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Abstract

well-known results in the literature.

In this paper, we construct the hybrid block iterative algorithm for finding a common element of the set of common
fixed points of an infinite family of closed and uniformly quasi -¢- asymptotically nonexpansive mappings, the set of
the solutions of the variational inequality for an a-inverse-strongly monotone operator, and the set of solutions of a
system of equilibrium problems. Moreover, we obtain a strong convergence theorem for the sequence generated by
this process in the framework Banach spaces. The results presented in this paper improve and generalize some
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Introduction

In the theory of variational inequalities, variational inclu-
sions, and equilibrium problems, the development of
an efficient and implementable iterative algorithm is
interesting and important. Equilibrium theory repre-
sents an important area of mathematical sciences such
as optimization, operations research, game theory, finan-
cial mathematics and mechanics. Equilibrium problems
include variational inequalities, optimization problems,
Nash equilibria problems, saddle point problems, fixed
point problems, and complementarity problems as special
cases.

Let C be a nonempty closed convex subset of a real
Banach space E with || - || and E* the dual space of Eand A :
C — E* be an operator. The classical variational inequal-
ity problem for an operator A is to find x* € C such
that

(Ax*,y —x*) >0, VyeC. (1.1)
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The set of solution of (1.1) is denoted by VI(A, C). Recall
thatlet A : C — E* be a mapping. Then A is called

(i) monotone if

(Ax —Ay,x —y) >0, Vx,yeC,

(ii) a—inverse-strongly monotone if there exists a
constant & > 0 such that

(Ax — Ay,x — y) > a|Ax — Ay|?>, Vx,ye C.

Such a problem is connected with the convex minimiza-
tion problem, the complementary problem, the problem
of finding a point x* € E satisfying Ax* = 0.

Let {fi}ier : C x C — R be a bifunction, {¢;}ier : C — R
be a real-valued function, where I' is an arbitrary index
set. The system of equilibrium problems, is to find x € C
such that

fitx,y) =0, ieTl, (1.2)
The set of solution of (1.2) is denoted by SEP. If T is a
singleton, then problem (1.2) reduces to the equilibrium

problem, is to find x € C such that

Vy e C.

(1.3)

f,y) =0, VyeC.
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The set of solution of (1.3) is denoted by EP(f). The above
formulation (1.3) was shown in (Blum and Oettli 1994)
to cover monotone inclusion problems, saddle point
problems, minimization problems, optimization prob-
lems, variational inequality problems, vector equilibrium
problems, Nash equilibria in noncooperative games. In
addition, there are several other problems, for example,
the complementarity problem, fixed point problem and
optimization problem, which can also be written in the
form of an EP(f). In other words, the EP(f) is an unifying
model for several problems arising in physics, engineer-
ing, science, optimization, economics, etc. In the last two
decades, many papers have appeared in the literature
on the existence of solutions of EP(f); see, for example
(Blum and Oettli 1994; Combettes and Hirstoaga 2005)
and references therein. Some solution methods have been
proposed to solve the EP(f); see, for example, (Blum and
Oettli 1994; Combettes and Hirstoaga 2005; Jaiboon and
Kumam 2010; Katchang and Kumam 2010; Kumam 2009;
Moudafi 2003; Qin et al. 2009a,2009b,2009¢; Saewan
and Kumam 2010b,2011a,2011b,2011¢,2011d,2011e,2011f,
2011g,2012b; Zegeye et al. 2010) and references therein.

For each p > 1, the generalized duality mapping ], :
E — 2F" is defined by

Jp@) = {x* € E* : (x,x%) = [xl)?, lx"]| = =17~

for all x € E. In particular, / = ), is called the normalized
duality mapping. If E is a Hilbert space, then ] = I, where
I is the identity mapping. Consider the functional defined
by

¢ (x9) = Ixll* = 205, ) + lIyll?,

As well know that if C is a nonempty closed convex
subset of a Hilbert space H and Pc : H — C is the
metric projection of H onto C, then Pc is nonexpansive.
This fact actually characterizes Hilbert spaces and conse-
quently, it is not available in more general Banach spaces.
It is obvious from the definition of function ¢ that

Vx,y € E. (1.4)

Ul = IyD?* < ¢y < (lxll + IyID%  Vx,y € E.

