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Background

Any positive integer # can be written as a sum of one or more positive integers, i.e.,
n=M=+A+ -+ i )

When the order of integers 4; does not matter, this representation is known as an integer
partition Andrews (1976) and can be rewritten as

n=t, + 2+ -+ nt,

where each positive integer i appears ¢; times. If the order of integers 4; is important,
then the representation (1) is known as a composition. For

nzhz 2k

we have a descending composition. We notice that more often than not there appears
the tendency of defining partitions as descending compositions and this is also the con-
vention used in this paper. In order to indicate that

A=1[A1,42,..., 4] or A =[11282  . phn

is a partition of #, we use the notation 4 - n. We denote by /(1) the number of parts of 4,

ie.,

2y =r or D=t +t+- -+t
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If o, B F 1, then o precedes § in the dominance order if and only if for any k > 1, the sum
of the k largest parts of « is less than the sum of the k largest parts of B, i.e.,

o+ Fop <P+ + B

for all k > 1. In this definition, partitions are extended by appending zero parts at the
end as necessary. If @ = [o1,00,...,a,] and B = [B1, B2, . .., Bs] are partitions of the
same positive integer, then o precedes f in the lexicographic order if there is a positive
integer ¢ with the following properties:

1. t<randt <s
2. for ever positive integer i < t, o; = B;; and
3. either ay41 < Berr1ort =randt < s.

When « precedes B in lexicographic order, we use the notation @ < 8. If ¢ < Bora =
B, then we use the notation o < B. It is clear that the dominance order implies lexico-
graphical order.

We recall some basic facts about monomial symmetric functions. Proofs and details
can be found in Macdonald’s book (Macdonald 1995). Let 4 = [41, 42, . . ., 4¢] be a parti-

tion with k < n. Being given a set of variables {x1,x3, . . ., %}, the monomial symmetric
function

M) = [ dgig ] K1 %25+ o5 Xn)
on these variables is the sum of monomial xllxgz, ... ,x,ﬁk and all distinct monomials

obtained from it by a permutation of variables. For instance, with A = [2,1,1]and n = 4,

we have:

2 2 2 2
mM[2,1,1] = X7X2X3 + X1X5X3 + X1X0X3 + X]X2X4
+ x1x§x4 + xlxzxﬁ + x%x3x4 + x1x§x4

+ xlxgxi + x%x3x4 + x2x§x4 + xgxgxi

In particular, when A= [k], we have the kth power sum symmetric function

Pr = pr(x1,%2,...,%,), 1.e.,
n
k
Wl[k] = pr = in .
i=1

In every case po(x1,%2,...,%,) = n.
If /. F k then m, is a symmetric function of degree k. It is well-known that the set

{m/l(xlix2y- . -;xn) | A kand l(/l) < n}

is a basis for the vector space AX of symmetric functions of degree k of n variables.
The dimension of AX is the number of partitions of k. The power sum symmetric func-
tions pi do not have enough elements to form a basis for AX, there must be one func-
tion for every partition 4 I k. To that end in each case we form multiplicative function
p; = p,(x1,%2, . . .,%y,) so that for

A=1[A1,42, ..., Aipl
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we note
Pi=PuPiy - Piyy-

Also, it is known that the set
{p,(x1,%2,...,%,) | A+ kand [(1) < n}

is another basis for AX.

For each partition
=1 1,20, ] =[1822 ... plr]
with k < #, the augmented monomial symmetric function
), = [y i ] 1 X2, - oK)
is defined by
my; =ttt -my.

In this paper, we develop a simple recursive formula for the expansion of the augmented
monomial symmetric functions into power sum symmetric functions. As corollaries, we
present two algorithms that can be used to expressing the augmented monomial sym-

metric functions in terms of the power sum symmetric functions.

Two theorems for expanding augmented monomials
The cardinality of a set A is usually denoted |A|. Recall that a partition of the set A is a
collection of non-empty, pairwise disjoint subsets of A whose union is A.

