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Background
Let X1, Xu2,...;n=1,2,... be a row-wise triangular array of independent negative-
binomial distributed random variables with probabilities

P(Xi = k) = Ck oy (1= pui) B, (D

where p,; € (0,1);r,;=1,2,...;i=1,2,...; k=0,1,....It is worth pointing out that
ifallr,; =ryo=---=1;n=1,2,..., then we have the sequence of independent geo-
metric distributed random variables with success probabilities py, 1, py2,...; 0 =1,2,....
Write Wy, = Y11 Xyiand 4, = E(Wy,) = >0 (1 —pn,,')p;’il. We will denote by Z,,
the Poisson random variable with positive mean 4,,.

The main aim of this paper is to establish some upper bounds in Poisson approxima-
tion for > 70, | P(W,, = k) — P(Z;, = k) | for the sequence X, 1,Xp2,...;n=1,2,...
by the well-known Stein—Chen method.

It has long been known that the remarkable Le Cam’s inequality in Pois-
son approximation for the row-wise triangular array of independent Ber-
noulli distributed random variables Yj1,Y,2,...;n=1,2,... with probabilities
P(Yyi=1)=pui=1—PY,; =0),i=1,2,...is defined as follows:

S NP, =k) —P(Zp, =k) | <2 _prss )
k=1 i=1

where S, =" ,Y,; and B, = E(Sy) = Y _i_1 Pn [see Le Cam (1960), Neammanee
(2003) for more details]. Moreover, a shape inequality has been established as follows:
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_ﬂ)
Z|P(Sn—k) Py, =k < L2
k=1

me (3)

[We refer the reader to Barbour et al. (1992) and Chen (1975)]. As far as we know the
Stein—Chen method is the well-known method have been used in Poisson approximation
problems and it can be applied to a wide class of discrete random variables as geomet-
ric distributed random variables and negative-binomial distributed random variables. In
recent years, using the Stein—Chen method, many results related to Poisson approxima-
tion for various discrete random variables are established in Teerapabolarn and Wong-
kasem (2007), Teerapabolarn (2009, 2013). These results are included here for the sake
of completeness. Let Z1,Z5,... be a sequence of independent geometric distributed
random variables with probabilities P(Z; = k) = (1 — pi)*pi,k =0,1,2,...;i=1,2,...
Then, for A € Z4+ :=1{0,1,2,...},

—~¥n " 11— emm) B
sup | P(Vy € 4) - > V” <) min {V 1}(1 —p)’pit (@)
i=1

keA Pi

and for A C Z4,wy € Z4

- 1
<¥ 'e7=1)) min {jo(vw)-i-l)’ 1}(1—190219[1, )
i=1 :

where V, = "%, Zi, vy = E(Vy) = ., (1 — pi)p; " [see Teerapabolarn and Wong-
kasem (2007), for more details]. It should be noted that in case when the mean
vn = E(V,;) will be replaced by a parameter y, = Z;’Zl(l — pi), another results will be
established as follows:

Wo -k —Vn
-1 ’, 2 Yn €
(e —1) mm{ }(1—17') <P(Vy <wo)— <0, (6
Z pilwo + 1) ’ ' 27 ©
and
Yo o=y k
€ ""Vn
| PV = wo) =Y = |
k=0
wo Ty (1_ e—fn},—nk) " . (7N
k=0 —_KI k=0 —_ kI . 2
= min { ——,1 (1 — p;)~,
= evn W0+ Z {Pi(WO T }( pi)
(wo+1)! =1
for A C Z, [results of this nature may be found in Teerapabolarn (2013)]. It is easy to
check that when the values r,1 =r,20=---=1;n=1,2,... the desired sequence
(X, n > 1) will become the sequence Zi,Zy, . ... Therefore, it makes sense to consider

the results in (4), (5), (6), and (7) for negative-binomial random variables with probabili-
ties in term of (1).

It should be noted that in recent years the same problem was tackled in Upadhye and
Vellaisamy (2014) and Vellaisamy and Upadhye (2009) by using Kerstans method (1964)
and the method of exponents [see Upadhye and Vellaisamy (2013, 2014) and Vellaisamy



Hung and Giang SpringerPlus (2016)5:79 Page 3 of 12

and Upadhye (2009), for more details]. The compound negative binomial and compound
Poisson approximations to the generalized Poisson binomial distribution are studied
and applications are also discussed [see Upadhye and Vellaisamy (2013, 2014), for more
details]. Specifically, using Kerstans method (1964) and the method of exponents, Vel-
laisamy and Upadhye (2009) have established the bounds in Poisson approximation as

following inequality:

" g} 1
drv(SwZ) <~ min {1, m}
j e

=1 P

where 1 = Ef’zl a;q; = aq, for X1, Xy, ..., X, are independent negative binomial distrib-
uted random variables with parameters o; and g;,j = 1,2,...,7n and Z; is a Poisson ran-
dom variable with mean /.