(1.5)

If E is a Hilbert space, then ¢(x,y) = |lx — y||?, for all
%,y € E. On the author hand, the generalized projection
(Alber 1996) Ilc : E — C is a map that assigns to an
arbitrary point x € E the minimum point of the functional
¢ (x,9), that is, [Tcx = x, where X is the solution to the
minimization problem

¢ (%, x) = inf ¢ (y,%), (1.6)
yeC

existence and uniqueness of the operator I1¢ follows from

the properties of the functional ¢ (x,y) and strict mono-

tonicity of the mapping J (see, for example, Alber 1996;
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Alber and Reich 1994; Cioranescu 1990; Kamimura and
Takahashi 2002; Takahashi 2000).

Remark 1.1. If E is a reflexive, strictly convex and smooth
Banach space, then for x,y € E, ¢(x,y) = 0 if and only
if x = y. It is sufficient to show that if ¢(x,y) = 0 then
x = y. From (1.4), we have ||x|| = |y||. This implies that
(x,Jy) = |lxI?> = [Jy||>. From the definition of /, one has
Jx = Jy. Therefore, we have x = y; see (Cioranescu 1990;
Takahashi 2000) for more details.

Let C be a closed convex subset of E, a mapping 7' : C —
Cis said to be L-Lipschitz continuous if || Tx— Ty|| < L|jx—
y|l,¥x,y € C and a mapping T is said to be nonexpansive
if |Tx — Ty|| < |lx — y|l,Vx,y € C. A pointx € C is a fixed
point of T provided Tx = x. Denote by F(T) the set of
fixed points of T; that is, F(T) = {x € C: Tx = x}. Recall
that a point p in C is said to be an asymptotic fixed point
of T (Reich 1996) if C contains a sequence {x,,} which con-

verges weakly to p such that lim, |x, — Tx,|| = O.
The set of asymptotic fixed points of T will be denoted by
F(T).

A mapping T from C into itself is said to be relatively
nonexpansive (Nilsrakoo and Saejung 2008; Su et al. 2008;
Zegeye and Shahzad 2009) if EFT/) = F(T) and ¢ (p, Tx) <
¢(p,x) forallx € Cand p € F(T). The asymptotic behav-
ior of a relatively nonexpansive mapping was studied in
(Butnariu et al. 2001, 2003; Censor and Reich 1996). T
is said to be ¢-nonexpansive, if ¢ (Tx, Ty) < ¢(x,y) for
x,y € C. T is said to be relatively quasi-nonexpansive if
F(T) # 0and ¢(p, Tx) < ¢(p,x) forallx € Cand p €
F(T). T is said to be quasi-p-asymptotically nonexpansive
if F(T) # ¥ and there exists a real sequence {k,} C[1, c0)
with k,;, — 1 such that ¢ (p, T"x) < k,¢(p,x) foralln > 1
x € Candp € F(T).

We note that the class of relatively quasi-nonexpansive
mappings is more general than the class of relatively non-
expansive mappings (Butnariu et al. 2001, 2003; Censor
and Reich 1996; Matsushita and Takahashi 2005; Saewan
et al. 2010) which requires the strong restriction: F(T) =
E(T). A mapping T is said to be closed if for any sequence
{x,} € Cwithx, — xand Tx, — y, then Tx = y. It is
easy to know that each relatively nonexpansive mapping is
closed.

Definition 1.2. (Chang et al. 2010 (1) Let {T;}7°, : C — C
be a sequence of mapping. {T;}3°; is said to be a family
of uniformly quasi-$-asymptotically nonexpansive map-
pings, if N2, F(T;) # ¥, and there exists a sequence {k,} C
[ 1, 00) with k,;, — 1 such that for eachi > 1

o, T'x) < knp(p,x), YpeNZ F(T), xe C,Vn>1.
(1.7)
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(2) A mapping T : C — C is said to be uniformly L-
Lipschitz continuous, if there exists a constant L > 0 such
that

IT"x = Tyl < Llx = yl, Vxy € C. (1.8)
Remark 1.3. It is easy to see that an o—inverse-strongly

monotone is monotone and ;—Lipschitz continuous.

