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Background

Let f : I € R — R be a convex function and a, b € I with a < b. The double inequality

a+b 1t (@) + £ (b)
f( )S/f(x)dxfff (1)
2 —a J, 2

is known in the literature as Hermite—Hadamard’s inequality for convex functions.

Definition 1 (Dragomir and Pearce 1998; Pecari¢ et al. 1992) A function
f:I € R — Rissaid to be quasi-convex (QC), if

fUx+ (1 = Ay < max{fx),f(»} )
holds for all x,y € I and 4 € [0, 1].

Definition 2 (Dragomir and Pearce 1998) The function f : I € R — R is Jensen- or
J-quasi-convex (JQC) if

f(x ;Ly) < max{f (x),f ()} (3)
holds for all %,y € 1.

Definition 3 (Hudzik and Maligranda 1994) Let s € (0, 1]. A function f: I CR — R
is said to be s-convex (in the second sense) if
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fUx+ A=y < 2fx)+ A =D 4)

holds for all x,y € I and 4 € [0, 1].

Definition 4 (Xi and Qi 2015a) For some s € [—1, 1], a function f : I € R — Ris said
to be extended s-convex if

fUx+ 1A=y < 2fx)+ A =D (5)

is valid for all x,y € I and 4 € (0, 1).

Definition 5 (Dragomir 2001; Dragomir and Pearce 2000) A function
f: A =la,b] x [c,d] € R?> — Ris said to be convex on co-ordinates on A if the partial
functions

fyilabl = R, f,(w) =fwy) and f,:[c,d]l—> R, fi(v)=7rflx,V) (6)

are convex for all x € (a,b)and y € (¢, d).

Definition 6 A function f : A = [a,b] x [¢,d] € R* — R is said to be convex on co-

ordinates on A if the inequality

ftx+ A -0z, y+ (1 — Hw)

< tf@y) + 10— Df @w) + A= Dif @+ A -0 - Dfew) D
holds for all £, 4 € [0, 1]and (%, %), (z, w) € A.
Definition 7 (Alomari and Darus 2008) A function

f:A=la,b] x[c,d] €R?> - Ry = [0, 00) is s-convex on A for some fixed s € (0, 1] if

fUx+QAQ =Dz, y+ 1= w) < Bf(x,y) + A = Df(z,w) (8)

holds for all (x, y), (z,w) € Aand 1 € [0, 1].

Definition 8 (Ozdemir et al. 2012a, Definition 7) A  function
f:A=lab]l x[c,d] < R2 — R is called a Jensen- or J-quasi-convex function on the
co-ordinates on A if
xX+z y+w
gl

5 ,2) < max{f(x,y),f (z, w)} 9)

holds for all (x, ), (z, w) € A.

Definition 9 (Ozdemir et al. 2012a, Definition 5) A  function
f:A=][ab] x[c,d] €R?>— Ris called a quasi-convex function on the co-ordinates
on A if
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fOx+ Q= Dz, 2y + (1 — Hw) < max{f(x,9),f (z, w)} (10)

holds for all (x, y), (z, w) € Aand 4 € [0, 1].

Theorem 1 (Dragomir 2001; Dragomir and Pearce 2000 Theorem 2.2) Let
f:A=lab] x[c,d] < R2 — R be convex on the co-ordinates on A with a < b and
¢ <d. Then

f(zz+b’c+d>

2

2

- ! ? ctd 1 d ‘a+b

2|:b_a/“f<x,2>dx+d_c/cf( : ,y>dy:|
1 b rd

Em/ﬂ /cf(x,y)dydx

[ 1 b b 1 ¢ !
<1l ([roows [roaaw)+ 2 ([rapa+ [ronw)]
41b—a a a d—c c c

_f@o+fbo)+f(ad +f(bd
< ) .

Theorem 2 (Ozdemir et al. 2012a, Lemma 8) Every J-quasi-convex mapping
f:A=lab] x[c,d] < R?2 > Ris J-quasi-convex on the co-ordinates.