A simple way to express the augmented monomial symmetric function 71, in terms of
the power sum is given by

Theorem 1 Let[1, Ay, ..., Ax] be an integer partition. Then

M }1,00,0di) = P~ M1, 00,07k 1]
k—1

- Z M ecsdic1, i s R e P—1]
i=1

where m and p are functions of n variables, n > k.

Proof 'We denote by M the set of terms in the expression pj, - 7114, 4,,..., 1, _,1» by My the
set of terms in the expression 1, ;, 1,1 and by M; the set of terms in the expression
AL hihit A bt it b FOT 8 = 1,2, ..., k — 1. According to

_ n-n M| = n!
T m—k+D” TR T T

|M]|
and
n!

M= —
IMil (n—k+1)!
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we get
k—1
IM| = M|+ IMl.
i=1

Taking into account that {M;}; ;< is pairwise disjoint, we deduce that {M;};¢;<k is a set
partition of M. Therefore, the theorem is proved. O
Example 1 Replacing k by 2 in Theorem 1, we get

’/h[/ll,/lz] = p/llpiz _p21+}.2~ (2)
Then, for k = 3, we obtain

f”l/“»l,/“»z,/lsl =Pz~ ’/hlil,in 3)
— My tiaia] = My Jo+isl
By (2) and (3), we deduce that

r‘h[/ll,/lz,ig] = PPz — PiPiy+iz — PirPii+73
— PisPiitis T 20 +iatis-

It is clear that in the expansion of the augmented monomial 71, generated by
Theorem 1, the number of terms is equal to the number of parts of 1.
The following result is immediate from Theorem 1.

Corollary 1 Let A = [142%2...] be an integer partition and let j be a positive integer
such thatt; > 0. Then

m,), =pj- ﬁ’lko - Z(tl' - 81'1')1’74,1:'

>0
where &;; is the Kronecker delta and

Ai — [ltl(i)ztz(l') o,

with
(t—1,if r=j,
t(0) = { t, otherwise,
and
tr—1— 5,‘1*, ifr e {i,j},
() =< t+1, ifr =i+j,
tr, otherwise
foralli > 0.

In this corollary, if 2 - k then we remark that /% - k —j and A < 4 for all i > 0 with
t; > 8;. If tj = 1 then we have ¢;(j) = —1. This drawback is eliminated by the fact that
t—38;=0.
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Example 2 For /. = [132131]and j = 3, by Corollary 1, we have

20 =132, '=n%2'41 and 2% =11%5"1.
Clearly, the coefficient of 71,0 is p3, the coefficient of 7711 is —3, the coefficient of 71> is
—1, and for i > 2 all the coefficients are 0. Thus, we obtain

ﬁ’l[132131] =p3- 1’71[1321] - 3”7’1[122141] - ﬁ’l[1351].

We remark that in the expansion of 7z, generated by Corollary 1, the number of terms

is equal to

1, fort > 1,

the number of distinct parts of 4 + { 0, fort; =1,

So, we can say that this corollary is a refined form of Theorem 1.

We denote by P, the set of all partitions of {1,2, ..., n}. The cardinality of the set P, is
well-known as the nth Bell number, B,, (see Sloane 2012, A000110). The Mébius function
of P, (Bender and Goldman 1975; Rota 1964), namely

[v]
pw) =DM vl = Dy, @)

i=1

can be used to express the augmented monomial symmetric functions in terms of the

power sum symmetric functions.

Theorem 2 Let /. be an integer partition. Then

m); = Z /'L(V)ps(v)

vePy)
where s(v) = [s1,82, .. .,58y] is an integer partition with
8= E A, i=1,...,1vl,
jevi

m and p are functions of n variables, n > I(1).