In 2004, Matsushita and Takahashi (2004) introduced
the following iteration: a sequence {x,} defined by

%pi1 = ] Nafaon + (1 — an)J Txy),

where the initial guess element xy € C is arbitrary, {o,}
is a real sequence in [0,1], T is a relatively nonexpansive
mapping and I1¢ denotes the generalized projection from
E onto a closed convex subset C of E. They proved that the
sequence {x,} converges weakly to a fixed point of T

In 2005, Matsushita and Takahashi (2005) proposed the
following hybrid iteration method (it is also called the
CQ method) with generalized projection for relatively
nonexpansive mapping T in a Banach space E:

(1.9

x0 € C chosen arbitrarily,

Yn = ]_1(an]xn + (1 — ap)]Ixy),
Ch=1{z€ C:¢d(zyn) < ¢(z,x0)},
Qu=1{z¢€ C: (x4 — z,Jxo — Jxn) > 0},
xn+1 = Ilc,nQ,%o0-

(1.10)

They proved that {x,} converges strongly to ITrr)xo,
where If(r) is the generalized projection from C onto
F(T). In 2008, liduka and Takahashi (2008) introduced
the following iterative scheme for finding a solution of
the variational inequality problem for an inverse-strongly
monotone operator A in a 2-uniformly convex and uni-
formly smooth Banach space E : x; = x € C and

An+l = chil(]xn — AnAxy),

for every n = 1,2,3,..., where Il¢ is the generalized
metric projection from E onto C, J is the duality map-
ping from E into E* and {X,} is a sequence of positive real
numbers. They proved that the sequence {x,} generated
by (1.11) converges weakly to some element of VI(4, C).
Takahashi and Zembayashi (2008, 2009), studied the prob-
lem of finding a common element of the set of fixed points
of a nonexpansive mapping and the set of solutions of an
equilibrium problem in the framework of Banach spaces.

In 2009, Wattanawitoon and Kumam (2009) using
the idea of Takahashi and Zembayashi (2009) extend
the notion from relatively nonexpansive mappings
or ¢-nonexpansive mappings to two relatively quasi-
nonexpansive mappings and also proved some strong
convergence theorems to approximate a common fixed
point of relatively quasi-nonexpansive mappings and
the set of solutions of an equilibrium problen in the

(1.11)
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framework of Banach spaces. Cholamjiak (2009), proved
the following iteration:

Zp= HCjil Jxn — AnAxy),
Yn :]71 (anJxn+ B Txn+vn)Sz4),
uy, € C such thatf(u,,,y)—}—rln (y—tty, Jubyy—Jyn) > 0,Vy e C,
Crr1={z € Cy :9(2,un) <P (2,%4),
xp+1=1Ilc,,; X0,
(1.12)

where J is the duality mapping on E. Assume that {«,},
{B.} and {y,} are sequence in [0,1]. Then {x,} converges
strongly to g = I1rxg, where F := F(T) N F(S) N EP(f) N
VI(A, C).

In 2010, Saewan et al. (2010) introduced a new hybrid
projection iterative scheme which is difference from
the algorithm (1.12) of Cholamjiak in (2009, Theorem
3.1) for two relatively quasi-nonexpansive mappings in
a Banach space. Motivated by the results of Takahashi
and Zembayashi (2008); Cholamjiak and Suantai (2010)
proved the strong convergence theorem by the hybrid
iterative scheme for approximation of a common
fixed point of countable families of relatively quasi-
nonexpansive mappings in a uniformly convex and uni-
formly smooth Banach space: xg € E, x1 =TI, %0, C1 =C

Yni = ]71(an]xn + (A = o) Txy,)
tni = T, Thnt - Th

Cut1 ={z € Cy:sup;o ¢ (2, Juni) < (2, Jxn)},
xpt1 = Mg, %0, > 1.

(1.13)

Then, they proved that under certain appropriate con-
ditions imposed on {&,}, and {r,;}, the sequence {x,}
converges strongly to Ilc,, , xo.