Theorem 3 (Ozdemir et al. 2012a, Lemma 6) Every quasi-convex mapping
f:A=lab] x[c,d] C R?2 > Ris quasi-convex on the coordinates.

For more information on this topic, please refer to Bai et al. (2016), Hwang et al.
(2007), Ozdemir et al. (2011, 2012a, b, c, 2014), Qi and Xi (2013), Roberts and Varberg
(1973), Sarikaya et al. (2012), Wu et al. (2016), Xi et al. (2012, 2015), Xi and Qi (2012,
2013, 2015a, b, c) and related references therein.

In this paper, we introduce a new concept “(s, QC)-convex functions on the co-ordi-
nates on the rectangle of R?” and establish some new integral inequalities of Hermite—

Hadamard type for (s, QC)-convex functions on the co-ordinates.

Definitions and Lemmas
We now introduce three new definitions

Definition 10 For s € [—1,1], a function f: A =[a,b] x [c,d] € R2 — Ry is said to
be (Js, JQC)-convex on the co-ordinates on A witha < band ¢ < d, if

1
f(xi—z’yzw> =% [max{f (x,y).f (x, w)} + max{f (z,9),f (z, )}] (b

holds for all £, 4 € [0, 1]and (%, %), (z, w) € A.

Remark 1 By Definitions 8 and 10 and Lemma 1, we see that, for s € [-1,1] and
f:AC R2 — Ry,
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1. If f: A — Rgis a J-quasi-convex function on the co-ordinates on A, then fis a
(Js, JQC)-convex function on the co-ordinates on A;
2. Every J-quasi-convex function f : A — Ry is a (Js, JQC)-convex function on the co-
ordinates on A.
Definition 11 A function f : A = [a,b] X [¢,d] C R2 — Ry is called (s, JQC)-convex
on the co-ordinates on Awitha < bandc¢ < d, if

y+w

f (tx + (1 -1z, ) < £ max{f (x,y),f (x,w)} + (1 — )’ max{f (z,y),f (z, w)}

(12)
holds for all £ € (0,1), (x,9), (z,w) € A, and some s € [—1,1].
Definition 12 For some s € [—1,1], a function f: A =[a,b] x [¢,d] C R2 — Ry is
called (s, QC)-convex on the co-ordinates on A witha < band ¢ < d, if

ftx+ A -8z, ly+ 1 — Hw)

< t! max{f (x,y),f (x,w)} + (1 — £)* max{f (z,y),f (z, w)} (13)

isvalid for all £ € (0, 1), 4 € [0, 1], and (x, y), (z, w) € A.
Remark2 Fors e (0,1]and f: A € R? — R,

1. Iftaking 4 = %and t=.= %in (13), then (Js, JQC) C (5,JQC) C (s, QC);
2. If f: A — Ryisa s-convex function on A, then fis an (s, QC)-convex function on

the co-ordinates on A.

Remark 3 Considering Definitions 9 and 12 and Lemma 1, for s € [—1,1] and
f:AC R2 — Ry,

1. If f: A — Rgis a quasi-convex function on the co-ordinates on A, then it is an
(s, QC)-convex function on the co-ordinates on A;
2. Every quasi-convex function f: A — Ry is an (s, QC)-convex function on the co-

ordinates on A.