Proof LetA =[A1,4y,...,4]bean integer partition. Forv = (v1,vy,...,v,) € Pr_1and
1 < i < rletus consider f(v),fi(v) € Py defined by

fW) = ,va, ..., v {k))
and

fiv) = (1, vie, vi UKL vigr, .. 0.
By (4), we deduce that

wf ) =pn) and pfi(v) = —lvilu®). (5)
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Let P’x be a subset of Py defined by
Pr={vePr:ikl ¢ v} ©)

We are to prove the theorem by induction on k. For k = 1, we have n({1}) =1 and
s({1}) = [41). Considering that 7izp;,; = w({1})ps1y), the base case of induction is fin-
ished. We suppose that the relation

’/h[/ll,/lz,...,/lk/] = Z M(V)ps(v)
VEPk/

is true for any integer kK, 1 < k’ < k. By (5), (6) and Theorem 1, we can write

M }1,02,...74]

k-1
=P Z M(V)Ps(v)—z Z K (V)DPs(f vy

vePr_1 i=1 vePr_1

= > uWpwm+ Y wWpsw).

vePr—P'x veP'y

Thus, the proof is finished. O
Example 3 For{1,2,3}, we have P3 = {a, b, ¢, d, e} with

a = {{1}, {2}, {3}},
b = {{1},{2,3}},

c= {{Z}r {1’ 3}}:
d = {{3},{1,2}} and
e ={{1,2,3}}.

According to (4), we have
w(a) = (-=1)3301010! = 1
w(b) = p(c) = u(d) = (=1)>720!11! = —1 and
wle) = (=13 121 = 2.
Taking into account Theorem 2, we get
M2,1,11 = Pi2,1,1] — P12,21 — 2p3,11 + 2pjar.

Iterative algorithm for computing transition matrix
If 1 + k, then it is immediate from Theorem 1 or Theorem 2 the fact that the augmented

monomial symmetric function 77, is a sum over integer partitions of k.

Corollary 2  Let 4 be an integer partition. Then

=Y Tip-pp

=B
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where T)g is an integer such that
(DO T, >0,

m and p are functions of n variables, n > [(4).
We observe that the transition matrix expanding the augmented monomial symmet-
ric functions in p, is lower triangular (with respect to any extension of the dominance

ordering on partitions to a total order on the partitions 1 - k), i.e.,

ey Pl
=7®.

Mk Pk
where

T = [T;]

LBk’
with
_ 0, fOr ;L, ﬁ IB,
Top = { 1, fori=8. (7

Example 4 For k = 4, according to Theorems 1 or 2, we obtain

,}.1;1[4] 1 0 0 00 P4]
m(31] -1 1 0 00 Pi3,1]
ﬁ’l[22] =|-1 0 1 00 P22
m[z’lz] 2 -2 -1 10 P[2’12]
7h[14] —6 8 3 —-61 p[14]

We remark that
ﬁ’l[lk] = k! . m[lk] = k! * €Ly

where e is the kth elementary symmetric function. For k = £1 + 2t5 + - - - + kg, the
number of ways of partitioning a set of k different objects into ¢; subsets containing i

objects,i =1,2,...,kis

k!
15, &t - (i
=1 it (&

[see (s.24.1.2 Abramovitz and Stegun 1972)]. Thus, the formula
k!

k .
[Tizy it

where k = t; + 2ty + - - - + k¢, can be easily derived from Theorem 2. Unfortunately, for

T[lk][ltl 2[2...ktk] = (_l)kitlibimitk

T, with [1K] < J.and A < B such formulas are not known.



Merca SpringerPlus (2015)4:724

The following result is immediate from Corollaries 1 and 2.

Corollary 3 Let k be a positive integer. If A = [1122 ... 1 and B = [1"12"2 - - -] are two

integer partitions of k such that /. <  then

T}.ﬂ = (1 — 60,1’/) T;“oﬁo - Z(ti - ‘Sij)T}J‘ﬂ’

i>0
where j is a positive integer such that t; > 0, §;; is the Kronecker delta,
lgo — [11/1(0)21/2(0) ..-] and /li — [ltl(i)ztz(l') o,
with

v.(0) =v, — Srj; t(0) =t — 67‘]

and
t, — 1 =6, ifr e {i,j},
(i) =14 t+1, ifr=i+j,
tr, otherwise
foralli> 0.
In this corollary, for v; = 0 we have v;(0) = —1. Fortunately, this drawback is elimi-

nated by the fact that 1 — &y, = 0. Recall that /0 is an integer partition of k —j and

J < Aiforalli > Owith¢ > 8. We remark that B+ k — j for v; > 0.

