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Let M be a 2-torsion free prime I'-ring satisfying the condition aabBc = aBbac,Va,b,c € Manda,B € T, Ube an
admissible Lie ideal of M and F = (f;)jen be a generalized higher (U, M)-derivation of M with an associated higher
(U, M)-derivation D = (dj)jen of M. Then for all n € N we prove that fo(uam) = 3=, ., fi(Wad(m),Yu € U,m € M,
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Introduction

The notion of a I'-ring has been developed by Nobusawa
(1964), as a generalization of a ring. Following Barnes
(1966) generalized the concept of Nobusawa’s I'-ring as a
more general nature. Nowadays I'-ring theory is a show-
piece of mathematical unification, bringing together sev-
eral branches of the subject. It is the best research area
for the Mathematicians and during 40 years, many classi-
cal ring theories have been generalized in I'-rings by many
authors. The notions of derivation and Jordan derivation
in I'-rings have been introduced by Sapanci and Nakajima
(1997). Afterwards, in the light of some significant results
due to Jordan left derivation of a classical ring obtained
by Jun and Kim (1996), some extensive results of left
derivation and Jordan left derivation of a I'-ring were
determined by Ceven (2002). In (Halder and Paul 2012),
Halder and Paul extended the results of (Ceven 2002) in
Lie ideals. Let M and I" be additive abelian groups. If there
is @ mapping M x I' x M — M (sending (x,«,y) into
xay) such that (i) (x + y)az = xaz + yaz,x(a + B)y =
xoy+xBy, xa(y+2z) = xay+xaz, (i) (xay) Bz = xa(yBz),
for all x,7,z € M and o, 8 € T, then M is called a T'-
ring. This concept is more general than a ring and was
introduced by Barnes (1966). A I'-ring M is called a prime
I-ring if Va,b € M,al’'MI'b = 0 implies a = 0 or
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b = 0. A T'-ring M is 2-torsion free if 2a = 0 implies
a =0,Ya € M. Forany x,y € M and « € I', we induce a
new product , the Lie product by [x, y]q = xay — yax. An
additive subgroup U C M is said to be a Lie ideal of M if
whenever u € U,m € M and o € T, then [u, m], € U.
In the main results of this article we assume that the Lie
ideal U verifies ueu € U,VYu € U. A Lie ideal of this
type is called a square closed Lie ideal. Furthermore, if
the Lie ideal U is square closed and U is not contained
in Z(M), where Z(M) denotes the center of M, then U is
called an admissible Lie ideal of M. In (Herstein 1957),
Herstein proved a well-known result in prime rings
that every Jordan derivation is a derivation. Afterwards
many Mathematicians studied extensively the deriva-
tions in prime rings. In (Awter 1984), Awtar extended
this result in Lie ideals. (U, R)-derivations in rings have
been introduced by Faraj et al. (2010), as a general-
ization of Jordan derivations on a Lie ideals of a ring.
The notion of a (U, R)-derivation extends the concept
given in (Awter 1984). In this paper (Faraj et al. 2010),
they proved that if R is a prime ring, char(R) # 2,
U a square closed Lie ideal of R and d a (U,R)-
derivation of R, then d(ur) = dWwr + ud@),Y,u €
U,r € R. This result is a generalization of a result in
(Awter (1984), Theorem in section 3). In this article,
we introduce the concept of a (U, M)-derivation, gener-
alized (U, M)-derivation and generalized higher (U, M)-
derivation, where U is a Lie ideal of a I'-ring M. Examples
of a Lie ideal of a I'-ring, (U, M)-derivation, generalized
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(U, M)-derivation, higher (U, M)-derivation and gener-
alized higher (U, M)-derivation are given here. A result
in (Halder and Paul (2012), Theorem 2.8) is generalized
in I'-rings by the new concept of a (U, M)-derivation.
Throughout the article, we use the condition aabfc =
aBbac,Na,b,c € M and o,8 € T and this is repre-
sented by (*). We make the basic commutator identities
[xay,zlp =[x, zlpay + xlo, Bl y + xaly, z]p, [x, yozlp =
(% ylg az + yla, Blx z + yalx, 2]g, Y, 9,2 € M,VYa, B € T.
According to the condition (*), the above two identities
reduces to [xay,zlg=[x,zlgay + xa[y,z]g, [* yaz]g=
(%, ylg oz + yalx, zlg, V%, 9,z € M,Ya, B € T.