Lemma 1 (Latif and Dragomir 2012) If f : A = [a,b] x [¢,d] € R? — R has partial
a2
derivatives and% e Li(A)witha < bandc < d, then

. 1 b pd a+b c+d
@Gﬁﬁmd)zaiz%izglllf@ﬂﬂﬂm+f( 3 )

1 b c+d 1 d a4+ b
e [ (5 e [ (5o

1 1
=w—mu—o/ /Kmm
0 0

82
f(ta+ (1 —1t)b, Ac+ (1 — M)d)dtd),
0x0y
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where
ﬁ( | Et, z; e%o, % XE(} ;}],
) t(A-1), t,4) €0, 5] x (3,1,
K, ) = (t ~ 1) 7 e(%, 1] X [O, %], (9
(t-D(E-1, & e(31]x(3,1].
Lemma?2 Letr > 0andq > 1. Then
1/2 1 1
e eVdy = —
/0 u'du = 1/2(1 u) du = T D (15)

and

1 pl g-1 2 /1\49/@-D
/ / IK (¢, )74 Ddedr = ( > (> ) (16)
0 0 2q — 1 4

where K (t, A) is defined by (14).

Proof 'This follows from a straightforward computation. O

Some integral inequalities of Hermite-Hadamard type
In this section, we will establish Hermite—Hadamard type integral inequalities for (s, QC)

-convex functions on the co-ordinates on rectangle from the plane R2.

Theorem 4 Let f:A =[a,b] x[c,d] < R?2 > R have partial derivatives and

2 2
% € L1(A). If’ aaxafy Tisan (s, QC)-convex function on the co-ordinates on A witha < b

and ¢ < d for some s € [—1,1]and q > 1, then

1. Whens e (—1,1],

1/q
. (b—a)(d—c) 1
|®(f: a,b,¢c,d)| < 8 <28+1(s+1)(s+2)>

X {[(s + DMy(a,c,d) + (2572 — s = 3)My(b, c, d)] 1/q 17)
+ @2 = s =My c,d) + 6+ DM (b e, d)] V1)

2. When's = —1,
D a,b, ¢, d)| 5%{[@(@@(1) +@In2 — )M, (b,c,d)] "
+ [2In2 — DMy(a,¢,d) + My(b,c,d)] “q}; (18)
where

2

9 q
M &y = PP ) ’
¢, c,d) max{ Py (u,c)

q
}. (19)

82
W(Mr d)

Page 5 of 13
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Proof By Lemma 1 and Holder’s integral inequality, we have

[ (f;a,b,c,d)l
<b-ad—o fy fy IKE Al

sf (ta+ (1= 6)b, e+ (1 — A)d)‘dtcu

1-1/q
<(b-a)d—-c) ( o K@, /1)|dtcu>
% {[ 01/2 01/2 ”

+ fll/z 01/2 t1—4)

q 1/q
dedA

aiéﬂm + (1 —t)b, Jc+ (1 — A)d)

q 1/q
o flta+ (1= )b, dc + (1 — )| ded

q 1/q
dtdﬂy]

q 1/q
dtdi] }

(20)

+ fol/2 f11/2(1 -0

%)f(m + A —=t)b,c+ (1 — N)d)

+ fll/z f11/2(1 -0 - z)‘ajc’;yf(ra + 1 —0)b,jc+ (1 —d)

92f |q

When s € (—1, 1], using the co-ordinated (s, QC)-convexity of } 3%y

and by Lemma 2,
we obtain

f1/2 12,

q
o2 o tal S (ta+ (1= b, Je + (1 = Ad)| ded)

W
q
< <f01/2 idi) f01/2 {t5+1 max{ %f(a, ol , %f(a, d)

}

q
+t(1— 1) max{ 2sf (byc) ,’aggyﬂb,d)‘ }]dt N
= >TeID6TD [(s + DMy (a,c,d) + 2512 —s— 3)My (b, c, d)]. @D
Similarly, we also have
f1/z o t(1—2) gyl (ta+ (1 —1)b, Jc+ (1 Nd)| dtdi @)
< w67 |+ DM@, ¢,d) + 22 —s = 3)My (b, ¢, d)],
12 (1 0 ol 8% PN NNk "
Jo'" Ji)p (1 = 04| gegf (ta+ (L = )b, jc + (1 — A)d)| dtds. o3
< swainer (2T —s = 3Mg(ac.d) + (s + DMy (b,c. )],
q
1 1 92 , , ,
Jijp JipQ = DA = V| 5555, (ta+ A = )b, e + (1 — A)d)| dtdi o4