It is worth pointing out that comparison of bounds in negative binomial approxima-
tion and Poisson approximation is showing that an negative binomial approximation is
better than Poisson approximation in the case Xj,j = 1,2,... are independent negative
binomial random variables [see Theorem 2.2 and Theorem 2.4 in Vellaisamy and Upad-
hye (2009)].

Besides, Poisson approximation is also considered for a wide class of discrete random
variables via operator method and method of probability distance [see Hung and Thao
(2013) and Hung and Giang (2014), for more details].

The main purpose of this paper is to use the Stein—Chen method for providing the
bounds of Le Cam-type inequality (2) and (3) in Poisson approximation for row-wise
arrays of independent negative-binomial distributed random variables. The results
obtained in this paper are extensions and generalizations of some results in Teerapab-
olarn and Wongkasem (2007), Teerapabolarn (2009, 2013).

Preliminaries

During the last several decades the Stein—Chen method has risen to become one of the
most important tools available for studying in Poisson approximation problems. The
Stein—Chen method has been dealt with in detail in many articles [the reader is referred
to Stein (1972), Chen (1975), Chen and Rollin (2013), Barbour et al. (1992) and Barbour
and Chen (2004) for fuller development]. The Stein—Chen method can be summarized

as follows:
Let us denote by Fx (A) the probability distribution function of a discrete random vari-
k
. _ —a, %n . C . .
able X € A and we will denoted by Py, (A) = ZkeA e T the Poisson distribution

function, defined on the set A € Z.. The best known method for estimating

A = sup |Fx(4) — Pa, (A)]

is basing on the following arguments [see Chen (1975) for more details]:
Assume that /(u) is a real-valued bounded function and Py, i = e % Y 22 h(k) "‘ki,k

Consider the function f.) which is a solution of the differential equation

apf (x 4+ 1) — xf (x) = h(x) — Py, h.
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Setting

1, ifx €A,
h(x) = ha(x) = {0, ifz ;A.

Putting x = X and taking the expectation of both sides of the above differential equa-

tion, we have
Fx(A) = Py, (A) = Elagf (X + 1) — Xf(X)].

Thus, the problem of estimating A can be reduced to that of estimating the difference
of the expectations

|Eanf (X 4+ 1) — EXf (X))

Before starting the main results in the next section we first recall the following remark-
able lemmas:

Lemma 1 (Barbour et al. 1992) Let Vfy(w) = fa(w + 1) — fa(w). Then, for A C Z and
ke Z—i— \ {O}’

sup |VfA(W)| < min {an_l(l — e_an), 1}.
w>k k

Lemma 2 (Teerapabolarn and Wongkasem 2007) Let wy € Zy and k € Z \ {0}, we
have

1 1
sup |V w’< e —1)min{ ———, = }.
sup Vfe, 0] = 7 = 1) min { ot 1

Lemma 3 (Teerapabolarn 2009) Let wy € Zy and k € Z4 \ {0, 1}. Then, we have

~ 1 1
0 < (e )L LY
<i/iif(W)_yn e mm{k w0+1}
Lemma 4 (Teerapabolarn 2013) For wo€Zy and ke Zi\{0,1}, let

e—)/_n y‘nWO wo y-nke—y_,,
p]/n (W()) = To!dl’ldpyn (WO) = Zk:() k‘

. Then the following inequality is true

Py, (wo) (1 — Py, (wo)) in { 1 1}

su Cw (W) S
wzif 0 Py, (wo + 1) wo+1 k

Results

Throughout the forthcoming, unless otherwise specified, we shall denote by
Xn1,Xu2,...;n=1,2,...arow-wise triangular array of independent negative-binomial
distributed random variables with probabilities

P(Xui =K) = Ck 3 (1= pu) B,
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where p,; € (0,1);r,;=1,2,...5i=1,2,...;k=0,1,....Let W, = Z?:1Xn,i and set
An=E(W,) = Z?:l r,,,i(l —pn,,')p;,il. Then, for r,; € {1,2,....} we have the following
theorems:

Theorem 1 For A C Z,

ko=
Ae
k!