Generalized (U, M)-derivation

In view of the concept of (U, R)-derivation of an ordinary
ring developed by Faraj et al. (2010), we have been deter-
mined some important results in Rahman and Paul (2013)
due to these concepts in case of certain I'-rings after
introducing the notions of (U, M)-derivation of I'-rings as
defined below.

Definition 1. (Rahman and Paul (2013), Definition 2.1)
Let M be a I'-ring and U be a Lie ideal of M. An additive
mapping d: M — M is said to be a (U, M)-derivation of
Mifduam + sau) = du)am + uad(m) + d(s)ou +
sad(u),Yu e U,m,s € Manda € T'.

Definition 2. (Rahman and Paul (2013), Definition 2.2)
Let M be a I'ring and U be a Lie ideal of M. An
additive mapping f : M — M is said to be a gener-
alized (U, M)- derivation of M if there exists a (U, M)-
derivation d of M such that f (uam + sau) = f(u)am +
uad(m) + f(s)au + sadw),Yu € U,m,s € M and
ael.

The existence of a Lie ideal of a I'-ring, (U, M)-
derivation and a generalized (U, M)-derivation are con-
firmed by the following examples.

Example 1. Let R be an associative ring with 1 and
U a Lie ideal of R. Let M = Mj;a(R) and ' =
n.l
0
IfN ={(xx):x € R} CMand Uy = {(u,u) : u € U}
then N is a sub I'-ring of M and U is a Lie ideal of N. Let
f : R — Rbe a generalized (U, R)-derivation. Then there
exists a (U, R)-derivation d : R — R such that f(uax +
sou) = f(w)ax + uad(x) + f(s)au + sad(u).
If we define a mapping D: N — N by D((x,x)) =

(d(x),d(x)), then we have D((u,u)(g) (xx)  +

(5, ( g ) (u, u)) = D((unx,unx) + (ynu,ynu)) =

D((unx + ynu,unx + ynu)) = (d(unx + ynu), d(unx +
ynu)).

tn e Z}, then M is a I'-ring.
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After calculation we have D(ujax; + yijou;) =
D(uyp)axy + uiaD(x1) + D(y1)au; + y1aD(u1), where

ur = (u, u),o = (g),m = @&, %),y1 = (5,9).

Hence D is a (U1, N)— derivation on N.
Let F N — N be the additive mapping
defined by F((x,x)) = (f(x),f(x)), then considering

uy = (wu) € Uj,a = € Iy = (x),n =

n
0
(y,9) € N, we have F(uyax; + yiau;) = F(unx+
ynu, unx + ynu) = (f(unx + ynu),f(unx + ynu)) =
(fwnx + wundx) + f(y)nu + yndu),f(u)nx +

undx) + f(y)nu + ynd(w)) = (f (W), f(w)) (g) (%, %) +

NSO (’;) @0+ u) (o) @dE@,d@) + (5,5
g)u(u),d(u» = F(ww) | ) @+ (u,m(g)

D@ %) +F(3) (Z) w0,1)+ (19 ) D((u, ) =
F(up)axy + maDx1) + F(yDau + y1aD(uy).

Hence F is a generalized (U, N)—derivation on N.

Lemma 1. (Rahman and Paul (2013), Lemma 2.4) Let M
be a 2-torsion free I'-ring satisfying the condition (*). U be
a Lie ideal of M and f be a generalized (U, M)-derivation
of M. Then

() fuampBu) = f(m)ampBu + uad(m)Bu + uampBd(u),
YuelU meManda,B €T.

(i) f(uampBv + vampPu) = f(u)ampPv + uad(m)Bv +
uampBd ) + f V) ampBu + vad(m)Bu + vampBd(u),
Yu,ve Uyme M andao, B €T.

Definition 3. (Rahman and Paul (2013), Definition 2.5)
Let d be a (U,M)-derivation of M, then we define
D, (u, m) = d(uam) —dw)am —uad(m),Yu € U,m e M
anda €T.

Now, we state some useful results that have already been
discussed in Rahman and Paul (2013).

Lemma 2. Let d be a (U, M)-derivation of M, then

(i) ®u(u,m) = —dy(m,u),Vuc Uyme Mando €T.
(i) ®o(u+v,m) = Oy (u, m) + Oy (v, m),Yu,v € U,
meManda €T.
(iii) Py (u, m+ n) = Oy (u, m) + Oy (u, n),Yu € U, m,
neManda €T,
(iv) Poyp(u,m) = Oq(u, m)+ ®g(u,m),Yu e U,me M
anda, B €T.