< m [(2s+2 —s—=3)My(a,c,d) + (s + )My (b, c, d)]

Applying inequalities (21) to (24) into the inequality (20) yields

Page 6 of 13
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1 1-1/q
|®(f;a,b,¢c,d)| < (b—a)d—c) (16>

! s 1/q
x {2 Lﬁs(s TG +2) [((s+DMy(a,c,d) + (2 T2 s — )M, (b, c,d)}

1 S+2 o ta
+2 [w% 6D (2 s —3)My(a,c,d) + (s + )My (b, c, d)]]
B (b—a)(d—c)( 1 >1/q
- 8 25+ (s + 1) (s + 2)

x { [+ DM@, c,d) + 272 = 5 = )M (b, ¢, )]

+ (@2 = s =M@ c,d) + s+ DM b, )] 7],
When s = —1, similar to the proof of inequalities (21) to (24), we can write

1/2 (1/2
Jo' 7 JC Eh

q
%}f(m + 1 —0)bjc+ (1 - },)d)‘ ded

(25)
< 3% [Mg(a,c,d) + (2In2 — DMy (b,c,d)],
vz ol @ cia v op it a - nay deda
f1/20 (_v)myf(a‘i‘(_):/hc‘l‘( — A)d) (26)
< 5 [My(a,c,d) + (2In2 — DMy (b,c,d)],
V2l )] L~ b e+ (- )| deds
Jo'" Jip(L= 02| ggsf ta+ (1 = )b, dc + (1 — A)d) | dtda on
< % [@In2 - DM,(a,c,d) + My(b,c,d)],
9 q
Jipp Jip( =00 = D|gkf ta+ (1 = b, je+ (1 — Hd)| dedi 08)

< % [@In2—DHMy(a,c,d) + My(b,c,d)].

Substituting inequalities (25) to (28) into (20) leads to the inequality (18). Theorem 4 is
thus proved. O

Corollary 1  Under the conditions of Theorem 4,

1. Ifqg=1ands € (—1,1], then

b—a)d—c)25H — 1)

. (
|®(f:a,b,c,d)| < 2513 (s + 1) (s + 2)

{ { 8%f(a,c)| |8%f(a,d) ‘} { 32f (o) | |92 (b, d) ‘}:|
X |max , + max :
axdy axady axdy 0xdy

2. Ifq=1ands = —1, then
|D(f; a,b,c,d)] Sw
2 2 2 9
% [max{ 9°f (a,¢) ’ 8f(a,d)‘}+max{ 32f (b, c) af(b’d)‘H'
0x0y 0x0y 0x0y 0xady
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Corollary 2  Under the conditions of Theorem 4,

1. Ifs =0, then

. b—a)yd—c) (1 Yaq
|®(f; a,b,c,d)| §f(,>

[ max{ 4

8%f(a,0) |1
2. Ifs =1, then

7| 9%f (b,d)

0x0y

3%f (b, c)
0xdy

0%f (a,d)
oxdy

ik

e ma

axady

. b—ayd—c) [ 1\
|®(f; a,b,c,d)| 5#(5)

x { [My(a,c,d) +2My b, e, )]+ [2My (a,c,d) + Mo (b, )] .

