Wu et al. SpringerPlus (2015) 4:831 N H
DOI 10.1186/540064-015-1633-z 0 Sp,rlngerplus
a SpringerOpen Journal

RESEARCH Open Access
@ CrossMark

Parametrized inequality

of Hermite-Hadamard type for functions
whose third derivative absolute values are
quasi-convex

Shan-He Wu', Banyat Sroysang?, Jin-Shan Xie' and Yu-Ming Chu®

*Correspondence:
chuyuming@aliyun.com; Abstract
chuyuming2005@126.com In this paper we present some inequalities of Hermite-Hadamard type for functions
3 School of Mathematics h third derivati bsolut | - M lication t
and Computation Science, whose third derivative absolute values are quasi-convex. Moreover, an application to
Hunan City University, special means of real numbers is also considered.
Yiyang 413000, Hunan, . . . .
Peyopfé/s Republic of China Keywords: Hermite-Hadamard type inequality, Parameter, Quasi-convex,
Full list of author information Special means
is available at the end of the . . . .
article Mathematics Subject Classification: 26D10, 26A51, 26E60
Background

A real-valued function f defined on an interval I € R is said to be convex on 1, if
fUx+ A —=Dy) <A ®)+A—-Df(»)

forallx,y € Iand 4 € [0, 1]
If fis convex on I, then we have the Hermite-Hadamard inequality (see Mitrinovi¢
et al. 1993)

b
f(“”’) < L/ Fdx <DL ® M
b—a ), 2

2

foralla, b € I.
A function f : I € R — Ris said to be quasi-convex on 1, if

fUx+ Q= )y < max {fx),f ()}

forallx,y € I and 4 € [0,1].

Clearly, any convex function is a quasi-convex function. Furthermore, there exist
quasi-convex functions which are not convex.

In 2007, Ion (2007) presented an inequality of Hermite-Hadamard type for functions
whose derivatives in absolute values are quasi-convex functions, as follows:
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Theorem 1.1 Letf: 1 C R — R be a differentiable mapping on 1°, a,b € I with a < b.
If [f’ ‘ is quasi-convex on [a, b, then the following inequality holds:

< % max{V’(a)

b
‘f(a) +/b) ZOIS 2)

1 b
2 b—a /a S @)

In 2010, Alomari et al. (2010a) established an analogous version of inequality (1),
which is asserted by Theorem 1.2 below:

Theorem 1.2 Let f: I C R — R be twice differentiable mapping on 1° a,b € I with
a < band " is integrable on [a, b]. If |f"| is quasi-convex on [a, b), then the following

inequality holds:
b 1 b-ay

Recently, Guo et al. (2015) investigated Hermite-Hadamard type inequalities for geo-
metrically quasi-convex functions. Xi and Qi (2014, 2015) and Xi et al. (2012, 2014)
showed some new Hermite-Hadamard type inequalities for s-convex functions. For
more results relating to refinements, counterparts, generalizations of Hadamard
type inequalities, we refer interested readers to Alomari et al. (2010b), Chen (2015),
Niculescu and Persson (2006), Pecari¢ et al. (1992), Sroysang (2014), Sroysang (2013)
and Wu (2009).

The main purpose of this paper is to present a parametrized inequality of Hermite-
Hadamard type for functions whose third derivative absolute values are quasi-convex.
As applications, some new inequalities for special means of real numbers are established.

Lemmas
In order to prove our main results, we need the following lemmas.

Lemma 2.1 Let € € R and let f I C R — R be three times differentiable on I° and
a,b € Iwitha < b. Assume that " is integrable on [a, b]. Then

(4 — ef (a) + 2+ e)f (b) 1P b—a
6 _b—a/af(x)dx_ 12

3l
_® 12“) / A1 = 72— Of "G+ (1 — Db)d).
0

(ef (b)) — 2 — &)f (@)
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Proof Integrating by parts, we have

1
/ A1 —=2QRL—ef" (ha+ (1 — A)b)di
0

A=1
= i b / Q=224 —e)df"(la+ (1 — A)b)

=0
1 1! A=1
=— [A(1 = H@A—e)f"Ga+ 1 - Db,
1 =1
— p— - f//(iﬂ + (]. - i)b)d(}.(l - /l)(2)» — E))
/=1
=z i b/ f"Ga+ (1= Db)d(A(1 — 1)(24 — €))

1 ).:_1
- b—a /;;0

(_612 +2Q2+€)l— G)f”()»a + (1 = A)b)d)

1 =1

T b-a2 / (612 —22+e)A+ é)df/()ba + (1= A)b)
- =0

= _la)z [(612 —22+e)i+ e)f’(}va +(1— ),)b)}
1 =1
Cb-a)? Jimo

-1
= m(ef’(b) - 2-of' @)

=1
- ﬁ /H (122 =22+ €))f'(Va + (1 — Db)d.