P(W, € A) —Z

keA

n
<> min {4, (1= e )rui(L = pud)p 1 = 2y (1= i)y
i=1

sup
A

Proof Let fand h are bounded real-valued functions defined on Z,.Forw =0, 1,...we
have the Stein’s equation for Poisson distribution with a mean 4,

Anf W+ 1) —wf (w) = h(w) — P;, (h),

s
hk)

For A C Z,let us denote by /14 : Z+ — R and by f4 (w) the functions defined by

where P, (h) = e Z:O

1, ifweA,
ha(w) = {o, ifwé A,

and

Fatw) = { (()w — D!, Ve [Py, (hanc, ) — Ps, (ha)P;,, (he, )], igz i (1):

where C,, = {0,1,--- ,w}
Given f = fy and i = h4, We have the following Stein’s equation:

Anf W+ 1) —wf (W) = ha(w) — P, (ha),

where

R x 5k
P a) = e Y a2 = e,
k=0 T kea ’

Therefore, the Stein’s equation can be written as follows:

.k
haw) =Y ewﬁ = Jof W+ 1) — wf(w).
keA ’

Taking expectations of both sides of above equation, we have

/Ik —n
P(Wy € A) = 3 e = Elnf Wy + 1) = Waf (W)
keA ’

It follows that

Page 5 of 12
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ik —n
| P(W,, € A) — kz ”Z! | = EUf (Wyy + 1) — Wof (W] |
cA

" (®)
< 1 Elri(p,} = Df Wy + 1) = Xuif (W] |

i=1

Let W; = W), — X,,,;. Then, for each i, we get

Elrni@,; — Df Wy + 1) = Xuif (Wip)]
= Elrni(p; — Df Wi + X + 1) — Xif (Wi + X,,,)]
= E[E[(rmi(p,; — Df (Wi + Xuni + 1) = Xuif (Wi + X)) | Xin,1]
= E[(rni(py; — D (Wi + Xni + 1) = Xonif (Wi + X)) | X = Ol

ni

+ El0ni@yt = Df Wi X + 1) = Xt (Wi + X)X = Urinapd (1= i)
+ 3 El(rmitpn! = D Wi+ Xoui + 1)

k>2
—Xonif (Wi + X)) | Xy = KICE 4 1o (1= P

n,

= Elri(p,; — Dpyif (Wi + D]

2 ryi—1 n,i
+ Elr2 (1= pud) P f (Wi +2) = ruip 1= pui)f (Wi + 1))

ni*l
+ D EICH i i = pud) TP (Wi k4 1)
k>2
k T'n,i k
—kCF Ly 1t (U= P f (W + K]

2 ni*l rzi*l
= rui(1 = pui) Py EIf (Wi + D1+ EUr2,(1— pui)?p (Wi +2)]

ni*l
+ D EICH i i = pud TP (Wi k4 1)

k>2
— ki k i N L
C"n,iJrkflpn,i (1= pui) f(VVl + k)]

2 Fpi—

1
=rni(1 = pui) P Ef(W; + D]

_ ni—1 n,i
+ > EICH L orni = T S (Wi k) = KCE o (U= pud)'f (Wi + K]
k>2

2 rpi—

1
= rui(1=pui) Py EF(Wi+ D]

_ ni—1
+ D EIC om0 = T f (Wit K
k>2

— (rmi+ k= 1)Co L o (1= pu ) f (W + K]
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ni_l
=i”ni(1—Pnz)2p2L E[f(W; +1)]

Tni + k k1
+ZE{’“C§,L< i1 = pas) P F Wi+ k)

k=2 n,i
nl k
— (rmi+k=1)C} P (1= pui) f (Wi K)
1+ k — k i
- Z( = —1)65 komni (L= pa) Py EIF (Wi + 0]
k>2

= rpi(1— pn,)zp,’:; E[f(W; + 1]

n,i 1

+ Z rnt+/( Cf Jlrk z(l_pn,i)k+1p:,, E[f(W; + k)]

k>2

itk ni—1

— Z( 2 )ck k1= pu ) T Ef (Wi + k4 1)

k>2

2 rpi—1

— rui(L=pui) P EUf (Wi +2)]

2 rpi—1 2 rpi—1
= rui(1 = pni) Py EIf Wi+ D1 = ri(1— pui) P Elf(W; +2)]

+ chfn,ﬁk—l(l —Pn,i)kﬂp,rq"; E[f(Wi + )]

k>2
= STKCE e (U= ) T (Wi k1))
k>2

= Vn,i(l _pnt)zp:,n; E[f(Wi+1) —f(W; +2)]

