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Abstract

Background

Weighted automata (Droste et al. 2009) are classical automata in which the transitions
carry weights. These weights can be modeled as the cost involved when executing the
transition, the probability or reliability of its successful execution. The weight algebraic
structures are often described as semirings, therefore weighted automata have a rich struc-
ture theory and also result in recent practical applications in digital image compression
(Culik and Kari 1993), natural language processing (Knight and May 2009; Mohri 1997)
and model checking (Albert and Kari 2009; Meinecke and Quaas 2014).

A semiring consists of a set with two operations addition and multiplication satisfying
certain natural axioms like associativity, commutativity and distributivity, just like the
natural numbers with their laws for sums and products. Bounded distributive lattices,
semiring-reducts of lattice-ordered monoids and of complete residuated lattices, and
Brouwerian lattices are semirings. A strong bimonoid is a more general structure that
can be viewed as a semiring where the distributivity assumption is dropped. All semirings
are also strong bimonoids, but there are many typical examples of strong bimonoids
which are not semirings such as bounded lattices, orthomodular lattices as a basis of
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quantum logic, and the interval [0,1] with £-norm and ¢t-conorm from multi-valued logic.
Recently, it has aroused considerable interest to investigate weighted automata with truth
values in these strong bimonoids. For instance, fuzzy automata and fuzzy tree automata,
defined by a pair of a t-norm and a t-conorm on the real unit interval, were discussed by
Bozapalidis and Louscou-Bozapalidou (2006, 2008, 2010). Automata based on quantum
logics were investigated in detail by researchers respectively (Qiu 2004, 2007a, b; Qiu and
Ying 2004; Ying 2000a, b, 2005). Finite automata theory with membership values in lattices
were established by Li (2011), where the role of the distributive law for the underlying
lattice was analyzed. Droste et al. (2010) established weighted finite automata theory over
strong bimonoids based on run semantics, initial algebra semantics and the free monoid
semantics, which generalized several results from the references (Ignjatovi¢ et al. 2008;
Li and Pedrycz 2005) derived for automata over lattice-ordered monoids or semiring-
reducts of residuated lattices. Ciri¢ et al. (2010) presented determinization of weighted
finite automata over strong bimonoids based on three different semantics including run
semantics, initial algebra semantics and transition semantics.

It is well known that pushdown automata are another kind of important computa-
tional models and have more power than classical finite automata (Hopcroft and Ullman
1979). Xing (2007) studied fuzzy pushdown automata and fuzzy context-free languages
based on lattice-ordered structures. Xing et al. (2009) introduced pushdown automata
theory based on complete residuated lattice-valued logic and showed that the class of
the languages accepted by pushdown automata with empty stack coincides with that
accepted by pushdown automata with final states over complete residuated lattice-valued
logic. Then pumping lemma in context-free grammar theory based on complete resid-
uated lattice-valued logic was also established (Xing and Qiu 2009). It is the goal of
this paper to investigate the algebraic characterizations for a power formal series over
complete strong bimonoids, which could be generated by some weighted pushdown
automaton or some weighted context-free grammars over complete strong bimonoids.
Furthermore, we want to know how about these machines’ behaviors based on the pro-
posed run semantics and breadth-first algebraic semantics. It may be very useful to know
whether much more general results than weighted automata over strong bimonoids are
obtained.

The remaining part of the paper is organized as follows. Based on run semantics and
breadth-first algebraic semantics, we investigate weighted pushdown automata over com-
plete strong bimonoids with final states and empty stack respectively and their recogniz-
able languages. Sufficient conditions are proposed under which these machines’ behaviors
coincide. Taking complete strong bimonoids as the structures of truth values, the notion
of weighted context-free grammars (WCFGs) is then introduced. It is demonstrated that,
based on each one of both run semantics and breadth-first algebraic semantics, WPDAs”
and WCEFGs are equivalent in the sense that they generate the same classes of formal
power series. Examples are also given to illustrate the proposed methods and results.
Finally conclusions and future work are presented.

Weighted pushdown automata over complete strong bimonoids
A bimonoid is a structure (4, +, -, 0, 1) consisting of a set A, two binary operations + and
-on A and two constants 0, 1 € A such that (4, +, 0) and (4, -, 1) are monoids associated
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with the identity elements 0 and 1 respectively. Moreover, a bimonoid (4, +, -, 0,1) is
called a strong bimonoid if + is commutative and @ - 0 = 0-a = 0 for every a € A.
Next the strong bimonoid (4, +, -, 0, 1) is usually abbreviated as A if no confusion arises.
A strong bimonoid A is said to be right distributive if it satisfies (@ +b) -c =a-c+b-c
for every a,b,c € A. A strong bimonoid A is said to be left distributive if it satisfies
c-(a+b)=c-a+c-bforeverya, b, c € A. Then a semiring is a strong bimonoid which
is left and right distributive.

A monoid (4, +, 0) is complete if it has an infinite sum operation >_, : A’ — A for any
index set A such that 3, ga; = 0, 2;c(qy @i = ar, 2ieqjiy @i = aj + ax forj # k, and
Y ey (Ziey @) = Sieg @i if Upey lj = T and ; N I = @ for j # k. A monoid (4, + 0)
is idempotent if 2 + a = a for any a € A. A complete monoid (4, +, 0) is completely
idempotentif > ; a = a for any a € A and any index set I. If a strong monoid (4, +, -, 0, 1)
is complete, idempotent or completely idempotent, then (4, +, -, 0, 1) is called a complete
strong bimonoid, an idempotent strong bimonoid or a completely idempotent strong
bimonoid respectively.

Let X* be a free monoid generated from a finite nonempty set ¥ with the operator of
concatenation, where the empty string ¢ is identified with the identity of X*. A formal
power series is a mapping f : ¥* — A. Im(f) denotes the image set of f, i.e., Im(f) =
{f (w)lw € *}. | 2| denotes the cardinality of a set X.

Next we introduce weighted pushdown automata over strong bimonoids on the basis
of run semantics and breadth-first algebraic semantics. Then we investigate conditions
under which these behaviors coincide.

Definition 1 A weighted pushdown automaton with final states (WPDA for short) over
a complete strong bimonoid A is a seven tuple M = (Q, %, T, §, I, Zo, F), where

(i) Qs a finite nonempty set of states;

(ii) X is a finite nonempty set of input symbols;

(iii) T is a finite nonempty set of stack symbols;

(iv) disamappingfrom Qx (X U{e}) xT'x Qx I toAandtheset{(q t,Z p, v)I8(g 7, Z
py) €A\{0}, (¢ T, Z p y) € Qx(ZU{e}) xI' x Qx I'*} is finite, where §(¢q, 7, Z, p, y)
expresses the truth value of the transition that inputting r makes state g transfer to
state p, replace the stop symbol Z on the stack by string y and advance the input
head one symbol;

(v) Zo €T is called the start stack symbol;

(vi) Iand F are mappings from Q to A, which are called the weighted subsets of initial

and final states respectively.

Definition 2 A weighted pushdown automaton with empty stack (WPDA? for short)
over a complete strong bimonoid A is a seven tuple N' = (Q, %, T, §, I, Zy, @), where Q, &,
I', 8, I and Z are the same as those in WPDA M, and #J represents an empty set.

To describe the behavior of a weighted pushdown automaton, it is necessary to introduce
the concept of an instantaneous description. An instantaneous description is a three-
tuple (g, w, y) € Q x L* x I'’*, which means that the automaton is in the state g and has
unexpended input w and stack contents y. An instantaneous description represents the
configuration of a WPDA at a given instant. Let D = Q x £* x I'*. To introduce the
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transition in a WPDA in terms of instantaneous descriptions, we define - as a mapping
from D x D to A.

Definition 3 Let M = (Q, X, T, §, I, Zy, F) be a WPDA over a complete strong bimonoid
A. Define k- as a mapping from D x D to A in the form of:

b, fu=w, tail(f) <«
Fvm((gwB),bua)=1c¢ ifu=taillw), tail(B) < «
0, otherwise

for any (g, w, B), (p, u, ) € D, where
b = 8(q, &, head(B), p, a\tail(B))

and
¢ = 8(g, head(w), head(B), p, a\tail(B)).

For every nonempty string u = xu; € ¥*, x € X, head(u) = x and tail(x) = u;. If there
exists y € I'* such that @ = y 8, then 8 < o and we denote y = o\ 8.

