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Background

Mellin transform occurs in many areas of engineering and applied mathematics. Accord-
ing to Flajolet et al. (1995), Hjalmar Mellin (1854—1933) gave his name to the Mellin
transform that associates to a function flx) defined over the positive reals, the complex
function M[f (x); s]. It is closely related to the Laplace and Fourier transforms. We start
by recalling the definition and some important properties of the Mellin transform. The
domain of definition is an open strip, (a, b), of complex numbers s = o + it such that
0 <a <o < b. Here we recollect the definition from Flajolet et al. (1995) and some
properties which are mentioned in Kiligman (2006).

Definition 1 (Flajolet et al. 1995) Let flx) be locally Lebesgue integrable over (0, co).
The Mellin transform of f{x) is defined by

MIf (x); 5] = f*(s) = /0 &7 f (x)dx.

The largest open strip (g, b) in which the integral converges is called the fundamental
strip. The inverse Mellin transform is defined as the following:

Theorem 1 Let flx) be integrable with fundamental strip (a,B). If ¢ is such that
a <c¢< Band f*(s = c+it) = M[f(x); s] is integrable, then the equality

c+ioo

fx) = * M(f (x); s]lx ds
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holds almost everywhere. Moreover, if fix) is continuous, then equality holds everywhere
on (0, +00).

Theorem 2 (Kilicman 2004) Let f be Mellin transformable function defined on R,. If
differentiation under the integral sign is allowed, then we have

(=1)"T'(s) )
WM[JC(W), s —n]

2) M @); sl = [o° 2" (o) dx = (—)"M[f (x); ]

(1) MP@);sl= [o7f@)xldxe =

a\” 0
(3) <ds> M(f@x);s] = [, f(x)(log x)"xLdx = M[(log x)"f (x); s — 1]

4) M [fgf(t)dt; s] = fooo (fgf(t)dt)xs_ldx = —%M[f(x); s + 1]. For more informa-
tion readers may refer to Butzer and Jansche (1997), Erdélyi et al. (1954), Flajolet
et al. (1985), Podlubny (1999) and Butzer and Jansche (1998), and (Kiligman 2006).

Basic definitions of fractional calculus

Fractional calculus is a generalization of the classical calculation and it has been used
successfully in various fields of science and engineering. In fact, there are new opportu-
nities in mathematics and theoretical physics appear, when order differential operator or
operator becomes an integral arbitrary parameter. The fractional calculus is a powerful
tool for the physical description systems that have long-term memory and long term
spatial interactions see Podlubny (1999), Miller and Ross (1993), Hilfer (2000), Kilbas
et al. (2006) and Samko et al. (1993).

There are different types of fractional derivatives in the current literature. One of the
new fractional derivatives that was recently proposed is called Caputo—Fabrizio deriva-
tive see Atangana (2016), Caputo and Fabrizio (2015) and Losada and Nieto (2015).
However in our study, Riemann-Liouville and Caputo derivatives have been used.

The use of integral transforms to deal with fractional derivatives traces back to Rie-
mann and Liouville (Oldham and Spanier 1974; Widder 1971). Further, in Dattoli et al.
(2003) the authors have shown that combined use of integral transforms and special pol-
ynomials provides a powerful tool to deal with fractional derivatives and integrals.

In this section, we give the definitions of Riemann-Liouville and Caputo fractional
operators along the main properties as follows:

Definition 2 A real function f{x), x > 0 is said to be in space C,, 1 € R if there exists a
real number p > w, such that f(x) = x”f; (x) where f(x) € C(0,00), and it is said to be
in the space Cjj if f" € Cy,n € N.

Definition 3 The Riemann-Liouville fractional derivative operator of order « of a
function flx) is defined as:

Df(x) = ﬁ /Ox(x -0 wdt, m—-1<a<m. (1)

Definition 4 (Podlubny 1999) The Riemann-Liouville fractional integral operator of
order « > 0 of a function f € C,, u > —1is defined as:
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D™f(x) =] (x) = ﬁ /Ox(x - 0" Y wdt, t>0, a>0 )

in particular J°f (x) = f (x).

Some properties of Riemann-Liouville fractional operator
If «, B are two positive real number, then:

(1) D*(D~Pf(x)) = D*Pf(x),

() JUJPf(x) = J*TPf(x),
(3) JUIPf(x) = JPJf (x).

Definition 5 (Caputo 1969) The Caputo fractional derivative of f € C”,m € N, is
defined as

Dif (x) =J""“D"f (x)
DYf (x) = 1 /x(x — "M d, o m—1 <o <m,
F(Wl — Ol) 0

form—1<o <m,meN.