The proofs are obvious by using the Definition 3.
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Definition 4. (Rahman and Paul (2013), Definition 2.7)
If f is a generalized (U, M)-derivation of M and d is
a (U, M)-derivation of M, then we define Wy (u,m) =
fluam) — f(w)am — uad(m),Yu € U,m € M and
ael.

Also, we need the following important results that have
already been discussed in Rahman and Paul (2013).

Lemma 3. Let fbe a generalized (U, M)-derivation of M,
then

(i) Wy(u,m) = —Vy(m,u),Yu e U,me Manda €T.
(i) Vo(u+v,m) = Yy (u,m) + Vo (v, m),Vu,v € U,
meManda €T.
(iii) Wo(u, m + n) = Yy (u, m) + Vo (1, n),Yu € U, m,
neManda €T.
(iv) Woig(u,m) =Wy (u,m)+Vg(u,m),Yuec U,meM
anda, B €T.

The proofs are obvious by using the Definition 4.

Lemma 4. (Rahman and Paul (2013), Lemma 2.11) Let
U be a Lie ideal of a 2-torsion free prime I'-ring M satis-
fying the condition (*) and U is not contained in Z(M). If
a,b € M (resp.b € U and a € M) such that acUBb =
0,Va,B €T, thena=0o0rb=0.

Theorem 1. (Rahman and Paul (2013), Theorem 2.13)
Let M be a 2-torsion free prime T'-ring satisfying the con-
dition (*), U be an admissible Lie ideal of M and f be
a generalized (U, M)-derivation of M, then Vy(u,v) =
O,Yu,ve Uand a € T.

Remark 1. If we replace U by a square closed Lie ideal in
the Theorem 1, then the theorem is also true.

Theorem 2. (Rahman and Paul (2013), Theorem 2.14)
Let M be a 2-torsion free prime T'-ring satisfying the con-
dition (*), U a square closed Lie ideal of M and f be
a generalized (U, M)-derivation of M, then f(uoam) =
fwyam + uad(m),YVu e Um € Mand o € T.

Generalized higher (U, M)-derivation
In this section, we introduce generalized higher (U, M)-
derivations in I'-rings.

Definition 5. Let M be a I'-ring and U be a Lie ideal
of M and F = (fi)ien, be a family of additive mappings
of M into itself such that fy = idp;, where idyr is an
identity mapping on M. Then F is said to be a gener-
alized higher (U, M)-derivation of M if there exists an
higher (U, M)-derivation D = (d;);en of M such that for
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each n € N,f,(uam + sau) = Ziﬂznﬁ(u)ad/(m) +
fi(®)adj(u),Yu € U,m,s € Manda, B €T

Example 2. Let N and U are as in Example 1. If f;;: R —
R be a generalized higher (U, R)-derivation. Then there
exists a higher (U1, R) derivation d,,: R — R such that
fu(uax + you) = Ziﬂznﬁ(u)adj(x) + fi(y)adi(u).

If we define a mapping D,,: N — N by D,((x,x)) =
(dn(x),dn(x)). Then D, is a higher (U, N)-derivation
on N.

Let F,: N — N be the additive mapping defined by
F,((%,%)) = (fu(x),f4(x)). Then by the similar calculation
as in Example 1, we can show that, F, is a generalized
higher (U;, N)-derivation on N.

Lemma 5. Let M be a 2-torsion free I'-ring satisfying
the condition (*), U be a Lie ideal of M and F = (f;)ien
be a generalized higher (U, M)-derivation of M. Then
FulwamBu) =Y, i, fiwad;(m)Bdi(w),Yu € U,m €
Manda,B €T.

Proof. Let x =
mpBQu))ou.

Replacing m and s by (Q2u)fm + mpBQ2u) and
Qu)am + ma(2u) respectively in f,(uam + sou) =
Zi+j:nﬁ(u)adj(m) + fi(s)ad;j(u) and using the condi-
tion (*), we have f,(x) = Zi+j=nﬁ(u)ad/((2u)/3m +
mpQu) + f(Qu)pm + mpQu)adiu) = 23,
Siwo Yoy, (diw)Bdy(m) + di(m)Bdy(w)) + 23,
> i U Belg () + £ m) Bely () 1) =23 11,
) (dy(w)Bd; (m) + fwadimBdr(w) + 2311
(fy ) Bg (m)cxctj(u) + f (m) Bl (w)erdy (u)).