Fora WPDA M = (Q, %, T, 8, 1, Zy, F) over a complete strong bimonoid A, we define
two different semantics, called run semantics and breadth-first algebraic semantics. For
the run semantics, the weight of a string w is computed by summing up the weights of all
successful runs of M on w where the weight of a run is the product of the weights of the
involved transitions.

Formally, the r-behavior of M, denoted by (M),, is a mapping from X* to A, defined for
every w € £* by letting (M), (w) = D> {I(q0)- Fam (g0 @ Zo), (q1, 02 - .. 0w, Z171))- F
((quoz2...0n Z111),(q2,03...0n, Z2Y2)) ... Fm (Gn-1 O Zu-1Yn-1), (@ & ZnVn)) -
Fig)lo=o01...0p,0i€ 2U{e}i=1,...,n(qoq1.-..q,) € A", Zy,...,Z,_1 €T,
Y. Vn €%, Z, € T*}

To determine the breadth-first algebra behavior of M for w € ¥*, we start with the
initial weighted states I, execute w, and apply the final weighted states F at the end.

The b-behavior of M, denoted by (M), is a mapping from X* to A, defined for every
w e x* by letting (M)p(w) = Z{I(q()) . (Z{FM ((qo, w, Zp), (g 02 ... op Z111)) Fam
((quo2...0n Z111), (@2, 03 . .. O, Z2¥2)) - .. =t (@1, O Zn—1Vn—1)s (@ns & Znyn))|w =
01...0p,0i € 2U{ehi=1,...,m(qL...,qu-1) € Q”fl,Zl,...,Zn,l el,yy,....vm €
I'*, Z, € T*}) - F(qn)| 90, qn € Q}.

For a WPDA? N = (Q %,T,8,1 Zo,#) over A, the r-behavior of A, denoted
by (rec (NV)),, is a mapping from T* to A, defined for every @ € X* by letting
trec (V@) = SH@o) Fa (oo Zo) (@102 ..0m Ziv)) Fa (@102 .00
Ziv1), (@203 ... 0 Zoy2)) ... BN (@n—10m Zu—1Vn-1), @n & €))lw = o1...04 0; €
TUlehi=1..,mGoq, . ...q:) € Q" Z, ..., Zy 1 €T, 1, ..., Yuo1 €TF)

The breadth-first algebraic behavior of N, denoted by (rec (\)),, is a mapping
from T* to A, defined for every o € T* by (rec (N))p(w) = D {I(qo) - O {FnN
(g0, @, Zo), (q1, 02 -..0n Z111))- FN ((Gu 02 ... 0n Z111), (92,03 ... On Z2Y2)) ... F
((@n-10m Zn-1Yn-1), (@ & €))lw =01...04,0; € ZU{e},i=1,...,n(q1 ..., q) € Q",
Zioo s Znr €001, vnm1 €T lgo € Q).

Let x € {r, b}. Then a formal power series f : £* — A is x-recognizable if there is a
WPDA M or WPDA” N over A such that (M), = f or (rec (N)), = f. We say that two

’

WPDAs M and M’ over A are x-equivalent if (M), = (M ).
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A WPDA over A is essentially a weighted finite automaton over A with e-transition and
an addition of a stack, on which it can store a string of stack symbols. Droste et al. (2010)
introduced weighted finite automata (WFAs) over A and investigated their behaviors on
the basis of run semantics and initial algebra semantics. Let M; = (Q, %,6, F) be a
WEFEA over A, where Q and X are the sets of finite nonempty states and input symbols
respectively; I and F are the mappings from Q to A, called the weighted subsets of initial
and final states respectively; and § is a mapping from Q x £ x Q to A.

In order to compute with words, the extension of §, denoted by the mapping §*: Q x
¥* x Q — A, is defined as follows: for any qo, g, € Q, if go = g, then §*(q0, &, qn) = 1;
otherwise, §*(qo, &, ) = 0; and for any 0 = a;...a, € T* with n > 1, §*(q0,0, q4) =
2 A8(qo, a1, q1) - .. 8(qn—1, @ns Gn)lq1s - - . gn—1 € Q}.

For the run semantics, the language recognized by WFA M; is a formal power
series Ejvll : X* — A, given by for every 6 = aj...a, € X*\{e}, a; € Z\{e},
i=1..,m Ly () = 2{q) - 8eq) - Flglg € Q and L1 (0) = 2{I(qo0) -
8(qo, a1, q1) - - - 8(qn—1, @n, qn) - F(qn)lqo, - - -, qn € Q}.

For the breadth-first algebraic semantics, the language recognized by WFA M is a
formal power series El}wl : X* — A, given by for every 6 € X%, Lﬁwl(@) = >{g) -
§*(¢0,p) - F(p)lg p € Q}.

Noting that a bounded lattice L = (L, v, A, 0, 1) is a strong bimonoid. Jin et al. (2012)
have presented that the run semantics and the breadth-first algebraic semantics differ for
a given WFA over a strong bimonoid L. Moreover, when compared with WPDAs over
a general strong bimonoid A, the behaviors of WFAs over A are shown no more power

regardless of run semantics or the breadth-first algebraic semantics as follows.

Proposition 1 Let a formal power series f;: ¥* — A be x-recognizable by a weighted
finite automaton over a complete strong bimonoid A, where x € {r,b}. Then f, is also
x-recognizable by a certain WPDA M over A.

Proof Assume that f; is x-recognizable by a WFA M; = (Q, %, §, I, F) over A. Construct
a WPDA M = (Q %, {Z}, n, I, Z, F) as follows:

Foreveryq,q € Qandt € £,10(¢7,2,4,2Z) =8(q 7,9 ), 14 & Z, ¢ Z) = 1; otherwise,
n(q a, Z, ql, y)=0fora € X U{e}and y € {Z}*\{Z}.

Then for every w = o1...0, € YX*\{¢e}, o € X, i = 1,...,n we have
Srlw) = 2{1(q0) - 8(q0, 01, q1) - - - 8(@n—1, Ows Gn) - F(qn)lqos - - -» gn € Q} = 2_41(q0)- =1
(g0 @, 2), (q1, 02...0n Z)) ... Fpa (@n-1,0m 2), (qn & Z)) - F(qn)l (qo, g1, -- -5 qn) €
Q) = (M) (o), fllw) = 2{I(q0) - 8*(q0 @ n) - F(qn)lao an € Q) = X{I(q0) -
(>80, 01, q1) - - - 8(qn—1, 0w @G0, - - -, qn—1 € Q) - F(qn)lgo,qn € QF = > {I(qo0) -
trm (oo 2), (quoz...on 2) ... Fa (@n-10w2), (@n & 2)Iq1 - qn-1 €
Q) - Flgn)| (o g1, - - qn) € Q") = (M), (), and fi(e) = fi(e) = 2Hl(q) - 8* (g6, ) -
Fg)lg € Q} =2{(q) Fm (@6 2), (g6 2)) - F(@)lg € Q} = (M)p(e) = (M), (e).

Hence f; is also x-recognizable by a certain WPDA M over A.

By a certain semantic way, two weighted pushdown automata are considered equivalent
if they can recognize the same classes of fomal power series. Next we will prove that
WPDAs and WPDAs” over a complete strong bimonoid A are equivalent based on the

run semantics. O
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Proposition 2 Let f be a formal power series from ¥* to a complete strong bimonoid A.
Then the following statements are equivalent:

(1) fis r-recognizable by a certain WPDA over A;
(2) fis r-recognizable by a certain WPDA” over A.