-1
=GO -2-af @)

2 =1 ) A

* b—ap //120 (64 —2 —€)df (Ja+ (1 — A)b)
-1

T (b-a?

=1
=0

fUa+ 1 - z)b)d(eﬂ 22+ e+ e)

(ef'(b) — (2 — e)f’(a))

2 " " —_—
t o apl6i 2Vt - b)E)

=1
B ﬁ o fGa+ 1 —)byd6i—2—€)

-1
=GO -2-af @)

+

2
(b—a) ((4 —e)f(a)+ 2+ E)f(b))

12 =1
T o—a? fQa+ QA — A)b)d.
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Changing variable x = 4a + (1 — 1), it follows that

1
/ A1 —=2QRL—e)f" (da+ (1 — A)b)di
0

1
= m(ef/(b) - 2-ef' (@)

2
+ G- f@+2+eafB)

12 x=b
— 7(]9 Y /_ fx)dx.
Thus,

(b —ay?
12
_G-of@++eaf)

6

1
/ 21— )24 —f" Ga+ (1 — A)b)da
0

—a

12

The proof of Lemma 2.1 is completed.

Lemma 2.2 Let € be a real number. Then

% ife >2
1 4
, , 4e° — € 1—¢
/ A1 = )24 —€ldl = ifo<e<?2
0 48 6

¢ ‘

ife <O0.
6

Proof We distinguish three cases

Case 1Ife > 2, then

e—1

1 1
/ i(l—l)|2i—e|di:/ A1 — 2)(e —20)dA =
0 0

Case2If0 < € < 2, then

1

1 €/2
/ AL = A)|2L —€ldl = / A1 —A)(e —20)dl+ / AL —A(2L—e)da
0 0 €

/2
4e3 — 1—¢
+ .

48 6

Case 3 Ife <0, then

1—¢€
.

1 1
/i(l—i)|2/l—e|d/1=/ W1 = )2 —e)d) =
0 0

This completes the proof of Lemma 2.2.

1 b b , )
b_a/af(x)dx—7(6)’(19)—(2—6)]’(61)).

O
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Main results
Our main results are stated in the following theorems.

Theorem 3.1 Letq > lande € R, and let f: I C R — R be three times differentiable
on I°and a,b € I with a < b. Assume that " is integrable on [a, b], and [f/”’q is quasi-

convex on |a, b]. Then

(ef'(b) — 2 — )f (@)

— b —
@—-ef@+Q2+efbd ; 1 / Fyd — b—a
—aJ, 2

6 1
—a)3 —
b 1261) € . 1) (max{vw(ﬂ) 1 V///(b)|q})1/q ife >2
< ( 126!) € I € n - 6) (max{v///(a)|q’ Lf///(b)|6I})l/q if0<e<?2
— 3 —
b 12“) <1 - E> (max{[fw(a) a v///(b)’q})l/q ife <0.

Proof Using Lemma 2.1 and Hoélder’s inequality gives

(¢f' () — 2 - of' (@)

_ b
4 —ef @+ Q2+efb) - i a/ Fedx— 1

—a
6 12

_ 3l
= @ 1;) / AL = 2|24 — e|[f’”(},a+ - i)b)|d),
0
L Y
= A1 — D24 — q
2 (41 =)l e

X (/1(1 - /L)|2/1 — EHfW(;{a + (1 _ /l)b)|q)1/qdi

S 1 1-1/q
-2 (/ 21— )24 — ew)
12 0

1 1/q
x (/ A1 =27 —€l|[f"Ga+ (1 —/l)b)]qd},) )
0

11 we obtain

By the quasi-convexity of [f

—a
12

_ b
G-of@+Q2+ef) 1 / Fydx b
6 b—a)l,

33 1
L@ 12") (/ i(l—i)|2/l—e|di>
0

1 1/q
x (/ A1 = 24— el max {|[f"(@)|", Lf’”(b)\q}di>
0

(ef'B) — (2 — e)f’(a))‘

1-1/q

12

— 3 1
S (/0 /1(1—)»)|2/1—€|d/1> (max {|f" @] 7" @)[*}) """
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Utilizing Lemma 2.2 leads to the desired inequality in Theorem 3.1. O

Remark 3.2 It is worth noticing that if we use a substitution a — b, b — a and
€ — 2 — ein Theorem 3.1, we have the following further generalization of Theorem 3.1.

Theorem 3.3 Letq > lande € R, and let f: I C R — R be three times differentiable
onI° a,b € I witha # b. Assume that " is integrable on [a, b, and V’/’|q is quasi-con-
vex on the closed interval formed by the points a and b. Then

4 — 2 b 1 b b—
(4 —e)f(a) + ( +6)f()_b_a/f(x)dx_ lza(ef/(b)—(Z—f)f/(a))

6
— 3 —
|b 12ﬂ| € . 1> (max{lf’”(ﬂ)}q, Lf///(b)‘q})l/q ife >2
|b — a|3 4e3 — ¢4 1—e€ " 11 1/ :
= 123( T >( L@ ifo<e<2
|b Izd| (1 ; €> (max{lfw(a)}q, lfw(b)‘q})l/q ife <0.