Theorem 3 Ifm—1<a <m,meN.,f € CJ/,u > —1, then the following two proper-
ties hold

(1) DJef )] =f®),
k
) J*[Df )] =f(x>—22”_olfk(0>< )

x
K

Definition 6 (Fractional Cauchy’s integral formula) (Jumarie 2010) Assume that

f:U— C,z— f(z)is a fractional analytic function of order o = %,N > 1, N integer.

For every a € U consider the disk D C U with the boundary defined by the circle y of

which the radius is 7. Then f (z) is actually infinitely ath differentiable, with

(nex)! % f(@
(2wi)*Ne [,

1
Z, o= —.
ON) (z — a)(Vl+1)Ol N

f"Na) =

As a special case when n = 1, the fractional derivative can be written in the form:

(2)! f@ 1
@ (g) = % _
SR = Qri)*N® Jon) (2 — @)™ da @ =

Main results

In this part, some properties of Mellin transform of fractional operator have shown.

Theorem 4 Let filx) be Mellin transformable function on (0,00), where
0<n-—1<ua<mnthen
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(1)  MIDLJSf (x); s] = M[f (x); s]

CDEF(x): 5] = Y ()
(2) MU Dcf(x)7s] _M[f(x)as] Zk:o k'(k+S)’

rl—a—pg—ys) )

Re(s) > —Re(k),
() MUYPf(x);s] =

Proof
(1) The result is obtained by applying Mellin transform to both sides of the first prop-
erty (1) in Theorem 3

M[DSJEf (x): 5] = MIf (x); 5.

(2) We apply Mellin transform on the part (2) in Theorem 3, then we obtain

k(0
MJ*DEf (x); 5] = MIf (%) 51 — [Zf (0)x* ’ ]
k
= M @):s Zf © [ sy

ko
= M([f(x); s] — E %, Re(s) > —Re(k)
k=0

(3) Now,we are applying Mellin transform of J*J B

M?TEf (x);s] = M[JTPF(x);s] = was_lﬁAx(x—t)a+ﬂ_1f(t)dtdx

S S ® el patpol
_F(Oé+ﬂ)/o f(t)dt/; Tk —t) dx.

Setting x = £, then the x-integral becomes
1
ta+ﬂ+sfl/ ufuzfﬂfs(l _ u)a+ﬂ71du.
0

So,

00 1
MTEf () 5] = F(%Jrﬁ) /0 Pl () dt /0 u P — )P dy,
where Re(a+8) >0, Re(a+pB+s) < 1.

After using beta function which is defined by B(«x, 8) = fol t*~ 11 — t)P~1dt and

the fact that B(a, 8) = %, hence obtain,
o
MPPf ()i ] = m;("lf—:s)—s)/ (L ()t
'l—o-—
- %M[ﬂn; o+ B +sl.

Theorem 5 Let f be Mellin transformable defined on R, then

1 M @‘%(x); } IN o xs 1f (x¥)dx, by using fractional integration by parts and frac-

tional derivative of power function, we obtain
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1 gl * L os—1
M[fZ(x); s} = / T2 (w)dx = / fx)D2x*""dx
0 0
T(s) [ 1]
=—FMf(x):;s— =
T'(s—3) /@) 2
2 M [f% (%); s} = fooo xS 3 (x)dx, by using fractional integration by parts and frac-
tional derivative of power function, we obtain

3 o s—1,3 *© 3 s—1
M[fZ(x);s} = T f2(x)dx = fx)D2x*""dx
0 0
I'(s) { 3
= ——FM|f(x);s— ]
3
T'(s—3) 2
Continuing by the induction, then the results in Theorem 5 can be extended to further

fractional derivatives as the following theorem:

Theorem 6 Let f be Mellin transformable function on R, and fis a fractional deriva-

tive function foralln — 1 < a < n, n € N, then:

r
M :5] = 2 MU @i s =l
I'(s—
Remark 4 By using the same technique in above theorem, Mellin transform of frac-

tional integral can be yielded as the following formula:

I'(s)

MI%f (x); 5] = Tot o

—M[f(x); s + «].

Theorem 7 Let f be Mellin transformable defined on R, then

1.1 ® 1 +
(1) M[xfff(x);S} =/ fra' " 2dx = e 2)/\/l[f( ); 5.
0 ['(s)
3.3 . * 3 S+l ( + 2)
(2)M{x2f2(x),s} =/ 2wt idy = —— 22 M[f(x); s].
0 ['(s)

By the same way as in Theorem 5, the next result follows:

o F(s—{—ot)
[x“f“(x); s ) ——— M[f®); s].

