. Hence, we can define a mapping F : V' — Y by

F(x) := lim {ﬁ(";’c) +a"f, (’ﬁn”
m— 00 a a

Page 9 of 16
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for all x € V. Moreover, if we put m = 0 and let / — oo in (22), we obtain the first ine-

quality of (21). Using the definition of F, (10), and (20), we get the equalities in (12) for all
x € V and

Dfo(a”x1,...,a"x x X,
”DF(xI»xZ’---rle)” = lim H fé( - n) +ame;7<ay1n; n>H

m— 00 azm ogm
< lim {w(amxl, .. ,amxn) + <p( —ax,..., —a”’xn)
- m—>o 2612”’

|a|™ x1 Xn —x1 —Xp
+ — — . — |+ yeoes
2 ¢ a” a™ ¢ a” a™
=0

for all x1,x3,...,x, € V\{0}, i.e., DF(x1,%2,...,%x,) =0 for all x1,x2,...,%, € V\{0}.
Notice that the equalities

Fo(lalx) = |al*F.(x), Fo(|lalx) = |a|F,(x)

are true in view of (12). Using Lemma 2, we conclude that there exists a unique map-
ping F : V — Y satisfying the equalities in (12) and the first inequality in (21), since the

inequality
o -F@l=Y (’;(ffz) + lal (a,.ﬂ))

i=0
2. [ d?u(a®x) + w(a*ax) ; x ; x

=2 ( gAita +a’ V(azi+1> +lal* <a2i+2>>
i=0
2 /Y (kix) (%

S n(2)
P k2 k

holds for all x € V, where k = a2 ¥/ (x) = W, and ¢ (x) = v(%) + |a|u(%).

Case 2 We now consider the case of|a| < 1and define a mapping /,, : A — Aby

Jof @) = a®, (ﬂ’fn) 4 Jol@)

am
for all x € V and n € Ny. It follows from (9) that

Wimf @) —=Tmrif @)l

ml—1 ; ;
i (%, fola'x) ; x folat1x)
<> Jen () 2 e () P
m+1—1 . .
; X X fola - a'x) — af,(a'x) (23)
= 3 (e i) (G ))

IA

i 9 x v(aix)
> (@n prsy |afi+1

i=m

for all x € V\{0}. On account of (19) and (23), the sequence {J,,f (x)} is a Cauchy
sequence for all x € V'\{0}. Since Y is complete and f(0) = 0, the sequence {/,,,f (x)} con-
verges for all x € V. Hence, we can define a mapping F : V' — Y by

Page 10 of 16
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@)= lim {42’" e<;;) +f°(“mx)}

ﬂm

for all x € V. Moreover, if we put m = 0 and let [ — oo in (23), we obtain the second
inequality in (21). From the definition of F, (10), and (20), we get the inequalities in (12)
forallx € V and

IDF (%1, %2, .. ., %) I

. om X1 X Xn Df, (amxl, axy, ... ,a’”x,,)
= lim ||a”"Dfe| —, —,....— | +
m—>00 am gm am a™
. a*m X1 X Xn —X1 —Xp —Xy
< lm [—(¢|l—,—,...,— |+ 0| —,—,...,
m—00 \ 2 a” a™ a™ am™  a™ a™
p(ax1,a"xy, ..., a"x,) + @ — a"x1,—a"xy, . .., —a"xy)
2|al™
=0

for all x1,x2,...,x, € V\{0}, ie., DF(x1,%2,...,%,) = 0 for all x1,x,...,%, € V\{0}.
Notice that the equalities

F, <x> = Fe) and F, <x) = Fo()
|al |a|? |al |al

hold by considering (12).

Using Lemma 2, we conclude that there exists a unique mapping F : V — Y satisfying

the equalities in (12) and the second inequality in (21), since the inequality
If @) — F@)ll < fg (a”u(afil) + T;Tfl))
i
(“M“ < azjicﬂ ) +at iy < a2f+2> + V(:;:lzx) + le;fl) >
(Ve xe(i)

holds for x € V, where k = i, Y(x) = /L(ﬁ) + az,u(;—z), and ¢ (x) = % + % O
We can replace V'\ {0} with V'in Theorems 1, 2, and 3.