Thus we have

ua(Ru)Bm + mpBQu)) + (Qu)Bm +

Fo) =2 ipipimn fiwe(dy(w) Bde (m) + fi(u)d) (m) By (u))
+2 Z (Up (W adg(m) Bdj(u) + fp (m)ady(u) Bdj ().

prqtj=n

(1)

On the other hand by the definition of higher (U, M)-
derivation and using the condition (*) f,,(x) = 2f,((uocu)
Bm + mpB(uan)) + 2f,(wampBu) + 2f,(upmau) = 2f,
((nau)Bm + mpB(uau)) + 2f,(wampBu) + 2f,(uampPu) =
2 Ziﬂzn(ﬂ(uau)ﬂd/(m) + fi(m)Bdj(uan)) + 4fu(uam
,BM) = 2 Zi+j=n Zr+s:iﬁ(u)adsu)18d/(m) + 2 Zi+j=n
e kesfim)cdetn) Beli(u) + 4, (uarmpua).

Thus we have

fo) =2 Y frwadupdi(m)

r+s+j=n

+2 Y fim)Bdewady(u) + 4f, (wampu).

i+e+k=n

()
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Now comparing (1) and (2) we get 4f,(uampBu) =
4Zi+j+k:nf,-(u)adj(m),Bdk(u),Vu € Um € M and
a,8 € T. Using 2-torsion freeness of M, we get the
desired result. [

Lemma 6. Let M be a 2-torsion free T'-ring satisfying
the condition (*), U be a Lie ideal of M and F = (f;)ien
be a generalized higher (U, M)-derivation of M. Then
fuwamBy + vamBu) = Zi+]+k=nﬁ(u)adj(m)dk(v) +
JiWad;(m)Bdi(u),Yu,ve U,m e Manda, € T.

Proof. Linearizing of f,(uampfu) = Zi+/+k:nfi(”)0‘d/
(m)Bdi(u) with respect to u gives us f,((u + v)
amB(u + v)) = Zi+j+k=nﬁ(u+v)ad/(m)ﬂdk(u+v) =
Yitjrkenfiwadi(m)Bdi(u) + fiwad;(m)Bdr(v) +
SiWadi(m)Bdi(u) + fi(v)ad;(m) Bdi(v)).

On the other hand f,((u + viamBu + v)) =
JanwampBu) + fu(wampBv + vampBu) + fu(vampv) =
Zi+j+k=n(ﬂ(u)adj(m)/3dk(u) + fu(uampBv + vampBu) +
Y1k i) () Bl (v).

Now comparing above two expressions, we get
fuluampBv + vamBu) = Zi+/+k=nfi(u)01dj(m)ﬁdk(v) +
fiWadj(m)Bdi(u),Yu,ve U,m e Manda, B €T. |1

Definition 6. Let M be a 2-torsion free I'-ring satis-
fying the condition (*) and U be a Lie ideal of M. Let
F = (fi)ien be a generalized higher (U, M)-derivation
of M. For every fixed n € N, we define ¥ (u,m) =
Sulwam) — 37, fiwadi(m),Yu € U,m € M,a € T.
Also let D = (d;)ien be a higher (U, M)-derivation of M.
For every fixed n € N, we define ¢ (v, m) = d,(uam) —
Zi+]’=n di(wadj(m),Yu € U,m e M,a € T.

Remark 2. i (u,m) = 0,Yu € U,m € M,a € I' and
n € N if and only if f,,(uam) = ZiJrj:nﬁ(u)adj(m), Yu €
Ume M,a € T and n € N. Also ¢ (u,m) = 0,Yu €
Um e M, € T and n € N if and only if d,(uam) =
ZH}:” di(w)adj(m),Yu € U,m € M,a € T and n € N.

Lemma 7. Let M be a 2-torsion free I'-ring satisfying the
condition (*) and U be a Lie ideal of M. For every u €
U,meM,a €T andn € N, then ¥y (u, m) + ¥ (m,u) =
0 and @3 (u, m) + ¢% (m, u) = 0.

The proofs are obvious by the Definition 6, higher
(U, M)-derivation of M and generalized higher (U, M)-
derivation of M.

Lemma 8. Let M be a 2-torsion free prime I'-ring sat-
isfying the condition (*), U be an admissible Lie ideal
of M and F = (f;)ien be a generalized higher (U, M)-
derivation of M. Then i (u,v) = 0,Yu,v € U,a € T and
neN.
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Proof. We have ¥§ (,v) = 0,Yu,v € U,a € I' and by
Theorem 1, ¥{ (4,v) = 0,Vu,ve U,a € T.

Now we assume, by induction onn € N, that ¥ (1, v) =
O,Vu,ve U,a e I',meNand m < n.

Let x = 4(uavBwyvau + vauBwyuav).