+ 3 KCE A= TP EF (Wi ) — (Wi + K+ 1)]
k>2

=D kCE U= pu ) T EY (Wi ) — (Wi + k+ D),
k>1

By using Lemma 1, we have

|Elrni(py) — Df (Wi + 1) — X if (W]l

<3 KCE (= pu) T EIf (Wi k) — f (Wi + k+ 1)
k>1

<3 KCE (= pu) T sup VE )]
k>1 wzk

- wi—1
< min { Ti-e )")pr chﬁw+k—l(1 — )",

k>1

k>1

p:znzl Z C;{(nl+k71(1 _I9n,i)k+1 }

. q — — mi—1
= min {An YA —ep T (L= pui) D_KCE =),

k>1
P (1= pu) (P —1) }
= mln{ (1 - ei/”)prnll 1( _Pn,i)rnz( Pnz)Pn :m 1717;;;‘1(1 _Pn,i)( p::;;)}

= min {i;l (1 — e_;“")rn,i(l —p,,,l-)p;,l-l, 1 —pn’f’l.i}(l —pn_i)p;}.

9

Page 7 of 12
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To combine (8) and (9), we have

P(W, e A)— > “”k'

7Kk o= ‘
keA

sup
A

n
<> min {71 (1= i1 = pui)pnt L = o (1= pui) -
i=1

The proof is complete. O

Remark 1 It is easily seen that the (4) is a special case of the Theorem 1 with
rmi=lLn=12,...;i=12,...n

Theorem 2 Let W, and A, be defined as in Theorem 1. Then, for wg € N,

1k g
Je ™"
k!

P(Wy, <wo)— >

k<wy

_ T, Pn,i i _
= 1( )Zm {Ml_p;,i}(l_pn,i)pn}'

Proof ForC, ={0,...,w}andwg € N, lethy, : Z4 — R, fCWO (wo) be defined by

1 if w=<wy,
thO(w)—{O if w>wy.

(w— Dy e [Py, (he,o )P, (1= he, )] if wo <w,

Jenw ™=\ v =t [Py, (e, )P (1= he,, )| i wo 2 w,
0 if w=0.

Given f = fc, and h = hc,, . We have the Stein’s equation

he,, (W) — D e I = Jf W+ 1) — wf(w).

k<wg

Taking expectations of both sides and arguing similarly to the proof of Theorem 1 we

prove that

ik —n

P(W, <wp)— Y | < Z |Elrni(@f — Df (W + 1) — X if (W1l (10)

k<wg
According to the Theorem 1, we have

Elrni(p,} — Df (Wi + 1) = X if (Wy0)]

=3 kCE (= pu) T B (Wit k) — (Wi + K+ D). an
k>1
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Hence, by (10), (11) and Lemma 2, we have

e
P(Wy <wo) = > 2| < ST |Elrnitpy} — 1 (Wo 4 1) — Xoof (W]

k!

k<wq i=1

n, 1
<> Skt ke (=P R sup V7 o)

i=1 \k=1
" p,i—1
-1 n . Pn’i & B k41
< ; An (e 1) min wo 1 ;kcrn,i+k—1(1 pu)FHL

Tp,i—1 k k+1
Py ZC< k— 11— Pui) +
k>1

N

wo+1

P =) (5 1))
p}’ll

e (1 _pn,i)rni(l - le,l)

1) rui(L=pni) | —pfﬁ}(l —P"’i)p"})'

P Pni(wo +1)
Thus
/"Lkef/l,,
P(Wy < wo) = D =
k<wy ’
T'n,i Pni)
< (1) Somin | 0] g
: e
This finishes the proof.

Remark 2 1Tt is easy to check that the (5) is a special case of Theorem 2 with

rmi=lLn=12,...;i=12,...n

Theorem 3 Let W, => 7 | X; and Jn = Sty Tuidni With gni =1 — py. Then, we

have

wo )'nk _ }jn

- n  — .
_)v_,,_l (eln — 1) ;min {ai, 'ijo +all } <P(W, <wy) — Z - lf!

k=0
. Tn,i "'n,i i "'n,i
Witha; =1 — Py — "niqniPy; Bi =1y, (Pn,i -1- rn,iqﬂ,ipn,i)'
Proof Arguing as in theorem (3), we have the Stein’s equation

-k

I
Py (W) — Ze*" o = WD) = wf ().