M

0

o

Il
)

4

Corollary 4 Let X be a normed space and let p, 0, 5, and € be real constants such that
p €1{1,2},a ¢{-1,0,1}, and 0,6, > 0. If a mapping f : X — Y satisfies f(0) =0,

[fe(ax) — ’fe@)|| < 81l and |[fy(ax) — afo@)| < ellxll” (24)
for all x € X\{0}, and the inequality
IDf (1, %2, - -, x) | < O (IleallP + llx2l)P + - - + [l 17 (25)

for all x1,%3,...,%, € X\{0}, then there exists a unique mapping F : X — Y such that
(11) holds for all x1,x3, . ..,x, € X\{0} and the equalities in (12) hold for all x € X, as
well as
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8l|l” ellx|l?
If (x) = Fx)|l < 26
4 @ —laPl " Tlal = |al?] (20)
holds for all x € X\{0}.
Proof If we put
Q@&1,%2, .. %) i = O (%1 [P + - - - + [lx]17)
for all x1,x9,...,x, € X\{0}, then ¢ satisfies (8) when either |a| > land p < lor|al <1

and p > 2, and g satisfies (12) when either|a| > 1and p > 2 or|a| < 1and p < 1. More-
over, ¢ satisfies (15) when 1 < p < 2. Therefore, by Theorems 1, 2, and 3, there exists a
unique mapping F : X — Y such that (11) holds for all x1,x9,...,x, € X\{0}, and (12)
holds for all x € X, and such that (26) holds for all x € X\{0}. O

Applications
In this section, let a ¢ {—1,0,1} be a rational constant, let Df (x1,%2,...,%,) = 0 be a
quadratic-additive type functional equation, let Af(x1,%2,...,%,) =0 be a Cauchy

additive functional equation, and let Qf (x1,x3,...,%,) = 0 be a quadratic functional
equation.
Assume that the functional equation Df(x1,x2,...,%,) =0 is a quadratic-addi-

tive type functional equation. Then F : V — Y is a solution of the functional equa-
tion Df (x1,%2,...,%,) =0 if and only if F : V — Y is a quadratic-additive mapping. If
F :V — Y is a quadratic-additive mapping, then F(x) and F,(x) are a quadratic map-
ping and an additive mapping, respectively. Hence F,(ax) = a®F,(x) and F,(ax) = aF,(x)
for allx € V, i.e., F satisfies the equalities in (12).

Therefore, the following theorems follow from Theorems 1, 2, and 3.

Theorem 5 Let n be a fixed integer greater than 1, let i : V — [0,00) be a function
satisfying the condition (7) for all x € V, and let ¢ : V" — [0, 00) be a function satisfying
the condition (8) for all x1,%2,...,%, € V. If a mapping f : V — Y satisfies f(0) =0,
(9) for all x € V, and (10) for all x1,%2, .. .,x%, € V, then there exists a unique quadratic-
additive mapping F : V — Y such that the inequality (13) holds forallx € V.

Theorem 6 Let n be a fixed integer greater than 1, let u : V' — [0, 00) be a function sat-
isfying the condition (15) for all x € V, and let ¢ : V" — [0, 00) be a function satisfying
the condition (16) for all x1,x3,...,%, € V. If a mapping f : V — Y satisfies f(0) =0,
(9) for all x € V, and (10) for all x1,x3,...,x, € V, then there exists a unique quadratic-
additive mapping F : V — Y such that the inequality (17) holds for allx € V.

Theorem 7 Let n be a fixed integer greater than 1, let i : V — [0, 00) be a function sat-
isfying the condition (19) for all x € V, and let ¢ : V" — [0, 00) be a function satisfying
the conditions (20) for all x1,xy,...,x, € V. If a mapping f : V — Y satisfies f(0) =0,
(9) for all x € V, and (10) for all x1,x3,...,x, € V, then there exists a unique quadratic-
additive mapping F : V — Y satisfying the inequality (21) forall x € V.
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Corollary 8 Let X be a normed space and let p,0,& be real constants such that
p €1{1,2}, a ¢{-1,0,1}, and p,£,0 > 0. If a mapping f : X — Y satisfies (24) for all
x € X and the inequality (25) for all x1,%2, . . .,x, € X, then there exists a unique quad-
ratic-additive mapping F : X — Y satisfying the inequality (26) for all x € X.

Assume that the functional equation Qf(x1,%2,...,%,) =0 is a quadratic
functional equation. Then F:V — Y is a solution of the functional equation
Qf (x1,%2,...,%,) = 0 if and only if F: V — Y is a quadratic mapping. If F: V — Y
is a quadratic mapping, then F.(x) = F(x) and F,(x) =0 for all x € V. Hence,
F.(ax) = F(ax) = a’F(x) = a’*F.(x) and F,(ax) =0 =aF,(x) for all xeV, ie,
F satisfies the equalities in (12). On the other hand, let the functional equation
Af (x1,%2,...,%,) = 0 be a Cauchy additive functional equation. Then F : V — Y is a
solution of the functional equation Af (x1,%2,...,%,) =0ifand onlyif F: V — Y is an
additive mapping. If F : V' — Y is an additive mapping, then F,(x) = 0 and F,(x) = F(x)
for all x € V. Hence, F.(ax) = 0 = a®F,(x) and F,(ax) = F(ax) = aF(x) = aF,(x) for all
x € V, i.e., F satisfies the equalities in (12). Therefore, the following theorems are conse-

quences of Theorems 5, 6, and 7.