Example 5 By Corollary 3, for A = [14]and B = [113!], we have

T[14][1131] == T[lg][31] - 3T[1221][1131]
= —2T[1121”31] - 3(—2T[1131”1131])
= —2(—T[31][31]) + 6
=8

According to (7) and Corollary 3, we obtain Algorithm 1 for computing the transition
matrix T®), We can see that in order to compute the transition matrix T®, Algorithm 1
is based on generating the immediate lexicographic predecessor of an integer partition
(see lines 10 and 22). The problem of generating the immediate lexicographic predeces-

sor of an integer partition is well-known in literature. For more details, one can refer to

(Kelleher and O’Sullivan 2009) and the references therein.

Page 8 of 13



Merca SpringerPlus (2015)4:724 Page 9 of 13

Algorithm 1 Computing transition matrix
Require: k&

L Ty 1
2: 1T 2
3: while r < k do
4: A [r]
5: T 1
6: for all 5 < A\ do
7 TAB —0
8: end for
9: while [1"] < A do
10: A « predecessor of A
11: 08— [T]
12: while A < § do
13: ] — M\
14: if v; > 0 then
15: T)\g — T)\nﬁo
16: else
17: T)\ﬁ —0
18: end if
19: for all ¢ > 0 with ¢; > 6ij do
20: T)\g — T)\g — (ti — 6ij)T)\iB
21: end for
22: (B « predecessor of (3
23: end while
24: Ty <1
25: for all 8 < X do
26: T,\ﬁ — 0
27: end for
28: end while
29:  visit 7"
30: r—r+1

31: end while

Example 6 Applying Algorithm 1 for k = 5, we get successively:

10
11y

1
T® = | -1
2

1
-1
W =] -1
2
-6
1 0
-1 1
-1 0
2

1

7@ —

- o O

OCNO=RO WHO
I

W= ~=OO

AR O OO

OHROO0OO HPOOOO

e | 2 _
2 —
-6 6
| 24 —30 —20 20 15 —1

=N e Ne Nl

wn
|

w
|

w

=N NeoloNoNoNe]
_— OO OO OoO0o
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At the end of this section, we remark the following

Conjecture 1 Let k be a positive integer. The identities

Z T)p =0 and Z uv) =0

=B vePiy)

are true for all 4 < [k].

Recursive algorithm for computing an element of the transition matrix
A specific augmented monomial function 71, can be expressed in terms of power sums

mj = ZTm “Pp

1=B

without computing the transition matrices

TV = [Typ] r <I(A).

ABEr?
According to (7) and Corollary 3, we obtain Algorithm 2 for computing the coefficient
T, of the power sums pg.

In Algorithm 2, / and B are two integer partitions of k such that

A=[112"2 .. k%] and B =[1"12"2.. k%],

The recursive function TLB(k) is presented in a form that allows fast identification of
the correlation between Corollary 3 and the operations executed with the arrays
(t1,t, ..., tx) and (vi,va,...,v). Thus, the lines 2-9 are useful to determine whether
B = Aor B < /. The value ofj is selected in the lines 16—24 such that j is the largest posi-
tive integer with

t; = min{¢;|t; > 0}.

This selection of j allows us to reduce the number of recursive calls from the lines 30 and
39.

The arrays (Z1,%,...,%) and (v1,va,...,vx) are the global variables of the recursive
function TiB(k). These global variables are very important because help us save mem-
ory. The integer partitions 4 and A with i > 0 are alternatively stored in the same array
(t1, t, . . ., ). The integer partition 2° is immediately derived from the integer partition 1
in the line 28. Then / is derived from A° in the line 31. The integer partition A’ with i > 0
is derived from the integer partition / in the lines 36—38. Then A is derived from A’ in the
lines 40—42. The integer partitions 8 and B° are alternatively stored in the same array
(v1,v2, ..., vg). The integer partition 8 is immediately derived from the integer partition
B in the line 29. Then g is derived from B° in the line 32.