As a direct consequence, choosing € =1 in Theorem 3.3, we get the following

inequality:

Corollary 3.4 Letg > lande € R, and let f: I C R — R be three times differentiable
onI° a,b € I with a # b. Assume that " is integrable on [a, b], and [f’”|q is quasi-con-
vex on the closed interval formed by the points a and b. Then

b 1P
‘f(a>+f()_b_ﬂ/f(x)

)

2
|b
<

- “|3 (max{[f’"(a)’q V///(b)’LI})l/q
192 ’ ’

In addition, if we utilize Theorem 3.1 with a substitution of ¢ = 0, 0.5,3, —2, —3, —5,
respectively, then we obtain the following results:

Corollary 3.5 Letg > lande € R, and let f: I C R — R be three times differentiable
on I° a,b € I with a # b. Assume that f" is integrable on [a, b), and |f""|? is quasi-con-
vex on the closed interval formed by the points a and b. Then

Y (@) +f ()
3
|b

= mg

1 b b—a ,
—b_a/ﬂf(x)derTf(a)

11

V///(b)’q}>1/q,

7f (@) + 5/ (b)
12

1 b b—a,, ,
_b—a/af(x)dx_M(f(b)_gf(a))‘

_7lb—af (
= 9216

111

V///(b)’q:%)l/q,
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f@+5®b) 1 [P b—a, ., )
6 —b_a/blf(x)dx—12(3f(b)+f(a))

b— 3
S| 36ﬂ| (max{lf///(ﬂ)|q,V///(b)’q})l/q,

1 b b—a,, ,
P(a) - m/ﬂ f@®)dx + T(f (b) +2f (a))‘

b— 3
S| 24ﬂ| (max{[f”/(a)ri,V///(b)|q})1/q,

7f (a) — f (b) 1 b b—a, /
6 _b_a/ﬂf(x)dx-i-12(3f(b)+5f(a))‘

b— 3
<= e (8 )

3f(a) — f (b) 1 b b—a, ,
5 —b_a/af(x)der12(5f(b)+7f(a))‘

b —al®
<

< = (max{[r" @], @)} "

Applications to special means
We now consider the applications of our results to the special means of real numbers.

The weighted arithmetic mean of real numbers {a, b} with weight {w,, w;} is defined
by
Wea + wpb

Ala, b; wg, wp) = ,
Wg + Wy

where a, b, w,, w, € Rwithw, + wj, # 0.
In particularly

Aa,b; 1,1) = A, b) = ‘”2”’,

which is called the arithmetic means.
The generalized logarithmic mean of real numbers {a, b} is defined by

1
bn+1 _ ,,;”+1 :| n
)

“@“:Lmumhm

wherea,b, e R,n € Zwithn #0,—1,a # b.
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Proposition 4.1 Leta,b,e € R,a # b,e # landn € N,n > 3. Then, we have

—a)(e—1
'A(ﬂn,bn; 4—¢€2+¢€)— M#A(a”_l,b”_l; e—26) —L'a b)‘
|b —a|3 n—3 n—3 .
=y (e = Dntn = 1)(n = 2) (max {lal" %, 15" }) ife >2
3
= |b57ﬂ| (8 — 8¢ +4¢” — 54)”1(71 —D(n—-2) (max {lal”fg, |b|”73}> if0<e<2
B
|b772a|(1 —nn—1n-2) (max {|a|”_3, |b|”_3}> ife <0.

Proof We consider the function f(x) =", x € R, n > 3. It is easy to verify that the
function f”(x) = n(n — 1)(n — 2)x"~3 is quasi-convex on (—00, +-00) (see Alomari et al.
2010b). The assertion follows from Theorem 3.3 with g = 1. O

Remark 4.2 In a similar way as the proof of the Proposition 4.1, one can easily deduce
from Corollary 3.4 the following inequality.

Proposition 4.3 Leta,b € R,a # bandn € N,n > 3. Then, we have

2
A(a", b") — (bliza)n(n — DL %(a,b) — L'(a, b)‘

b —al®

< Wn(n —1)(n—2) (max {|g|n—3, Iblnfs}).

Conclusions

This paper provides some new results related to the Hermite-Hadamard type inequali-
ties. Firstly, we present a parametrized inequality of Hermite-Hadamard type for func-
tions whose third derivative absolute values are quasi-convex, the main results are given
in Theorems 3.1 and 3.3. As special cases, by assigning special value to the parameter,
one can obtain several new and previously known results for Hermite-Hadamard type
inequality (Corollaries 3.4 and 3.5). Secondly, as applications of the obtained results, we
establish two new inequalities involving special means of real numbers by using the par-
ametrized Hermite-Hadamard type inequality (see Propositions 4.1 and 4.3).
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