We note that the block iterative method is a method
which often used by many authors to solve the convex
feasibility problem (see, Kohsaka and Takahashi 2007;
Kikkawa and Takahashi 2004, etc.). In 2008, Plubtieng
and Ungchittrakool (2008) established strong convergence
theorems of block iterative methods for a finite family of
relatively nonexpansive mappings in a Banach space by
using the hybrid method in mathematical programming.
Chang et al (2010) proposed the modified block itera-
tive algorithm for solving the convex feasibility problems
for an infinite family of closed and uniformly quasi-¢-
asymptotically nonexpansive mappings, they obtained the
strong convergence theorems in a Banach space. In 2010,
Saewan and Kumam (2010a) obtained the result for the
set of solutions of the generalized equilibrium problems
and the set of common fixed points of an infinite family of
closed and uniformly quasi-¢-asymptotically nonexpan-
sive mappings in a uniformly smooth and strictly convex
Banach space E with Kadec-Klee property.
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Very recently, Qin, Cho and Kang (2009a) purposed the
problem of approximating a common fixed point of two
asymptotically quasi-¢-nonexpansive mappings based on
hybrid projection methods. Strong convergence theorems
are established in a real Banach space. Zegeye et al. (2010)
introduced an iterative process which converges strongly
to a common element of set of common fixed points
of countably infinite family of closed relatively quasi-
nonexpansive mappings, the solution set of the gener-
alized equilibrium problem and the solution set of the
variational inequality problem for an «-inverse strongly
monotone mapping in Banach spaces.

Motivated and inspired by the work of Chang et al.
(2010); Qin et al. (2009c); Takahashi and Zembayashi
(2009); Wattanawitoon and Kumam (2009); Zegeye
(2010); Saewan and Kumam (2010a, 2012a), we introduce
a modified hybrid block projection algorithm for find-
ing a common element of the set of the solution of the
variational inequality for an o-inverse-strongly mono-
tone operator, and the set of solutions of the system of
equilibrium problems and the set of common fixed points
of an infinite family of closed and uniformly quasi-¢-
asymptotically nonexpansive mappings in a 2-uniformly
convex and uniformly smooth Banach space. The results
presented in this paper improve and generalize some
well-known results in the literature.

Preliminaries

A Banach space E is said to be strictly convex if || szuy | <1
forall x,y € Ewith ||x]| = ||y|| = land x # y. Let U =
{x € E : ||x|]| = 1} be the unit sphere of E. Then a Banach
space E is said to be smooth if the limit

t —

g 1 271 = I
t—0 t

exists for each x,y € U. It is also said to be uniformly

smooth if the limit is attained uniformly for x,y € U. Let

E be a Banach space. The modulus of convexity of E is the
function § :[0, 2] — [0,1] defined by

+y

. x
8(e)=inf{1—|| 9 2%y Izl =lyl=1 llx—yl = ¢}

A Banach space E is uniformly convex if and only if §(¢) >
0 for all ¢ € (0,2]. Let p be a fixed real number with p >
2. A Banach space E is said to be p-uniformly convex if
there exists a constant ¢ > 0 such that §(¢) > ce? for
all ¢ € [0,2]; see (Ball et al. 1994; Takahashi et al. 2002)
for more details. Observe that every p-uniformly convex
is uniformly convex. It is well known that a Hilbert space
is 2-uniformly convex, uniformly smooth. It is also known
that if E is uniformly smooth, then J is uniformly norm-
to-norm continuous on each bounded subset of E.

Remark 2.1. The following basic properties can be found
in Cioranescu (1990).
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(i) If E is a uniformly smooth Banach space, then J is
uniformly continuous on each bounded subset of E.

(i) If E is a reflexive and strictly convex Banach space,
then /! is norm-weak*-continuous.

(iii) If E is a smooth, strictly convex, and reflexive Banach
space, then the normalized duality mapping
J:E— 2F" is single-valued, one-to-one, and onto.

(iv) A Banach space E is uniformly smooth if and only if
E* is uniformly convex.