Proof (1) implies (2): Let fbe r-recognizable by a WPDA M = (Q, %, T, §, I, Zy, F) over A.
Now constructa WPDA? A = (Q, =, T, 8, I, Xo, #) such that (rec (N)), = (M),, where
Q =QU{q0 g} 900 ge £ QT =T U{Xo}, Xo ¢ T, I : Q — A is a mapping defined by
lettingll(qo) = 1,1/(qe) = OandI/(q) =0forqg € Q, and$’ : Ql X(EU{S})XF/ le xI* —
A is a mapping defined by letting

) 8 (g0, & Xo, 4 ZoXo) = 1(0),8 (@8 2 40 &) = F(@): 8 (g0 £, 2, g0 8) = L,Vg € Q Z €
r;
(if) 8,(q, L Xpy) =08t Xpy)VgepeQreXUle,Xel,yel
(iii) Otherwise, Sl(q, ., Xpy)=0for(qg 1, X py)e Ql x (L U{e}) x ' x Q, x T'*,

Next we prove (rec (N)), = (M),. In fact, for every @ € X* we have (rec
M@ = U (go) Fa (g0 @ X0) (qro2... 0w Ziv)) Fx (quo2...0m
Zi1), (G2 03...00, Z212)) .. FN ((@n—1,0m Zn-1Vn-1), (qn & €)@ = 01...04 0; €
TUfehi = 1.1 Goqu...q:) € Q™Y Zy. 0 Zuy € T,y €
'} = v (@0 Xo) (@ o ZoXo) Fn (g ® ZoXo), (q1,02 - .. 0w Z171X0))

Fxv (quoz...on Z171Xo0) (G2 03 ... 0w Z2v2X0)) - .. Fn ((gn—1, O Zn—1Yn-1X0)s
(g & Yn—1X0))- Fa ((qw & Yu—1X0), (e & a2 . .. ok X0))- Fr ((ges & 2 . .. 0k X0), (qes &
a3 ... X0) ... Fa (ge & X0), (ges 6, 8)) lw = 01...0p,0; € ZU{e}i=1,...,n (g q1
) €QLZy, L Zy €Dy 2 €T Y = €T, =1, .., k)
+ 2 v (@0 @ Xo) (g @ ZoXo))- Fn (g © ZoXo), (q1, 02 - . 0w Z171X0)) - Fn
((qu02...0m Z11X0), (g2, 03 .. .0, Z2y2X0)) ... FN (Gn-1 0w Zn—1Vn-1X0), (qn>
& X0)) bFx ((gw & Xo), (@& 8))lw =01...0p,00 € ZU{e},i=1,...,n(qq1 --->qn)
€eQtLZy,. ., Zi1 €Dy vn2 €Ty = &) = 2 () P (9 o Zo), (g1, 02

com Zi1) Fm ((quoz...onZiv1), (g2, 03...00 22Y2) ... Fm (Gn-1,0m
Zn-1¥n-1) (qw & yu-1)) - Flqn)lo = 01...0p, 01 € EU{e}i=1,...,m (g q1, ..., qn) €
Qn+1, 21 Zy—1 €0, 9,00, Yn—1 € T*} = (M), (w).

(2) implies (1): Let f be r-recognizable by a WPDA? N = (Q %, T, 8, 1, Zo, @) over A.
Then we construct a WPDA M = (Q/, =T, n, I, Xo, F) as follows: Q, = QU {q0 qr}
qoqr ¢ T =T U{Xo}, Xo ¢ T;1 : Q — A is a mapping defined by letting I (q0) = 1,
1/(qf) = 0and 1/(q) =0ifge QF: Q — Aisa mapping defined by letting F(gy) = 1
and otherwise F(q) = 0; 1 : Qx(ZU{ENXT xQ xI' — Aisa mapping defined by

@ n(qo & Xo, g, ZoXo) = 1(q), n(q, & Xo, qr, &) = 1,¥q € Q;
(i) ngt.Zpy)=38qt.Zpy)VepeQreZUfe,Zel,y el
(iii)y Otherwise, n(¢,7,Z,p,y") =0.

Next we prove (rec (N)), = (M),. In fact, for every w € =*, we have (rec(N)),(w) =
2 (q) Fn (g o Zo), (q1,02 - .. 0n Z111))- v (G102 - . 0w, Z111), (92, 03 - . Oy Z2Y2))
et (@n—1 00 Zn—1vn-1), @ & E))lw =01 . ..o 0, € BU{eli=1...,n(qq1 ...,
Qn) € Qn+1,Zl, cosZp 1€l 1€ F*} = Z{I,(qO) Fm ((510’ , XO)» (LZ: w, ZOXO))'
Fm (g @, ZoXo), (q1, 02 - - - 0w, Z111X0))- i ((q1, 02 - - 00 Z171X0), (G2, 03 - .. 0w, Za Y
Xo)) ... Fam (@n—1, 0 Zu-1¥n-1X0), (qn & X0))- Fm ((gn & Xo), (g7, & €)) - F(gp)lo =
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01...0p,0;€2U{e},i=1L...,m(qqL-...qn) € Qn+l,Zl,...,Zn71 el vy, ..o, V-1
€ I'"} = (M) (w).

Next we give a simple characterization when for every WPDA or WPDA? over 4, its
run semantics and breadth-first semantics coincide.

Proposition 3 Let A be a completely idempotent strong bimonoid. Then the following
statements are equivalent:

(1) A isleft and right distributive;
(2) (M), = (M), for every WPDA

M=(QX,T,8,LZy F)over Awith (g, &, Z,q, Z) € {0,1} forq € Q, Z € T

Proof (1) implies (2): Obviously.

(2) implies (1): Let (M), = (M), for every WPDA M over A. Let a, m, c € A. Then we
construct a WPDA M = (Q, %, T, 8, I, Zy, F) over A as follows:

Q = {90992 93}, ¥ = {0}, I' = {Zo}, I(q0) = L I(q1) = I(q2) = I(g3) = 0,
F(g3) = ¢, F(qo) = F(q1) = F(q2) = 0, §(q0, 0, Zo, q1, Zo) = a, (qo, 0, Zo, q2, Zo) = m,
3(q1, 0, Zo, q3, Zo) = 1, 8(q2, 0, Zo, g3, Zp) = 1, and otherwise §(p, T, Zo, ¢, v) = 0.

Since (M), = (M)p, (M) (o0) = I(q0)- Fm ((qo, 00, Zo), (q1, 0, Z0))- = ((q1, 0,
Zo), (g3, & Z0)) - F(q3) +1(q0)- =m ((qo, 00, Z0), (92, 0, Z0)) - = (92, 0, Zo), (g3, & Zo)) -
Flgsy =1-a-1-c+1-m-1-¢c =a-c+m-c, and (M)(o0) = I(qo) - (Fm
(g0, 00, 20), (q1, 0, Z0))- =1 ((q1, 05 Zo), (g3, & Z0)) + = ((qo, 00, Zo), (92, 05 Z0))- Fm
(g2 0, Z0), (g3, 6, 20))) - Flg3)=1-(a-1+m-1)-c=(a+m)-c

wehavea -c+m-c=(a+m) c,Ya,m,c € A.

Construct a WPDA M = (Q,, 2, 0on 1 , Zo, P/) over A as follows:

Q = (poprupapsh B =10}, T = (Zoh I (po) = ¢ I(p1) = I (p2) = I (p3) = O,
F'(p3) = 1,F (po) = F (p1) = F (p2) = 0,1(po, 0, Zo, p1, Zo) = a, n(po, 5, Zo, p3, Zo) = m,
n(p1, 0, Zo, p3, Zo) = 1, n(p2, 0, Zo, p3, Zo) = 1, and otherwise n(p, T, Zy, ¢, ¥) = 0. Then
(M) = (M)

Since (M), (00) = I (po)- F oy (B0, 00, Zo), (p1, 7, Z0))- = g (P10 Zo)s (b3, & Zo)) -
F'(93)+1 (po)- F 0 (p0, 00, Z0), (92,0, 20)) - F 0 (020, Z0), (p3, 8, Z0))F (p3) = c-a-1-
l+c-m-1-1=c-a+c-mand (M)y(00) =1 (po)- (-, (P, 00, Zo), (1, 05 Z0))- F 0
((p1, 0, Z0), (p3, 6 Z0)) + b0 ((po, 00, 20), (p2,0,20)) - )0 (P20, 20), (p3, & 20))) -
F/(P3)= c-(a1+m-1)-1=c-(a+m),wehavec-a+c-m=c-(a+m),Va,m, c € A.

Hence A is left and right distributive.

Proposition 4 Let A be a completely idempotent strong bimonoid. Then the following
statements are equivalent:

(1) A isleft distributive;
(2) (rec(N)), = (rec(N)), for every WPDA? N' = (Q %,T, 8,1, Zo, F) over A with
8qeZqZ) ef{0,1}forqe Q ZeT.

Proof (1) implies (2): Obviously.

(2) implies (1): Let (rec(N)), = (rec(N)); for every WPDA” N over A. Let a, m, ¢ € A.
Then we construct a WPDA? N = (Q, X, T, 8, I, Zo, #) over A as follows:

Q=1{q0,q1, g2}, £ = {0}, ' = {Zo}, 1(q0) = ¢ I(q1) = I(q2) = 0, 6(q0, 0> Zo, 91, €) = a,
3(q0, 0, Zo, g2, €) = m, and otherwise §(q, o, Zo, p, y) = 0.
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Since (rec(N)), = (rec(N))p, (rec(N))r(0) = I(q0)- Fa (g0, o, Zo0), (q1, & €)) +1(qo0)
- b (g0, 0, Zo) (g2, 6,€)) = ¢ - a + ¢ - m, and (rec(N))p(0) = I(q0) - (Fn (90, 0> Zo),
(q & €)) + Fw (90, 05 Zo)s (g2, €, €))) = ¢ - (a + m),

wehavec-a+c-m=c-(a+m),VYa,m,c € A.