i —1
< i (e) 1) min pnl(—pmzk k- (1= Pn,z‘)k;

n
B (’1’;1 (elm B 1) min { | (wo + l)prmﬂ (1 _p"’)pm (
i=1 0
<€;L” min {

Page 9 of 12
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Taking expectations of both sides, we get

wo -k _;L_n

P(Wy < wo) = Y
k=0 ’
= E[2f Wy + 1) = Waf (W;)] (12)

= " Elrninif Wu + 1) — Xuif (Wi)].
i=1

Let W; = W,, — X,,;. Then, for each i, we deduce

E[rn,iqn,if(Wn +1) - Xn,if(Wn)]
= E[E[(rnignif (Wi + X + 1) — X if (Wi + X0,)) | X011

Tn,i

= E[r””q" iPy, zf(W + 1)] + Elr, nzqn zp;rqnzlf(W + 2) rn,iq;/l,ipzl;'if(m +Xn,i)]
+ Y ElrniC gadny P Wi+ k+ 1) = kCE i 1ay p,if (Wi + K]

k>2
= 2 EniC, ik alnib i (Wit ) = kG aanapif (Wi + K]
k=2
T
= SRk GOV k) — KCE b W+ K]
k=2 Pui+k —
k(l - k) k T'n,i
- Z mq’mk 1qmpmf(W, + k)
k(k
- _Zr}’ll+k rnz+k 1qnlp,,” Supf(w)

By using Lemma 3, then we have

k(k—l) k
"2 mcrm—O—k MMMiIiP(f W)
N k=1 4

1 ktk—=1) P
C 5.
wo + 1 Ek: Fri +k—1 rn,i-i-k—lqn,z
Moreover, we have

Tn,i k—1 k
p”'izrm+k_lcrnz+k lqnifl_pnz r””q"lpnl (14)
k

and
T'n,i k(k ) k k
P Xk: Tn,i + k — Cr”'i+k71qn’i

—Tn,i Vi Vi T'n,i
= Tui (Pn,i —1- Vn,iqn,ipn,L') - (1 —Pui — "ni9n,iPy )

15)

Page 10 of 12
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Hence, by (12), (13), (14) and (15), we can assert that

-1 7 - Bi — i o ke
I (e~n - 1) Zmin {oz,-, s 1} <P(W, <wo)— Y G =0
i=1 k=0
The proof is complete. O

Remark3 Whenr,; = 1, we have
@ =1 = Pui— qn,iPni = (1 _Pn,i) (1 _pn,i) = qﬁ,l«,
(L=pui) A =phi) _ 5 14pui

_ 1—pui
1 n,i
Bi =Pui — 1 — gnipni = Do - (1 _Pn,i)l’n,i = D =y, D ’

1+ P i
ﬂi_ai:qﬁ,i< pm—1>:””.
Pn,i Pn,i

It is clear that the (6) is a special case of Theorem 3 with
mi=lLn=12,...;i=12,...n

Theorem 4 Let Wy, =Y "1 Xy; and Iy =Y 1y rniqi With qu; =1 — py;. Then, for
wo € N we have

Py wo) (1= Pr(wo) ) 2 b
P(Wy < wo) — Pg(Wo)’ pGro+ 1) me {al, ) }
where

T'ni T'n,i _ —Tn,i T'n,i
o =1—p" —rniqnip,; and p; = rn,i( e rn,iqn,ipn,i).

Proof According to Theorem 3 we obtain the following inequality

k(k —
‘P(Wn = WO) P (WO)’ Z Z =+ k fnt"‘k lq” ’p”l SuprWo (W)
i=1 k Tni wzk

By using Lemma 4, then we have

[P(W,, < wo) = P;, (wo)|

<P;n(w0)(1—P;n(wo)) " k(k—1) K i { 1 1}

Crn,iJrkfl qn,ipn,2 min

B p;,wo+1) o it k=1 wo+ 1"k
P;, wo) (1= P;, (w0)) o
< An An Zmll’l {ai, ﬂl o },
pj,(wo+1) P wo + 1

. Vi V'n,i _ —Vn,i V'n,i
witho; =1 —Pui — "ni9n,iPy i Bi = Tni (p,,,i -1- rn,iq;fz,ipn,l')~

Hence, the theorem is proved. O
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Remark 4 In the same way as in Remarks 3, we notice that (7) is a special case of
Theorem 4 withr,, =1;n=1,2,...;i=1,2,...n.

Conclusions

We conclude this paper with the following comments. The received results in this paper
are extensions and generalizations of results in Teerapabolarn and Wongkasem (2007),
Teerapabolarn (2009, 2013). The results would be more interesting and valuable if the
discussed negative-binomial random variables in this paper are dependent. We shall
take this up in the next study.
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