(v) Each uniformly convex Banach space E has the
Kadec-Klee property, that is, for any sequence
{x,} C E,ifx, — x € E and ||x,|| — ||x||, then
Xy — X.

We also need the following lemmas for the proof of our
main results.

Lemma 2.2. (Beauzamy (1985); Xu (1991)). If E be a 2-
uniformly convex Banach space. Then for all x,y € E, we
have

2
lx—yll < 2 Jx —Jyll,

where ] is the normalized duality mapping of E and 0 <
c<1

The best constant i in Lemma is called the p-uniformly
convex constant of E.
Lemma 2.3. (Beauzamy (1985); Zalinescu (1983)). If E be
a p-uniformly convex Banach space and let p be a given
real number with p > 2. Then for all x,y € E, jx € J,(x)
and j, € Jp(y)

. e »
X —=2jx—Jy) = w2 lx—yIl7

where ] is the generalized duality mapping of E and i is
the p-uniformly convexity constant of E.

Lemma 2.4. (Kamimura and Takahashi (2002)). Let E be
a uniformly convex and smooth Banach space and let {x,}
and {y,} be two sequences of E. If ¢ (x4, y) — 0 and either
{xn} or {yn} is bounded, then || x, — y,|| — O.

Lemma 2.5. (Alber (1996)). Let C be a nonempty closed
convex subset of a smooth Banach space E and x € E. Then
x0 = Icx if and only if

(o —y,Jx —Jxo) =0, VyeC.
Lemma 2.6. (Alber (1996, Lemma 2.4)). Let E be a reflex-

ive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E and let x € E. Then

¢y, Mcx) + ¢(Tex, x) < (%), VyeC.

Let E be a reflexive, strictly convex, smooth Banach
space and J is the duality mapping from E into E*. Then
J~! is also single value, one-to-one, surjective, and it is
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the duality mapping from E* into E. We make use of the
following mapping V studied in Alber (1996)

V(&) =[xl — 2 2%) + 2%, (2.1)

for all x € E and * € E*, thatis, V (%, x*) = ¢ (x,] L (x*)).
Lemma 2.7. (Alber (1996)). Let E be a reflexive, strictly
convex smooth Banach space and let V be as in (2.1). Then

V(x, &) + 207 @) — x, 9F) < Vix, &* + ),

forall x € E and x*,y* € E*.

Let A be an inverse-strongly monotone mapping of C
into E* which is said to be hemicontinuous if for all x, y €
C, the mapping F of [0,1] into E*, defined by F(¢) = A(tx+
(1—1)y), is continuous with respect to the weak* topology
of E*. We define by N¢(v) the normal cone for C at a point
v € C, that s,

Necw)={x* € E*: (v—y,x*) >0, Vy e C}. (2.2)

Lemma 2.8. (Rockafellar (1970)). Let C be a nonempty,
closed convex subset of a Banach space E and A is a mono-
tone, hemicontinuous operator of C into E*. Let B C E x E*
be an operator defined as follows:

By— {Av+Nc(v), veCG;

?, otherwise. (2.3)

Then B is maximal monotone and B~10 = VI(A, C).
Lemma 2.9. (Chang et al. (2010)). Let E be a uniformly
convex Banach space, r > 0 be a positive number and
B, (0) be a closed ball of E. Then, for any given sequence
{x:}22, C By (0) and for any given sequence {A;}°, of posi-
tive number with Y . | h, = 1, there exists a continuous,
strictly increasing, and convex function g :[ 0,2r) —[0, 00)
with g(0) = 0 such that, for any positive integer i,j with
i<}

oo oo
1Y dnnll® <Y Mullwall® — 2idjgllas — i1 (2.4)
n=1
Lemma 2.10. (Chang et al. (2010)). Let E be a real uni-
formly smooth and strictly convex Banach space, and C be
a nonempty closed convex subset of E. Let T : C — C be a
closed and quasi-$-asymptotically nonexpansive mapping
with a sequence {k,} C[1,00), k, — 1. Then F(T) is a
closed convex subset of C.
For solving the equilibrium problem for a bifunction f :
C x C — R, let us assume that f satisfies the following
conditions:

n=1

(A1) f(x,x) =0forallx € C;

(A2) fismonotone, ie.,f(x, )+ f(y,x) <0 forall
x,y¢€C;

(A3) foreachx,y,z e C,

ltig)lf(tZ“r‘ 1 —-0vxy) ff(x’y);
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(A4) foreachx € C,y+ f(x,y) is convex and lower
semi-continuous.