We call a strong bimonoid A additively locally finite (multiplicatively locally finite,
respectively) if for every finite set B C A, The smallest submonoid of (4, +, 0) (of (4, -, 1),
respectively) containing B is finite. If A is both additively and multiplicatively locally finite,
then it is called bi-locally finite.

Proposition 5 Let |X| > 2 and A be a complete strong bimonoid. Then A is bi-locally
Sfinite if and only if Im((M),) or Im({(M)) is a finite set for every WPDA M = (Q, %, T, §,
I, Zy, F) over A.

Proof Claim 1. If A is bi-locally finite, then Im({M),) or Im({(M),) is finite for every
WPDA M = (Q %, T, 68, I, Zy, F) over A.

In fact,let T = Im(I) UIm(8) U Im(F) and R be the submonoid of (4, -, 1) generated by T.
Then Ris finite since T'is finite and (4, -, 1) is multiplicatvely locally finite. Suppose R isthe
submonoid of (4, +, 0) generated by R. Then R’ is finite by the additively locally finiteness
of (A, +, 0). Hence (M), (w) € R for every w € X* and so Im({(M),) C R is finite.

Let 71 be the submonoid of (4, -, 1) generated by Im(5). Then T is finite by the multi-
plicatively locally finiteness of (4, -, 1). Let T, be the submonoid of (4, 4, 0) generated by
T1,Ri ={I(q) -k -F(p)lg,p € Q k € Ty} and T3 be the submonoid of (4, +, 0) generated
by Ri. Then T,, Ry and T3 are finite since A is bi-locally finite. Hence (M);(w) € T3 for
every w € X* and so Im({(M);) C T3 is finite.

Claim 2. If Im({M),) or Im({M)}) is finite for every WPDA M = (Q, X, T, 8, I, Zo, F)
over A, then A is bi-locally finite. In fact, it suffices to prove that both the additive monoid
(A4, +, 0) and the multiplicative monoid (4, -, 1) are locally finite.

For the additive monoid it suffices to prove that for every a € A the cyclic submonoid
of (4, +, 0) generated by a is finite because + is commutative and associative. Let a € A.
Then we construct a WPDA M = (Q, X, T, 8, [, Zy, F) over A with Q = {p, q}, ' = {Zp},
I(p) = 1,1(q) = F(p) = 0 and F(g) = 1. Moreover, for every T € %, 8(p, T, Zo, p» Zo) =
8(g, T, Zo, ¢ Zo) = 1, 8(p, T, Zo, ¢ Zp) = a, and otherwise 8(p1, 0, Zo, p2, ) = 0. Then for
every o € X and a natural number # we have (M),(c") = (M)y(c”") =a+---+a
(n times). Thus the finite set Im({M),) N Im({M);) contains the cyclic submonoid of
(A, +, 0) generated by a.

Next we prove that the multiplicative monoid (4, -, 1) is locally finite. Let # be a natural
number and a1, . . ., a, € A. It suffices to show that the set A’ = {ay, ... ay |k is a natural
number, [; = 1,...,n for i = 1,...,k} is finite. Let 73,75 € ¥ be distinct symbols.
We construct a WPDA M = (Q, =, 1,8, I, Zo, F) over A with Q = {0, q1, - - > qun}s
1/(q0) = F/(qo) = 1 and 1/(q) = F/(q) = 0 for every q € Q/\{qo}. The mapping 8
Q x (X U{e}) xT x Q xT'* - Ais defined as follows:

8/(q,»,1, ™, 20, qi» Zo) = 1 and 8/(qi, 72, 20, 90, Zo) = a; for every i = 1,...,n; and
8/(q, o, Zo, q/, Zy) = 0 for every other combination of o € X U {¢} and g, ql € Q/.
Then (/\/l),(tll1 tzrllz ... rll" 1) = (/\/l)b(tll1 rgtllzrg ... tllk 7)) = ay, ...ay for every nat-
ural number kand [; = 1,...,nwithi =1, ..., k. Thus, A’ C Im((M),) N Im({(M),), and
therefore A’ is finite.
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Next we introduce crisp-simple weighted pushdown automata over complete strong
bimonoids.

Definition 4 Let M = (Q, X, T, 6, I, Zy, F) be a WPDA over a complete strong bimonoid
A. Then M is called crisp-simple if Im(I) U Im(8) € {0, 1}.

Proposition 6 If a complete strong bimonoid A is multiplicatively locally finite, then for
every WPDA over A there is a r-equivalent crisp-simple weighted pushdown automaton
over A.

Proof Let M = (Q X%, 1,6, Zy, F) be a WPDA over a complete strong bimonoid A.
Let T = Im(I) U Im(38) and R be the submonoid of (4, -, 1) generated by T. Then R
is finite since T is finite and A is multiplicatively locally finite. We construct a crisp-
simple weighted pushdown automaton over A, M = (Q/, ,T,8,1, Zy, F/), where
Q = Qx (R\{0}), I': Q — A is defined by I'((k)) = 1 when k = I(q) # 0
and otherwise 1/((q, k) = 0,and F: Q — A is defined by F/((q, k)) = k - F(g)
for every (¢, k) € Q. The mapping §: Q x (T Ufe) xT x Q xTI'* - {0,1} is
given by 8/((q, k), ., X (l),y) = 1 for every (¢ k) € Q,7 € TU({e}, X €T and
(D), y) € B, §(gk),t, X (pl),y) = 0for every (k) € Q, 7t € TU{e}, X € T
and ((p.0),y) ¢ B, where B = {(4.k - K),7)8(4 1. X q.y) = k.4 € Qy ¢
Ik # 0,k -k # 0}. Then for every o € X* by letting ® = o07...0, € X%,
o; € TU{e}withi=1,...,n,wehavel(q) Fr (g 0 Z0), (q1, 02 - .. 00, Z11))- Eaq (1,
0300 Z171), (203 . ..o Zoy2)) - .. = ((gn-1> O Zn—1Vn-1), (qn & Znyn)) # O if
and only if I' (g 1(@)- vy (@ 1(@) & Zo), (g1, @1), 0. .. 0 Zay)- 1y (@1, 1), 02
comZin), ((qu az),0s... onZoya)) ... o ((@n-1 @n-1) 0 Zn-1¥n-1), (@ an),
& Zyyn)) = 1, where ¢, q1,....,qn € QG Z1, 22, ..., Zp—1 € Ts591,..., vy € % Z, € T,
a1 =1(q)- Fm (@ © Zo), (q1, 02 .. on, Z111)), a5 = aj—1- = ((G-1, 05 - .. O Zj—1Yj-1),
(@, 0j+1...0n Zjy)), and a4y, = an-1- Fam (Gn-1 0w Zn-1Vn-1) @n & Znyn)), j =
2,...,n — 1. Hence (M), (w) = D {I(q) Fm (g w Zo)(q1,02...00 Z111)) Fm
((quoz2...0om Z1v1), (q2.05...0m Z2y2)) .. Fm (((Gn-1 0w Zn—1Vn—1) (G & ZnYn)) -
Flal@ qu - qn) € Q20 Zya €Tyt vy €T Zy € T = 2AF (gm
an)lan = 1(q)- Fm (g 0 20), (q1,02 ... 00, Z111))- = ((q1, 02 .. 0n, Z111), (@2, 03 - ...
o Z2¥2)) - - - Fat (@n=1 0 Zn—1Vn-1)s @ns & Zu¥n)) # 0, (@ 1, - - -, Gn) € QVH_I; VAT
Zua € Toyneouvn € T%2, € T = YU (61@) Fu (@1@) o Z)
((qua1),02...0n Z11)) b0 ((qua1), 02 ..o, Z111), (92, 42), 03 - . . O, Z2y2)) - .. =\
((gn-18n-1), O Zyn—1¥n-1) (qu an)s & Znyn))'F/((qm ay))lar = 1(q)- a1 (¢ @, Zo), (q1,
03...0n2111) @ = aj-1- Fm (gj-1 050w Zji—1Vj-1), (@) 0js1 .- -0 ZjV))), | =
2..on—=1a, = an-1- Frm (qn=1 0w Zn-1Vn—-1)» (Gn & Zu¥n))s & G- qn € Q,
Zl, Zz, .. ':Zn—l el, Yir--3Vn € F*, Zn (S F*} = (./VV),«(Q))

So (M), = (M'),.