Theorem 9 Let n be a fixed integer greater than 1, let v : V — [0,00) be a function
satisfying the condition (7) for all x € V, and let ¢ : V" — [0, 00) be a function satisfying
the condition (8) for all x1,x2, . ..,x, € V. Ifa mapping f : V — Y satisfies f(0) =0, (9)
forallx € V, and

”Qf(xli‘ny LR :xn)” S (p(xly xZ: LRCI ;x}’l) (27)

forall x1,x),...,%, € V, then there exists a unique quadratic mapping F : V — Y such
that the inequality (13) holds for all x € V.

Theorem 10 Let n be a fixed integer greater than 1, let u : V — [0, 00) be a function
satisfying the condition (15) for all x € V, and let ¢ : V" — [0, 00) be a function satisfying
the condition (16) for all x1,x2,...,x, € V. If a mapping f : V — Y satisfies f(0) =0,
(9) for all x € V, and (27) for all x1,%3,...,%, € V, then there exists a unique quadratic
mapping F : V. — Y such that the inequality (17) holds for all x € V.

Theorem 11 Let n be a fixed integer greater than 1, let i : V — [0, 00) be a function
satisfying the condition (19) for all x € V, and let ¢ : V" — [0,00) be a function satis-
fying the conditions (20) for all xy1,x3,...,x%, € V. If a mapping [ :V — Y satisfies
f(©0)=0,(9) forall x € V, and (27) for all x1,x3,...,x, € V, then there exists a unique
quadratic mapping F : V' — Y satisfying the inequality (21) forallx € V.

Corollary 12  Let X be a normed space and let p,0,& be real constants such that
p €{1,2}, a ¢ {-1,0,1}, and p,£,0 > 0. If a mapping f : X — Y satisfies (24) for all
x € X and the inequality

1Qf (1,22, -, )| < O (It P 4 lx2llP + - - - + [l 1P
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for all x1,x3,...,%, € X, then there exists a unique quadratic mapping F : X — Y satis-
fying the inequality (26) for all x € X.

Theorem 13 Let n be a fixed integer greater than 1, let u:V — [0,00) be a function
satisfying the condition (7) for all x € V, and let ¢ : V" — [0, 00) be a function satisfying
the condition (8) for all x1,%2, .. .,x, € V.Ifa mapping f : V — Y satisfies f(0) =0, (9)
forallx € V, and

”Af(xbe’ o ,xn)” =< w(xl;er cee rxn) (28)

for all x1,%2,...,%, € V, then there exists a unique additive mapping F : V — Y such
that the inequality (13) holds for all x € V.

Theorem 14 Let n be a fixed integer greater than 1, let i : V — [0, 00) be a function
satisfying the condition (15) for all x € V, and let ¢ : V" — [0,00) be a function sat-
isfying the condition (16) for all x1,%2,...,x, € V. If a mapping f :V — Y satisfies
f(0)=0,9) forall x € V, and (28) for all x1,x2,...,%, € V, then there exists a unique
additive mapping F : V — Y such that the inequality (17) holds for allx € V.

Theorem 15 Let n be a fixed integer greater than 1, let p:V — [0,00) be a func-
tion satisfying the condition (19) for all x € V, and let ¢ : V" — [0,00) be a function
satisfying the conditions (20) for all x1,%a,...,%, € V. If a mapping f : V — Y satisfies
f(0) =0, 9) for all x € V, and (28) for all x1,x3,...,x, € V, then there exists a unique
additive mapping F : V — Y satisfying the inequality (21) forallx € V.

Corollary 16 Let X be a normed space and let p,0,& be real constants such that
p ¢{1,2}, a ¢ {—1,0,1}, and p,§,0 > 0. If a mapping f : X — Y satisfies (24) for all
x € X and the inequality

IAf Gex, 2, )l < 6 (lea 1P+ leall? + - - =+ [l |17)

forall x1,%x),...,x, € X, then there exists a unique additive mapping F : X — Y satisfy-
ing the inequality (26) for all x € X.

Conclusions

The conditions (8) and (10) are given in the most stability theorems, and we try to prove
(11) and (13) for the generalized Hyers-Ulam stability. Unfortunately, their proofs are
usually long and tedious.

However, if we confine ourselves to the stability problems of the quadratic-additive
type functional equations, then the condition (12) is a direct consequence of (11). There-
fore, according to Theorem 1, it only needs to prove the conditions (7) and (9) by using
(8) and (10) for the generalized Hyers-Ulam stability of these equations. In many practi-
cal applications, it is an easy thing to show that (7) and (9) are true provided the assump-
tions (8) and (10) are given.

In this way, we significantly simplify the proof for the stability of quadratic-additive
type functional equations. Hence, Theorem 1 has the strong advantage of other stability
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theorems. The same things are valid for the other main theorems of this paper, Theo-
rems 2 and 3.
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