Theorem 5 Let f:A =[a,b] x[c,d] < R?2 > R have partial derivatives and

2 2
% € Li(A). If’ ;xgy |q is an (s, QC)-convex function on the co-ordinates on A witha < b

and ¢ < d for somes € [—1,1],q > 1,and 0 < £ < g, then

1. Whens € (—1,1],

| b —a)d—o) g-1 1-1/q 1 >1/q
|O(f; a,b,c,d)| < 16 <2q_g_1> (2s71(e+1)(s+1)(s+2)

x {[(s + DMy (a,c,d) + 22 — s — )My (b, ¢, d)]/*

+ [ — s = 3)My(a,¢,d) + (s + DM, (b, c,d)]* };

2. Whens = —1,
where My (u, c, d) is defined by (19).

. b—ayd—c) [ q—1 \'"Yi/ 4 \V
|©(f:a,b,¢,d)| <= (2q—z—1) (m) {My@,c,a)

+@2In2 — DMy(b,¢,d)] I+ [2In2 — DMy (a, ¢, d) + My(b,c,d)] ”‘1},

Proof Ifs € (—1,1], similar to the proof of the inequality (17), we can acquire

Page 8 of 13
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|®(f; a,b,c,d)|

1/2 p1/2 1-1/q
<(b-a)d- c){ ( / / ti(q’z)/(q’l)dtdi>

1/2 1/2 52 q 1/q
X U / '— f(ta+ (1 —t)b,ic+ (1 — )d) dtd/l}
0 0
1 1/2 1-1/q
4 ( / _ 1ya-0/a-Dgyq A)
1/2J0
1 r1/2 52 q 1/q
x { / t— DY —fta+ A —t)b,ic+ (1 — 1 dtdi}
172 Jo 0xdy
1/2 1-1/q
+ </ (1 —pyaa—b/a= l)dtd))
0 /2
1/2 q 1/q9
X {/ (1 —nit f(ta + A —=t)b,dc+ (1 —)d) dtd,l}
0

(1 -1 - ;)Z f(ta + (1 =8)b, ic+ (1 —)d)

X

1-1/q
+(/ / (11— — v/ Ddtd))
1/2 /2

q 1/q
dtd/l} }

B q-1 1\ @a—-t-1/(g-1)q1-1/q
Sl [W (3) }

£—1)
12 172
X { {/ / et
0 0
Forl 12
2N
/12 Jo
c 12l
+ / (1— )2
LJo 1/2

+ / A-0H1 -1t
1/2J1/2

_1 N\ 1/q 1\ Ga—t-9/q

2

8—f(ta +A—-0bic+ (1 —A)d)
0x0y

q 1/q
dtd/l}

q 1/q
dtd)}

q 1/q
dtd)}

q 1/q
dtd;} }

92 ,
x—ayf(m + (1A =0)b e+ (1 —d)

2
a—y/‘(m +A-0)b,ic+ (1 —A)d)

f(ta+ A =0b,Aic+ (1 — 1)d)

1 s+2 o 1
X {2 {2s+€+3(s TG FDE D (s + DMy(a,c,d) + (2 s —3)My(b, c,d)}

1 s+2 o ta
+ 2[25+H3(s DG EDEED [2 s=3)My(a,c,d) + (s + DMy (b,c, d)ﬂ

_b-ad-o( q-1 \'"M 1 1a
- 16 (2q—z—1) (2s—1(e+1)(s+1)(s+2))

x { [(s + DMy (@, c,d) + (272 — s — )My (b, ¢, d)] /1

@2 =5 = IMy (@ 0 d) + s+ DMy (b )] ).

If s = —1, similarly one can see that

Page 9 of 13
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1\ Ga—t—4)/q
(-1 2)

g-1 1-1/q
|®U}mhadﬂf(b—ﬂﬂd—@<zq_> (

1/2 1/2 92 q 1/q
{ [/ / f(ta + (1 —1t)b, jc + (1 — A)d) dtdi}
1/2 q 1/q
+ / / (1 — z)f f(m + A —t)b,dc+ (1 — N)d) dtd/l}
L/1/2 Jo
ropl/2 q 1/q
+ / (1 - t)}g f(m + A —=0)b,Ac+ (1 — A)d) dtdﬂ}
0
+ / / (l—t)(l—i)( f(ta+(1—t)b Jc+ (1= A)d)
1/2J1/2

q—1 1- l/q (5q—t—4)/q
- “"“W‘”(zq—z—l) (3)

1 1/q
% {2 {WHI) [Mg(a,c,d) + 2In2 — 1)My(b, c, d)]]

1/q
2|y (22 DM@+ Myoea]|

_(b—a)(d—c)< g—1 )1-1/‘1( 4 )1/‘1
N 16 2q — £ —1 2+1

x { [My(a,¢,d) + 2In2 — DM, (b, c,d)] "/

+ [@In2 = DMy(a,c,d) + My (b, c, d)] l/q}‘

The proof of Theorem 5 is complete.