Clearly a crisp-simple weighted pushdown automaton over a complete strong bimonoid
Aisalsoa WPDA by Definition 4. So Proposition 4 also shows that WPDAs over a complete
strong bimonoid A and crisp-simple weighted pushdown automata over A are r-equivalent
if A is multiplicatively locally finite.
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WCFGs over complete strong bimonoids

It is well known that fuzzy grammars have become a necessary tool for the analysis of
fuzzy finite automata. In this section, we will introduce the definition of weighted context-
free grammars over complete strong bimonoids and investigate the relationship between
weighted context-free grammars and weighted pushdown automata over complete strong
bimonoids.

Definition 5 Let A be a complete strong bimonoid. Then a weighted context-free gram-
mar (WCEFG for short) over A is a system G = (N, T, P, I), where

(i) Nis a finite nonempty alphabet of variables;
(i) Tis a finite nonempty alphabet of terminals and T "N = (;
(iii) I: N — A is a mapping called the weighted subset of initial symbols;
(iv) Pis a finite collection of productions and
P={u = vlu e Nv e (NUT) p(u — v) =r € A\{0}}, where p is a mapping
from (N UT)* x (N UT)* to A, p(u, v) means the membership degree that « will be
replaced by v, denoted by p(, v) = p(u — v).

For the sake of convenience, # —> v is sometimes abbreviated as # — v in P. For
a, B € (NUT)* ifavp is directly derivable from auf, i.e., cuff = av B by the production
u — v in P, then we define p(auf = avpB) = plu — v). If v; € (N U T)* for
i=1,...,n and w;y is directly derivable from w; fori = 1, ..., n— 1, then we say that w,
is derivable from w; and call w1 = wy = - -+ = w, the derivation chain c of w,, (from w1),
which is written as, w1 =% w,. And we define p(w1 =} w,) = plw1 = w2)...plw; =
Wit1) - .. p(wy—1 = wy). Moreover, for the derivation chain w; = wy = -+ = w, and
foranyi € {1,2,...,n — 1}, if only the leftmost variable in w; is replaced in the process of
w; = w11, then ] = wy = -+ = w, is called the leftmost derivation chain, which will
be abbreviated as w7 =% wy =L -+ =L w,.

Based on run semantics, the formal power series (G), : T* — A generated by WCFG
G = (N, T, P, I) is defined by, for every0 = w, € T* and n > 1,

(G)r(0) = 2{I(wo) - plwo = @1) ... plwy—1 = wu)lwo € Ny, ..., 0p—1 € (NUT)*}

Based on breadth-first algebraic semantics, the formal power series (G), : T* — A
generated by WCFG G = (N, T, P, ) is defined by, for every0 = w, € T* and n > 1, (G
)5(0) = D {I(wo)- (X {p(wo = w1)...plwn—1 = wy)lw1, ..., wp—1 € (NUT)*})|wo € N}.

Two WCFGs G; and Gy are said to be x-equivalent provided that they generate the
same formal power series, that is, (G1)y = (G2), for x € {r, b}.

Proposition7 Let G = (N, T, P, I) be a WCFG over a complete and idempotent strong
bimonoid A and A satisfy the following conditions:

a-b=b-a, Va, beA,

Then (G)L = (G), for x € {r, b}, where (G)L(0) = > {I(wo) - plwo =F 1) - plwy =
@) ... plwp-1 =F wp)lwy € Noy,...,0,-1 € N UT)), and (G)E(0) = X {I(wo) -
(o =L w1) - plwr = ws) ... plwn—1 =L wp)loy, ..., wp—1 € N U T)*D]wo € N},
Yo, =0 € T n>1
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Proof 1t suffices to prove the following statement by induction on the step number #n of
derivation: there exists the corresponding leftmost derivation chain such that,

,O(U)O :>*L 0) = p(a)o :>* 9), Va)o =>* 9, 0 e T*

In fact, if # = 1, then wg = 6 is the leftmost derivation and so the above statement holds.
Suppose the statement is true when the step number of derivation satisfies the condition
that n < k, where k is a positive integer. Then, for any derivation chain associated with
step number n = k, wg =* 0,0 € T* thatis, wo = X1X2... Xy =* 01 Xs... X, =%
o oo a1 Xy =T a1y .. Q10 Where 0 = oy .. 010y, p(wg =F
0) = plwg = X1 X0 ... Xp) - p(X1 X .. . Xy =" 01 X ... X)) ... plaoy .. X1 Xy =
o1y . . Uy 1Xm) - ploray .. 01X, =" aras .. am_10y). If X; = «;, then X; is
obtained from the first step of derivation. Otherwise, if X; # «;, then the derivation
step number of X; =* «; is not more than n — 1. By induction, there exists the leftmost
derivation X; =*F «; such that p(X; =* o;) = p(X; =*F ;).

Hence wy :}L X1Xo... Xy, :}*L a1 Xy ... Xy :>*L e :>*L o010 . . Oy —1Xom :>*L
0109 .. .0y 10y,

Sincea-b=b-a, Va, be A, p(wg =*0) = plwy = X1 X ... X)) - p(X1 X5 ... X, =*
a1 Xy ... X)) ..o plaay . .. Xy 1 X, =* aas.. 1 X)) - plaray .. a1 Xy, =
a1A2 . .. Oy 104,) = p(wo =1 X1Xo ... X)) - p(X1Xo ... Xy, =L a1 Xy ... X)) ... plaray
o X1 X = aran a1 X)) - plaren . a1 X = aran . ap—1m) = P
(wo =*L 0).

Since a + a = a, Va, b € A, it follows by definition that (G)L = (G)y, Vx € {r, b}.

Based on breadth-first algebraic semantics and run semantics, we will investigate the
relationship between weighted context-free grammars and weighted pushdown automata
over complete strong bimonoids. For a formal power series generated by a WCFG, how to
construct a weighted pushdown automaton over a complete strong bimonoid to recognize
it? And for a formal power series recognized by a weighted pushdown automaton over a
complete strong bimonoid, how to construct a WCFG to generate it? Next We will solve
the above problems.

Proposition 8 Let G = (N, T, P, I) be a WCFG over a complete strong bimonoid A. Then
there exists a WPDAY M = (Q, %, T, 8, o, Zo, ¥) over A such that

(rec(M))x = (G),LC, Vx € {r, b}.

Proof Let G = (N, T, P, I) be a WCFG over a complete strong bimonoid A. Then a WPDAY
M = (Q X%, T, 8,0, Zy, V) over A could be constructed as follows: Q = N U {gq},q ¢ N,
Y =T, =NUTU{Z},Zo ¢ NUT, the mapping8 : Qx (SU{e}) x [ x Qx I'* —> A
is defined by,

(1) 8(g e X qvy)=pX — y)whenever X — y € P;
(2) é(q,a,a q,€) =1whenevera € T;

(3) 8(p & Zo, g p) = 1 whenever p € N;

(4) otherwise, 8(q1, u, X, q2, y) = 0.

The mapping o : Q — Aisgivenbyo(p) = I(p), Vp € N,and o (q) = 0.
Noting that every nonterminal string may be remarked as «Xy, where « € T*, X €
N, y € T'*. Then the elements of P must be the following forms:
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Y —>aXyorY > aa,aeT5a1 € TH Y, X eNy eI'"

Clearly, Vo € T*, V5§, X, X1,..., Xn € No,a1,...,00 € TSy, y1,...,vn € T S =
aXy =1 aa1 X171 =1L 231 29.$5%) =L =g L0 Xy Vn =L », where
oS = aXy =L aaiXiyr =L acionXoyy =L 0 2L aar . an Xy 2 w) =
k € A\{0}; if and only if Faq ((S @ Z0), (g, S)) Fm (g o S), (g v, aXy)): I—‘/‘a
(@ @ aXy), (g o1 X¥))- Fu (@ 01 Xy) (@ o, aXin)- Fi! (@ o, aXain), (@ o,
Xiy)- Far (@ o2 Xayn), (@ o2 axXo)- 2l (g w3, 02Xop), (g @3, Xap2))- Fan
(g @3 Xay2), (g @3, @3X33)) ... Fat (@ O Xn1Vu1)s (@ Om @nXov))- Fii' (@ 0
@ Xn¥n) (@ O Xn¥Yn)) Fa (@ @ XnYn) (@ @n wn))- '_l/(\”/?l (g ©n, n), (g6, €)) = k €
A\{0}, where w = aw1, wg_1 = ag_10k, kK =2, ..., n, the mapping I—lj\x/‘l (g o, aXy), (g &
X)) is defined by,

L, ifla| =0

|_|(¥‘ , O, X ) \Y» ;X =
m (g o, aXy), (g, & Xy)) {h, if o] = k

wherea = a;...apa; € T,i=1,...,k;and h =t (g, ar...axXy), (g as...aka
...akXy))- l_M ((q,az...ak,ag A X)/), (q,(lg, ... A as .. .(lkX]/))... }_M ((q,ak,ak
Xy), (g & Xy)).