Then by using Lemma 6, we have f,(x) = 4f,(uav)

ik<n

Bwyvau + duavBwyd,(vau) + Zi+/+k:nﬁ(”“"):3dj(w)
ydr(vau) + 4f,(vau)Bwyuav + dvaupwyd,(uav) +
Z;’f;”k:nﬁ (vau) Bdj(w)y di(uav).

On the other hand, by Lemma 5 and D = (d))ieN
is a higher (U, M)-derivation of M. f,(x) = 4duavBwy
Y srken dsWadi(u) + 4 Zi+p=nfi (wad,(v)Bwyvou +
e iy (V) By W)y ds(V)adi () + dvaup
WY Y iken GrWadi (V) +4 ), fiv)ad)(u) pwy uav+
s i adi ) By (w)y dy (w)ady ().

Now comparing the two expressions of f,;(x) and using
v w,v) = 0,Vu,v € Uoa € I''m < n, we get
Ay (u, v)Bwyvau + 4y (v, u) fwyuov + duavBwy ¢l
(v, u) + dvaupwy ¢y (u,v) = 0.

Using Lemma 7 and 2-torsion freeness of M we get
W, v) Bwy [, Vo + 4, Ve By & (s, v) = 0.

Since D = (d;)ien is a higher (U, M)-derivation of M,
thus we have ¢% (4, v) = 0. Now by Lemma 4 and since U
is noncentral, thus we get ¥, (,v) = 0,Vu,v € U, € T
and 7 € N.

Now we prove the main result. [

Theorem 3. Let M be a 2-torsion free prime I'-ring sat-
isfying the condition (*), U be an admissible Lie ideal of M
and F = (f;)ien be a generalized higher (U, M)-derivation
of M. Then f,(uam) = Zi+j=nﬁ (wadj(m),Yu € U,m €
M,a €T andn e N.

Proof. We have y§ (u,m) = 0,Yu € U,m € M,a € T’
and by Theorem 1, ¥{' (u,m) =0,Yu e U,m e M,a € T.

Now we assume, by induction on n € N, that
Yo (u,m =0VuelmeM,aecl',meNandm < n.

Now since F = (f})ieN is a generalized higher (U, M)-
derivation of M, we have 0 = Y (u,upm — mpu) =
fu(uaupm) —f,(uampBu) — ZH/:” Siwadj(upm—mpu).

Since D = (d;)ien is a higher (U, M)-derivation of M,
thus we have

Sulwaupmy =" (fiwad)(w)Bd;(m). (3)
i+l+t=n
Since F' = (fi)ien is a generalized higher (U, M)-

derivation of M, thus we have f,(uax(upm) +
wpm)au) = 3 ivj=nfilwadj(upm) + fiupm)ad;(u) =
Sa@a@pm) + uad,wpm) + 371, fiwad;wpm).
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+ fulupm)a(u) + (upm)ad,(u)

ij<n (4)
+ Z fi(uBm)ad;(u).

i+j=n

Since Yy (u,m) =0,Vue Uyme M,a e I',m < n.

fuluceupom) + upm)acu)
= fularaupm) + uad, @) + 3" fiwad wpd: om)

+ fuuBma(u) + wpm)ad,(u)
ptqj<n

+ > fwBdy(med;w).

i+j=n

(5)

On the other hand, by using Equation (3) and
Lemma 5, we get f,(uax(upm) + (upm)au) = f,
(uoupm) +fu(upmau) = 3, ., fi(wad(u)pd,(m) +
Ditjrk=n fiW) Bdj(m) adi(w) = fu () a(@Pm) + uc
Y i @) By (m) + Y H fi(u)ady (w) By (m).

+ (uom) By () + Y fi(u)ad;(m)pu
i+j=n
i+jk<n (6)
+ Y fuwad;(m)Bdi(w).

i+j+k=n

By comparing (5) and (6) and using the condition (*), we
get

Yy, mpPu=0Yuel meM,a,B T, neN. (7)

Linearizing of (7) with respect to u, gives us

Wy (u, m)Bv+y (v, m)Bu) =0,Yu,ve ,meM, o, B €T, neN.
(8)

Replacing v by vav in (8) and since ¥ (uau,m) =
0, thus vy (u,m)Bvav = 0. This implies that 0 =
Yo (u, m)B(u + vya(u +v) = o (u, m)vau.

Hence by Lemma 4 and since U # 0, ¥ (4, m) = 0,
Yuel,me M,ax € T andn € N.

Thus by the Remark 2, we have f,(uam) =
Ziﬂznﬁ(u)adj(m),\m €e Um € M,a € Tandn €
N. [
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