Corollary 3  Under the conditions of Theorem 5, when £ = 1,

1. Ifs € (—1,1), then

. (b—a)d —c) ! "
|®(f; a,b,c,d)| < 32 <251(s+1)(5+2))

x { [(s + DMy (a, c,d) + (22 — s — 3)My (b, ¢, d)]*

+ [ =5 =DMy e,d) + 6+ DM b e, d)] 7}
2. ifs = —1, then

(b—a)(d —c)2?/1
32
x { [My(@ e, d) + @In2 = DM, (b c,d))

|®(f;a,b,c,d)| <

+ [@In2 = DMy(a,c,d) + My(b,c,d)] Ha }

Corollary 4 Under the conditions of Theorem 5, when £ = q,

1. Ifs € (—1,1], then

q 1/q9
dtd/l} }

Page 10 of 13
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|®(f; a,b,c,d)| <

(b—a)(d—c)( 1 )1/‘7
16 2= Mg+ D(s+1)(s+2)

x { [+ DM@ c.d) + @ = s = )My (b, e, )]

+ (@ s =My, c,d) + 6+ DMy b, e,d)] 7
2. Ifs = —1, then

|®(f;a,b,c,d)| <

(b—a)(d—c)( 4 )1/‘7
16 q+1

x { [My (@ c,d) + (2In2 — )M, (b,c,d)] "/

—|— [(2 ln2 - I)Mq(a; c, d) + Mq(b’ G d)} l/q}'

Theorem 6 Let f:A =][a,b]x[c,d] SR> - R have partial derivatives and

2 a2
% € Li(A). If’ ;L{y |q is an (s, QC)-convex function on the co-ordinates on A witha < b

and ¢ < d for somes € (—1,1]and q > 1, then

|®(f;a,b,c,d)| <

b-—a)d—c) [ qg—1 =g o\ V4
4 2g —1 s+1

9*f(a,c) | |9*f (a,d) |
X |max
axdy 0x0y
32f(b, o1 32f(l’), d)|? 1/q
+ max .
ax0y ax9dy

Proof From Lemma 1, Holder’s integral inequality, the co-ordinated (s, QC)-convexity

of‘ of

q .
oy | o and Lemma 2, it follows that

|®(f;a,b,c,d)

1,1 1-1/q
<(b-a)d-c) (/ / K (t, ,1)|q/<q—1>dtd,1>
0 0

1 1 q 1/q
X [/ / dtdi}
o Jo

—1\2/1\49/@-D71-1/q
oo (222 ()]

2
O rtat A=+ -
0x0y

{/TS { 3%f(a,c)|? | 8%f (a,d) ‘1}
X t” max
0 0xdy 0xdy
2 q |92 q 1/q
+(1=2° max{ AL 04 b d) }} dt}
ax9dy axdy

Cb—ad-o (q-1 VD 1\
N 4 29 — 1 s+1

2 q |52 q qy11/q
X [max{ af(a,c) 8f(d’d) }—l—max{ H .

0xdy 0x0dy
Theorem 6 is thus proved. O

7|32 (b,d)

0x0dy

3%f (b, c)
axdy

Page 11 of 13



Wu and Qi SpringerPlus (2016)5:49 Page 12 of 13

Conclusions
Our main results in this paper are Definitions 11 to 12 and those integral inequalities of

Hermite—Hadamard type in Theorems 4 to 6.
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