In fact, for a given |¢| > 0, « € T*,X € N,y € I'*, there has I—‘X‘,‘I (g a, aXy), (g
&Xy)) =1.

Forany w € T%, if p(S = w) = ko € A\{0}, then S = w if and only if - ((S, @, Z0),
(@@ 9) Fa (@®,5), (g o) Fy (g00)Gee) =1 Fu (G o) (@ o0)-
1=Fm (g &S5) (g6 w)=38geSqw) =pS— o) =k

Hence, forany w € T*, there has (G)f(a)) = D {I(S)-p(S = w)|S € N}+D> {I(S)-p(S =
aXy =L ao Xiy =25 v Xy, =25 - L a0, Xy 2 0)|IS XX .., X, €
No,ay,...,a, € T% VoVbe-s¥Yn € F*} = Z{U(S) = ((S: w, Zy), (% w, S)) Fnm
(@ @, S), (@ ) FiYY (@ 0), (@& e))IS € NJ+o(S)- Far (S 0, Zo), (¢ @ 9))- F
(4@ S), (@ @, aXy))- Fif (@ o aXy), (@ oL Xy): Far (@ o1 X) (g o, a1 Xin)):
il (@ ona1Xan), (@ o2 X)) Far (@ 02 Xan), (@ o2 @2Xorn)- Fii (g o3,
a2 Xay2), (@ w3, X2y2))- B (g w3, Xoy2), (@ w3, @3X3y3)) ... Fa (@ @n Xn—1Vn—1),
(@ @, X yn))- F!/?/Tl (@ ©n nXn¥Vn), (@ ©p Xn¥Yn))- Fa (@ @n XV, (@ wny @4))- Flﬁi(nl
(g o o), (@ &NISX X1, .., Xn e Na,at, ...,y €Ty, 915, Y0 €5 0 = awy,
Wi—1 = U0, k =2, ..., n} = (rec(M)) ().

So (rec(M)), = (G)L.
Similarly it follows by definition that (rec(M)), = (G )2.

Proposition 9 Let M be a WPDA” over a complete strong bimonoid A. Then there exists
a WCFG G = (N, T, P, I) such that (rec(M)), = (G)L, Vx € {r, b}.

Proof Let M = (Q, %, T, 8,0, Zp, 1) be a WPDA? over a complete strong bimonoid A.
Then a WCFG G = (N, T, P,I) over a complete strong bimonoid A is established as
follows: N = QU {[pzqllp,q € Qz €T}, T =%,

[ o), ifxeQ

I(x) = .
0, ifx e N\Q

P consists of the following productions:

Q) p > pZoql, ¥p.q € Q;
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(ii) foranyp,g € Qu € X U{e}, ZZy,....Zn e U,m > 1,if8(pu,Z,q 21 ... Z)

)
= [ € A\{0}, then [pZg,,] — ulqZ1q11(q12292]) - - - [Gm-1Zmqm), Vg1, - - ., gm € Q.
(iii) if 8(p, u, Z, q, &) = [ € A\{0}, then [pZq] Lo

Forw = ujuy ...y, m > 2, u; € X U{e}, i =1,..., m, assume the set ’”Pathfy(qu)
consists of all the traces that inputting string @ € ¥* makes state p transfer to state g and
pushes the top symbol Z out of the stack, where the string w is a sequence catenated by
m elements from ¥ U {¢}, and the truth value of all the above propositions are /. That is
to say, mPathi)(qu) ={lpv U2 ... .U Z1Y1, P2 U3 - . . Uppy Z2V2s -« +» Prn—2> Un—1Ups Z—2
Ym—2 Pm—1 ms Zm—1, @ & €)|l = (0, 0, Z), (p1, 2 -« -ty Z11))- = (P11t - -t Z1
v B2 us ..t Z2y2)) .. B ((Om—2 wm—1Ums Zin—2Vm—2), Om—1 by Zin—1))- Fm
((pmfl; U, mel); (q, &, 8)) =le A\{O},pl, .. Pm—-1 € Q, Zy .. L1 €T, Y1, V2 s
VYm—a € T*}.

Then for any t(w) € mPathi)(qu), we define I—i\(f't’) ((Bw 2),(q 8 ¢) =Fm (p o, 2),
(pvuz...um Z1n1))- b (prva. .t Ziv1), (P2 U3ty Z212)) . Fra (P2,
Uin—1Ums Zn—2Vm—2) Pm—1 hms Zin-1)) - E i (Pim—15 s Zin—1), (g, & €)).

If t) € {(gee)l Fm (BwZ),(gee) = | € A\{0}), then we define H
(B », 2), (g & €)) =t r (B 0, 2), (g, & €)).

Assume that ’”Drfu(qu) = {(un1 [pllell]otl, Uy [pzZzp/z]Olz, e U2 [pmngmfzplm_z]
U2 -1 1, )| p([PZq) =1 wilp1Ziplar =F wwapaZopylay =L - =t
Uil < U [Pm—2Zm—2P,y oom—2 =L wity .. Upoth 1@ =Y wss .ty
Um—1tm) =1 € A\[0}, ap, 2, ..., -2 € N -1 = [Pm-1Zm—19], PL. P2 - - -, Pm—1 €
QPyPy - Py € QL.

Forany c(w) € "Drl,(pZq), define p([pZq) =3, @) = p(lpZq] =* mlp1Zip)lon =+
wia[prZopylas =L o =L wuy o [Pm-2Zim—p,, Jlam—a =L wrus. .ty
U 10m—1 = ity . . . Uy Uy 1Usm)-

If c(w) € {wlp(lpZq] = w) = [ € A\{0}}, then we define p([pZq] =>f(Lw) w) = p
(Zq) = o).

Now the following statements hold:

() Vo € =% p,q € Q, Frm (B w, Zo), (g, & €)) = [ € A\{0} if and only if p([pZog] =*
w) =1 € A\{0}.

(1) Put Path’ (pZq) = U{"Pathl (pZq)lm > 2}, and Drl(pZq) = U{"Drl(pZq)
|m > 2}. Then for any w = wup...up € X* pqg € Q, z € T', [ € A\{0},
up € 2 U{el, i = 1,...,kk > 2, there exists a bijective mapping f from
Path (pZq) to Drl(pZq), ie., f : Path (pZq) — Drl(pZq), which is given by
Sfpvuz ..y Z1y1, P2, U3 - - Uy Z2V2s -« s P2 Yn—1Yms Zin—2Vim—2 Pm—1r Yy Lm—1,
g & €)= lp1Zip))ar, ua[paZopy)as, . . . m—2[Pm—2Zm—2D,, 5)0m—2, Unm—1 Cm—1, ),
Y(p1 Uz ..ty Z1Y1, P2 U3 - - Uiy Z2V25 -+ s D=2 Umn—1Um Zin—2Ym—2 Pm—1> Umy Zm—1,
q 8¢ € Pathfﬁ(qu), where p’l, p/z, e p;n_z, A, A, ..., Qy—2 can be determined
uniquely by the productions in P respectively.