For example, let A be a continuous and monotone opera-
tor of C into E* and define

f(x,9) = (Ax,y — x),Vx,y € C.

Then, f satisfies (A1)-(A4). The following result is in Blum
and Oettli 1994.

Lemma 2.11. (Blum and Oettli (1994)). Let C be a closed
convex subset of a smooth, strictly convex and reflexive
Banach space E, let f be a bifunction from C x C to R satis-
fying (A1)-(A4), and let r > 0 and x € E. Then, there exists
z € C such that

1
f@y+ L—zJz—J0 =0, VyeC

Lemma 2.12. (Takahashi and Zembayashi (2009)). Let C
be a closed convex subset of a uniformly smooth, strictly
convex and reflexive Banach space E and let f be a bifunc-
tion from C x C to R satisfying conditions (A1)-(A4). For
allr > 0 and x € E, define a mapping T{ :E — Cas
follows:

1
T{x ={zeC:f(z,y)+ r(y—z,]z—]x) >0, VyeC}.
Then the following hold:

(1) T{ is single-valued;
(2) TJ: is a firmly nonexpansive-type mapping (Kohsaka
and Takahashi 2008), that is, for all x, y € E,

(Tfx— Ty, T)x = JTLy) < (T} — TLy, Jx—Jy);

(3) F(I%) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.13. (Takahashi and Zembayashi (2009)). Let C
be a closed convex subset of a smooth, strictly convex, and
reflexive Banach space E, let f be a bifunction from C x C
to R satisfying (A1)-(A4) and let r > 0. Then, for x € E

and q € F(TJ:),
6(q, TLx) + ¢(Tlx,%) < (g, ).

Strong convergence theorems

In this section, we prove the new convergence theorems
for finding the set of solutions of system of equilibrium
problems, the common fixed point set of a family of closed
and uniformly quasi-¢-asymptotically nonexpansive map-
pings, and the solution set of variational inequalities for
an a-inverse strongly monotone mapping in a 2-uniformly
convex and uniformly smooth Banach space.

Theorem 3.1. Let C be a nonempty closed and convex sub-
set of a 2-uniformly convex and uniformly smooth Banach
space E. For each j = 1,2,...,m let f; be a bifunction from
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C x C to R which satisfies conditions (A1)-(A4). Let A be
an a-inverse-strongly monotone mapping of C into E* sat-
isfying |Ay|| < |Ay — Au|, Vy e Candu € VI(A,C) #
0. Let {S;}2, : C — C be an infinite family of closed
uniformly L;-Lipschitz continuous and uniformly quasi-
¢-asymptotically nonexpansive mappings with a sequence
{kn} Cl[1,00), ky — 1 such that F := (N2, F(S;)) N
(ﬂj’ilEP(ﬁ))(ﬁ VI(A, C)) is a nonempty and bounded sub-
set in C. For an initial point xo € E with x1 = Ilc,x0 and
C1 = C, define the sequence {x,} as follows:

Vn= HC]_I Uxn — AnAxy),

Zn 21_1 (otn,0f% + Z;ﬁl Oln,i]S;an);

Yn :]_1(/3n]xn + 1 = Bzn),

tn =T, 1 e T, T

Cup1={z € Cy: ¢z, un) < $(2,20) < P (2, %) +0n},
xpy1=Ilc, 00, Vnm>1,

(3.1)

where ] is the duality mapping on E, 0, = supcp(ky, —
)¢ (q,xn), for each i > 0, {ay,,;} and {B,} are sequences
in [0,1], {rjn} Cld,00) for some d > 0 and {r,} Cla,b]
for some a,b with 0 < a < b < c*a/2, where i is
the 2-uniformly convexity constant of E. If % oo)otni =
1 for all n > 0, liminf, 00 Bu(1 — By) > 0 and
liminf,— o0 @y00tn; > O foralli > 1, then {x,} converges
strongly to p € F, where p = Tlrxy.