Example 1  Solve the problem:
1 1 3.3
x2f2(x) +x2f2(x) =(x —a)

By applying the Mellin transform to both side and on using the Theorem 7 we have

3
(:,:_))M[f(x) s+ va(x); s]=a""1.
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By solving the equation and applying the inverse Mellin transform by using complex
inversion integral in order to cover the fix) explicitly as the solution

1 [efice I'(s) 1
f(x)=%/c_ioo F(s+é)+l“(s+§)as Lx=5ds.

Theorem 8 Let f € X, ) and holomorphic on the strip St(a, b). In addition f is Mellin
transformable function, then

d o
(ds) M(f (u); s] =

1 N
(1 —a)!M[(l"g”) f(w); s, 3)

where s € St(a,b),and0 < o < 1.

Proof We set p(x) = s + 8¢, where St(a, b) contains the circle Cs(s) of radius § with s.
First of all, for # > 0, let us consider

(i)auu G —105)! (”H) - (”H log ”)a

w1 (log u)®.

T (1-a)

Secondly, we apply fractional Cauchy’s integral formula when n =1 for fractional
derivatives

uzfl

1 s—1 o i * s—1 __ (0{)! f
Aoy (ogw" = <ds) CE G Dy e

| 27 @(x)—1
(a)! / u o (x)dx
0

T QN Jy  (px) — 5>
o 1 s—1 o _ (Ot)’ o QO/(.?C) e @x)—1
/0 a—ay (o8 (”)d”_azri)azva/o (p(x) — 5% /0 {7 e
1 wpprn (! 7 Mlp); slg’ (x)
PTG (”)’S]‘ani)am/o (p(x) — 9=

By another application of fractional Cauchy’s integral formula, we obtain

1 N AN .
m./\/l[(logu) f(w); s] = <ds> M(f (w); s]

Therefore, the proof of Theorem 8 is fulfilled. O

Example 2 Let f(x) = e we apply Theorem 8 then we have

1 o, —X. _ i “ —X. _ i “
m/\/l[(logx) e ,s} = (ds) M[e ,s] = <ds) I (s).

So,

M[(logx)“e_x; s] =(1- a)!(Z) I'(s), Re(s) > 0.

Page 6 of 8
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Example 3 Let flx) be Delta function, f(x) = §(x — a), a > 0 and by Theorem 8, then
we get

M{[(logx)*8(x — a); s] = (:lis) M[8(x — a); s]

d * s—1 1 s—1
= J— = l «
<ds) 4 Aoan® U082

Thus, M[(log x)%8(x — a); 5] = a*~(log a)®.

(1—a)!

Remark 5 For special cases we have the following:

(1) If @« = 1then the formula (3) turns to [part (3) in Theorem 2] when#n =1,
(2) In the Example 2,

(i) ifa =O0then M[e™*;s]=T(s),
(i) ifa = 1then we get the result

d
M[(ogx)e™;s| = (g)l“(s) where Re(s) > 0, see Oberhettinger (1974),

(3) In the Example 3,
(i) ifa = 0then we obtain M[8(x — a); s] = a*~!, see Oberhettinger (1974),
(ii) if @ = 1then we obtain the same result in Graf (2010) when#n = 1
M{[(logx)8(x — a); s] = ozs_l(log a),

Theorem 9 Let M([f(x); s] be Mellin transform of the function fix) in (0,00), where
0 < 3a < 1, then

3a . — T'@s) g —
(1) M[D f(x),s] = Te) _Sa/\/l[f(x),s 3a,
PN (N ) o
(2) M[D*D*D*f(x);s] = (F(S_a))g/\/l[f(x),s 3u].
Proof
(1) The result is given directly from Theorem 6 then we obtain
I'(s)

M[Dgaf(x); S} = ﬁM[f(x); s—3a], where 0 <3a <1.

I'(s) —

(2) Also we apply the formula in Theorem 6 part by part as the following:

r
M[D*D*Df (x); s] = TG (_S)a) M[D*Df (x); s — ]
[(s) [(s)

T To—a) T —ay P 08 =20l

_ I'(s) I'(s) I'(s)
T TIs—a)Ts—a) (s —a

3
= (F(is))))gj\/l[f(x); s — 3al.

)./\/l[f(x); s — 3a]

T(s—a
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From (1) and (2) we observe that
M[DDD%f (x); 5] # M [Dg"‘f(x); s]

Conclusion

In this paper, some properties of fractional calculus are proposed by applying Mellin
integral transform, and some applications are also given. Further, the results in fractional
sense by using Mellin transform are in agreement with ordinary way in the existing liter-
ature. In fact, Mellin integral transform and its inverse are powerful to solve some kinds
of fractional equations with variable coefficients, that will be a future study.
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