Clearly, for any (p1, 42 . .. Uny Z1V1 P2 U3 - Uy Z2V2s -« - Pr—2 Un—1Ums Zn—2Vim—2>
Pm—1 U Zm—1, G, & €) € ’”Pathiu(qu), there always has f ((p1, u2 . . . U, Z1y1, P2, U3 - . .
Uiy Z2Y2s « o P2 Un—1Ums Zim—2 Yim—2 Pr—1> Y Zimn—1, G & €)) € mDrclu(qu)'

Next fis shown to be bijective by induction. In fact, if Path!, (pZq) = @, then Drl (pZq) =
@; if Pathl (pZq) # @, then Drl (pZq) # 0.
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Basis: if t(w) = (prus Z1,9¢6¢) € ZPathi)(qu), then '_5\(2)) ((pw 2),(qc¢c¢)
= (@, 2), (p1, iz, Z1)) Fan (1, 42, Z1), (g, &, €)) = L and so [pZp] — wilp1Zip ],
[p1219] — uz, and p([pZp'] — wilp1Z1p]) =Fm (B @ Z), (p1, w2, Z1), p(lp1Z19) —
uz) = ((p1 w2, 21), (g 6, €)).

Suppose a1 = [p1Z14], and p/ = g. Then c(w) = (u101, u2) = f(t(w)), p([pZq] =
w) = p(lpZq) = won =L uuy) = 1.

Clearly, for any x,y € 2Path! (pZq), if x # y, then f(x) # f(y). Moreover, for any
y € 2Drfo(qu), there exists x € 2Polthfv(qu) such that f(x) = y. So the mapping
[l Pathl. (pZq)’ named as a restriction on a set zPathi) (pZq) by f, is a bijective mapping from
2Pathfu (pZq) to 2Drfu (pZq).

Assumption by induction: Assume that whenever the derivation step number from
(», w, Z) to (g, & €) is not more than k (k > 2) in the given WPDA? M, there exists a
bijective map f | pathl (pzq)’ ”‘Pathfv(qu) — ”’Dri)(qu), m = 2,...,k. Next we prove

*L
c(w)

I k1 pagid (pzg)* K lpath! (pZq) — *+1Drl (pZq) is also bijective, named as a restriction
on the set “*1Path! (pZq) by f.

In fact, if t(w) € *TPathl (pZg), then ' ((pw, Z), (g6 ) =Fm (B aniTa. ..
T Z2), (q1, T1 T2« - - Ty X1 X2 ... X)) I—j&l) ((quoita. . T X1 X2 ... Xm), (@2 T2 - .. Ty
Xo X)) F8 gy ot Xo o X (@33 T X3 X)) o E (G T
Xm), (g & €)) =1, wherea € TU{e}, 11,..., T € 25X, X0, .. . X €0, qu - - gm € Q,
®w=at ... Ty

Let Fat (2@ 2), (qu & XaXo .. X)) = Lo F5) (@0 70 X), @i € €) = by £() €
% Pathlt (qiXiqir1) U Dj, Di = {(qiv1, & &)l Fax (@i T X), (@i &) = I € A\[O}), i =
L...,mqm+1 =q. Thenly 1y ... L, =, t(w) € k“Pathi)(qu) =HxA1xAyx---xAy,,
where H = {(qu 71 .- - T X1Xo ... X))l b (a1t ...t 2), (@, T1T2 - - - T X1 X2
X)) =1, e A0}, T, ..t € 2R XL X0, X e Tanito .. Ty = w,a € XU
{ehq1 € Qf;

A = {(pryu12- - Ul T2 - T Z11Y1IX2 - - - Xy P12, U13 - - UG T2+ - Ty Z12V12 X2 -
Xiwr + v o DLk =2 ULk —1U Lk T2 + - - T L1,k =2V Lk —2X2 + + - Xy PLi =1 ULk T2 - -+ T Z 1k =1
X2 X g2 T2 Ty X2 .. X)) [E(T1) = (P11, U12 - - - Uikys Z11V10 P12, Y13 - - - Uik Z12V125
o PLa—2 ULy 181 21k -2V 1k —2 DLk —1 Uk Zijg -1 42 & €) € ¥ Path (1 X1q2),
T =unie. . Uit I{ge 2. T X ... X)lt(t1) € D1};

A2 = {(pgl, U .. . U T3 - - - Ty 221)/21)(3 . .Xm,ng, Uz ... U T3 - - - Ty Zgg)/zz X3 .
X+« or Poky—2 U2, ky =142,k T3 - - - Tiwr Z2,ky—2Y2,03—2X3 « - - Xomw» P2,ky—1> U2,y T3 - + - T L2, kp—1
X3 . X g3, T3 .- Ty X3 ... Xi)|£(72) = (P21, U22 - - - Ukys Z21V21, P22, U23 - . - Ukys Z22 V22,
s P22 U1 U Z2 kg2 V2 s~ P2y —1o Uk Zfy—1 43 & €) €% Path?y(q2Xoqs),
Ty = U123 ... Ug, } U (g3, T3 . . . Ty X3 .. X)) |E(72) € D2}

Ap—1 ={Pm-1,1 Um-12 - - - Upn—1kpy_1 T> Zin—1,1Ym—1,1Xm Pm—1,2 Um—1,3 - - - Un—1,k,,_,
T Zm—1,2Ym—1,2Xm> -+ > Pm—1 k1 ~2 Wm—1 k1 —1¥m—Lkpy—1 T Zm—1 kg1 —2Vim—1ky_1 —2
KXo Pm—1,ky_1—1 Um—1,k,,_1 Tmw> Zm—l,km,l—le; qm> T Xa)lt(Tm—1) = (pm—l,l: Um—1,2 - - -
Um—1ky1r Lm—11Ym—11 Pm—12 Um—13 - Um—Tky,_1» Lm—12Ym—-12 «-»Pm—1ky_1—2
U1, k1~ 1 ¥m—"L k17 Zm—Lkm—1—2Vm—"Lkp—1~2 Prm—Lkn—1 —1 Yrn—Lk—1» Zm—1kn—r—1 Gm>
& ¢) € kmilpﬂthlryz,:ll (qm—IXm—lqm)’ Tm—1 = Um—-1,1Um—-1,2 - - - um—l,km,l} U {(qm: Ty Xm)
[t(Tin—1) € Di—1};
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An = {pmvtm... Uk, Zm1 VYl Pm2> Um3 - - - Uk, Zm2VYm2s - - < Pk —2 Wk —1
U,k Zm,km72ym,km72’ Pm,kyy—1 Um,k,y Zm,kmflf 96 lt(ty,) = (pmb Um2 - - - Uk, Zml
Vimls Pm2s Wm3 -+ - Uik Zm2Vm2s «+ o Pokon—2 Wikon—1%m ks Lmkoy—2Ymkn—2 Prky—1s
U,k Zm,k,,,—l: q 8 ¢€) € kaﬂthlr’:'n GmXmq), T = Umithm2 . . . Mmkm} U{(g & 8)lt(tm) €
D,,}.

Let F; = {tilp([giXiqit1] = ©) = i e A\{0}}, i = 1,..., m, and g1 = q.

Then it is obtained by induction that, p ([qulqz] :>’C"(LT1) 'Cl) =, p ([quzqg] :>’Ck(]}2) 'Cg)

=b..,p ([qmeq] =3 Tm) = by, c(11) € MDrii (g1X142) UF1, c(2) € Dri(q2Xo
q3)UF, ... c(ty) € k'”Dri',”n (gmXmq) U Fyy.

Sop ([qu] =% w) =p ([qu] =t alpXiqllgeXogs] - - [gmXmq) =3, atilg2Xe
@3] .. [amXmd) =3, aniwlgsXaqsl .. lqnXmq] =7, - =i ) 4t Tn1ldm
Xnql :>:L ar ... rm) =1,-ly... .1, =, where c(w) € *T'Dr! (pZq) = E x By x By x

(Tm)

-+ X By, E={alq1X1921[q2X243] - . . [Gm—1Xm—19m)[amXmq] | p([pZq] = alq1X192][q2X>
g3l .- [gm-1Xm-19mllgmXmq)) = lpa € TU{ehqu.q2 ... qm € QX1,..., X € T},
Bi ={(u11[pn1Zupyylenn[q2Xaqs] - . - [@m-1Xm—14m) [gmXmq), u12[p12Z12p )12 1q2 Xag3)]
e [gm-1Xm—1Gml[gmXmq), - . ., 14,2 [Pl,kl7221,k172P/1,k1_2]051,k172[612)(2613] cor gm—1
Xin—19m)amXmal, ur g, 101,k -1192X293) . . . [gm-1Xm—1gm 1 [@mXmq|, u1k, [92X243]
[@m-1Xm—-1m)[gmXma)lc(t1) =  (unlpuiZupylein wi2lp1aZip)y)ens .. tyg -2
[pl,k17221,k172p/1,k1_2]a1,k172: ULjy 1@k -1 Hiky) € DA (1 X1ge)) U {nlg2Xags] . ..
([gm—1Xm—-1qmllgmXmqllc(t1) € F1},