The function TLB(k) can be integrated into any algorithm for generating integer parti-
tions to get the expression of the augmented monomial 771, in terms of power sums.
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Algorithm 2 Computing Thg

Require: k,t1,t9,...,tp, v1,02,..., 0%
1: function TLB(k)
2: i— k
3: L«—i-t;
4: B—i-v;
5: while L = B and i > 1 do
6: 1—i1—1
7 L—L+i-t
8: B—B+i-v;
9: end while
10: if B =L then
11: S 1
12: else
13: if B < L then
14: S0
15: else
16: j — 1
17: while ¢; = 0 do
18: j—j+1
19: end while
20: fori=j+1to k do

21: if t;, >0 and ¢; <t; then
22: J—1

23: end if

24: end for

25: if v; =0 then

26: S0

27: else

28: tj —1t; — 1

29: v —v; —1

30: S «— TLB(k — j)
31: tj «—t; + 1

32: v «— v; + 1

33: end if

34: fori=1 to k do

35: if t; > (5” then
36: ti—t; —1

38: Livj — tiy; +1
39: S —8S—(ti+1)-TuB(k)
40: ti—t; +1

41: tj —t; + 1

42: ti+j — t,‘+j —1
43: end if

44: end for

45 end if

46 end if

47: return S

48: end function
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Concluding remarks
An iterative algorithm for computing transition matrix expanding the augmented mono-
mial symmetric functions in terms of the power sums symmetric functions has been
derived in this paper. It is clear that the efficiency of this algorithm is directly influenced
by the efficiency of the algorithm used for generating integer partitions in reverse lexico-
graphic order. To express a specific augmented monomials in terms of power sums, we
need a single line of the transition matrix. In this case, the computation of all transition
matrix elements is not justified. Thus, a recursive function that computes the value of
a single element of the transition matrix has been derived. Clearly, behind these algo-
rithms is Theorem 1.

A recursive algorithm that requires algebraic symbol manipulation for expressing the
augmented monomial 72; in terms of power sums can be easily derived from Theorem 1.
For instance, in Maple this algorithm can be written as

monom := proc(a :: list,n :: integer);

local i, s, b;
if n =1 then
5 1= Paf1]
else
if n =2 then
8 1= Pal1] " Pa[2] — Pa[1]+a[2]
else

5 1= Pq[n) - monom(a,n — 1);
for i from 1 by 1 while i < n do
b:=aq;
b[i] := b[i] + a[n];
s := s — monom(b,n — 1);
end do;
end if;
end if;
sort(expand(s));
end proc;

and the command
monom([3,2,1,1],4)

generates the following expression

Pipaps — pips — 2p1papa — 2p1 P}
— P3ps + 4p1pe + 3paps + 4pspa — 6p7.

Such a recursive algorithm is very simple but its effectiveness can not be called into
question because of the large number of recursive calls (for the augmented monomial 72
the number of recursive calls is the factorial of /(1) — 1).

Unfortunately, Theorem 2 is more difficult to exploit in order to give similar results.
However, a special case can be considered.



Merca SpringerPlus (2015)4:724 Page 13 of 13

Corollary 4 Let 4 = [A1, A, .. ., Ar]1 be an integer partition of k such that
Ai > dig1+ ot A

foralli <r.

1. The number of integer partition f with 1 < B is greater than or equal to B;.
2. The number of integer partition 8 with T;g = 0 is equal to

p (k ) - Br )
where p(k) is the Euler partition function.
3. For allv € P, the following formula holds:

Tl,s(v) =uW),

where s(v) = [s1, 52, .. .,8)y]is an integer partition with

si=» Jj, i=1..,0vl

jevi

This corollary is immediate from Theorem 2 and Corollary 3.
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