By ={(un1 (21221991021 [q3X3q4] - - - [@m—1Xom—10m) [@mXmq), 422 (P22 Z02D s 022 [q3X3
qal - - [qm-1Xm-19ml[gmXmql, - . ., vz x,—2 [PZ,kz—ZZZ,kz—ZP/Q,kZ_2]0‘2,1(2—2[Q3X3q4]
[@m—1Xm—1Gm)[qmXmq), s ky—102 1, —1193X344] - . . [gm—-1Xm—1gm1[amXmq), vax,[q3 X3g4]
oG 1 X1 [@mXmq))|c(r2) = (u21[p21 201Dy, 021, u22[P22Z20P 0 | €22, - - - U gy 2
[p2,k2—ZZZ,kz—217/2)/(2,2]052,/(2—2: Uy 100 fp— 1, dky) € F2Dr2(q2X2g3)} U {1alg3 Xaqal ...
(gm-1Xm-19m]lamXmqllc(r2) € Fa},

Bno1 = {(m-111m-11Zm-11P,_1 1)0m-111mXmq) Um-12[0m-12Zm-128,_1 5]
Un-1,2[gmXmql - - > U1,k —2 [pm—l,kmfl—ZZm—Lkm,l—ZP;n_l,km_l_Q]aWI—Lkm—l—Z[qm
Ximql m—1,kp—1—1%m—1, k1 -1 [GmXm @) w1,k [ XmgD1c(Tm—1) = (wm—1,1[Pm-1,1
Zin-1,1Prpy1.1)0m—1,1 =12 [Pm—1,2Zm—1,28 1 2)0m—12 - - > U112 [Pn—1,ky1—2
mel,k,,,_l7219/,,,_1,/%71_z]amfl,km_lfb U1 k1 —1%m—L k1 —1 Ym—L k1) € k’”*lDri’,Zill
(@m-1Xm-1Gm)} U{Tm-1[gmXn@)|c(Tm-1) € Fn1}, Bia = “nDrity(@mXmq) U {Tmlc(tm) €
F,).

Since ) I;
S |k’ Pathz; (9 Xiqiv1)

where g1 =¢q Vi=1,...,m,

is a bijective mapping from X Pathl;'l. (qiXiqi+1) to kiDri’;. (q: Xiqi+1),

S |Uf"=1 b Path (g Xigis1) isabijective mapping from [ J” k"Pathlfii (giXiqi+1) to UL, kiDri’;,
(@iXiqi+1). And 50 f |ct1pyt (524 I8 also bijective from k1path! (pZq) to *F1Dr (pZg).
Then the mapping fis bijective by mathematical induction from Path’ (pZq) to Drl (pZq).
Therefore |Pathfu(qu)| = |Dr£)(qu)|.
Now we write n/ as a shorthand for [/ + - -- 4+ [ (n summands) for every / € A and a

positive integer #n. Let 0/ = 0. Then for every w € X*, there always have (rec(M)),(w) =
S0 Fm (o2 @ee)lpg € Q+ Zlop) FiY (o Zo) @ee)lpq €
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Q tlw) € Path,(p, Zo,q) 1 € A\O}} = Z{I@) - p(p = [pZoq] =" w)pg € Q) +
S {IPath,pZo)l(o(p) - Dlp g € Q1 € A0} = ZUI(p) - plp = [pZog] =" w)lp.q €
Q} + XAIDr, pZog) U ) - Dip, 4 € Q L € A\[O}} = 3 { () plp = [pZog] =" w)lp.q <
Q + XU W) - p(PZoq) =}, @Ip g € Qclw) € Drl(pZog),l € A\{0})} = (G)f (),
and (rec(M))p(@) = 2 {o(p) - {-m (B @, 20) (g6, €))lg € QNlp € Q) + 2o (p) -
(S (B 20, (g6 €))lg € Q 1) € Pathly(p, Zo, q), L € A\O)Ip € Q) = S(I(p)-
(Co(p = [pZog] =" ©)lq € QDIp € A+ () (Zlo(lpZog) =3, @)lg € Q clw) €
Dr,(pZoq), L € A\O})Ip € Q} = (G)j ().

Finally we will give two examples to show that in the basis of run semantics and breadth-
first algebraic semantics, how to construct the equivalent machines for weighted context-
free grammars and weighted pushdown automata over strong bimonoids respectively.
In the first example we construct a weighted pushdown automaton over the underlying
strong bimonoid equivalent to the given weighted context-free grammar over a strong
bimonoid. In the second example we consider an equivalent weighted context-free gram-
mar over the strong bimonoid when given a WPDA over a strong bimonoid.

Example 1 Let G = ({X, B}, {4, b}, P, I) be a WCFQG over a complete strong bimonoid A4,
where
P={X2 baxxa X 3 ab,B 2 bBB B2 ba), I(X) = to = I(B), to, t1, ta, t3 € A\{O}.
Next we construct a WPDA? M = (Q, %, T, 8, 0, Zy, ¥) over the strong bimonoid A as

follows:
(1) Q={XBq};
(2) ¥ ={ab};

() I'={a, b, X, B, Zo};

(4) o(X) =0(B) = to,0(q) = 0;

(5) 8(S & 20,9, 5) =1,VS € {X, B}

(6) 5(% a,a, q 8) = 5(% b, b, 9 8) =1

(7) 8(q & X q baXXa) = t1,5(q & X, q, ab) = t3,8(q, &, B, q, bBB) = t3,5(q, &, B, g, ba) =
t3.

Otherwise, §(p1, &, ¥, p2, y1) = 0.
Then by Proposition 8, we has (rec(M)), = (G)JLC, Vx € {r, b}.

Example 2 Let M = (Q, %, T, 8, 0, Zo, #) be a WPDAY over a complete strong bimonoid
A, where Q = {p, 4, q1, 43 94, 45 g}, £ = {a, b}, ' = {Zo, X, X1, X2, X3}, 0(p) = L, 0(y) =
0,Vy € Q\{p}; suppose & t1, to, t3, ta, t5, te, t7 € A\{0},amap d: Q x (XU {e}) x I' x Q x
'* — Aisgivenby, §(p, a, Zo, q1, XX1) = t,8(q1, b, X, ¢, XoX3) = ¢, 8(q, b, X2, q3, X2) = t1,
8(q, b, X2, qa, €) = t2, 8(q3, a, X2, q3, €) = t3, 6(qa, @, X3, q4, X3) = t4, 8(q3, @, X3, g5, €) = 1,
8(q4, a, X3, g5, €) = t6, 8(q5 @, X1, g6, €) = t7, otherwise, §(p1, &, v, p2, y1) = 0.

By Proposition 9, construct a WCFG G = (N, T, P, I) over A as follows:

N = QU {lpZpllpup2 € QZ €T}, T = X,1(p) = o(p), I(x) = 0,Vx € N\{p}. P
consists of the following productions:

1
(1) p1 — [p1Zop2), Yp1, p2 € Q;
.. ¢ t t
(i) [pZop2] = alqiXp1llpiXipal, [1Xp2] — blgXop1llpiXspal, [qXopa] = blgsXapal,
L.
[qaX3p2] = alqaXapa)l, Vo1, p2 € Q
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t ¢ t £ ¢
(iii) [gX2qa] = b, [q3X2q3] = a, [q3X3q5) = a, [qaX3q5] = a, [q5X196] = a.
It follows by Proposition 9 that (rec(M)), = (G)L, Vx € {r, b}.

Conclusions

In this paper, we considered firstly weighted pushdown automata and context-free gram-
mars over strong bimonoids on the basis of run semantics and breadth-first algebraic
semantics. The algebraic properties characterizations of these machines are investigated.
Based on each semantics, weighted pushdown automata with empty stack and weighted
context-free grammars over strong bimonoids are shown to be equivalent. Finally, two
examples are presented to illustrate the proposed methods in this paper. These results
obtained in this paper, which generalize the previous conclusions in literature (Qiu 2007b;
Xing and Qiu 2009) to a certain extent, will lay the foundations for more detailed analysis
of the applications such as in multi-valued model checking. Further studies will explore
the normal context-free grammars over strong bimonoids based on some semantic ways.
It would be interesting to see how much differently these context-free grammars’ behav-
iors. Also, it would be interesting to utilize weighted context-free grammars and weighted
pushdown automata based on complete strong bimonoids to deal with modelling and
control problems of fuzzy discrete event systems.
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