Proof. We first show that C,; is closed and convex for
each n > 0. Clearly C; = Cis closed and convex. Suppose
that C,, is closed and convex for each # € N. Since for any
z € C,, we known that

o (z,upy) < ¢(z,%,) + 6y
is equivalent to
2(z, Jn — Jun) < 1%a])> = lla]* + 6.

Hence, C,,41 is closed and convex.

Next, we show that F C C, for all n > 0. Since by
the convexity of | - ||%, property of ¢, Lemma 2.9 and by
uniformly quasi-¢-asymptotically nonexpansive of S, for
eachqg € F C C,,, we have

(g un) = $(q, T, Thit T2 Th y)
< ¢(q,yn)
= ¢(q.] " Bufrn + (1 — Bu)Jzn)
= llgl* — 2(q, BuJan + (1 — Bu)Jzn)
+ 1Bufxn + (1 — Bu)Jznl®
< llqI1* = 2Bulq Jxn) — 21 — Bu)(q: Jzn)
+ Bullxall® + (1 = Bzl

= Bud (g, xn) + (1 — Bu)P(q, zn), (3.2)
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and

0@ 2n) = (@) (nofion + 3521 niJSI V)
= llql>—2(q, nofitn + 3521 @n,iJS! V)
Flletnofn + 501 Wi STvl|?
I g11* — 20,0, Jn) — 2 D32 €ni(q, IS} va)
Fllemoftn + Yooy il Sivall?
11> —20,0(q, Jn) — 2 321 ni(q, IS} Vi)

om0 lxnll? + D001 IS vl

IA

=, 00n, g Jvn — ISVl
= llqll* —20n,0(q, Jon) + tnollJxnll*
=23 onilg, IS V)
+ 32 onillJS!vall?
=000, jg Vi — IS} vall
= 0P (g %n) + Y2 Ani (g, S}Vn)
—n00n gV — IS} vu
n 0P (> %n) + 321 ot ikn® (g, Vi)

=, 00n,ig /v — ]S]"qvn I

IA

(3.3)
It follows from Lemma 2.7, that
(g vn) = ¢(q, TIcT Uy — AnAxy))

¢ (g, ]71 Uy — ApAxy))
V(%]xn — AnAxy)

IA

IA

V(q, Jxn — AnAxy) + AnAxy)

=20 (xn — AnAxn) — q, AnAxy)

= V(@ Jxn) =2xn (" Uty — AnAx) — q, Ax)
&(G %n) — 2hp(xn — g, Axy)

+2(]_1(]xn — MiAxy) — Xy, —ApAxy).
(3.4)

Since g € VI(A, C) and A is an «-inverse-strongly mono-
tone mapping, we have

—2An(xn — g, Axy) = =20, (xy — g, Axy — Aq)
=20 (%n — q,Aq)
—2An{xn — g, Axy — Aq)
—2ahn||Ax, — Aq®.

(3.5)
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By Lemma 2.2 and ||Ax,| < ||Ax, — Aqll, Yq € VI(4,C),
we also have

20 Jxn — hnA%n) — X, —hnAxn)
=207 Uxn — AnAxn) =] ), —AnAxin)
< 2077 U — AnAxn) — T o) || At
< ST 0 — AnAxn) — I Uxn) | | A nAs |
= 3w — nAxy — Jinll | AnAs |
S lhnAzx, |
= 3AnlAx, |2

SAIA%, — Ag]®.

IA

(3.6)
Substituting (3.5) and (3.6) into (3.4), we have

D (q,vn) < D(q,%n) — 20kl Ax, — Aq|?
+ 3221 Ax, — Aq]?
= (g, %) + 22n( 3 A — @) | Ax, — Aql?
< ¢(q,%n).
(3.7)
Substituting (3.7) into (3.3), we also have

O 2n) < @nod (@ %) + 22y aniknth (g, %n)
—n,00n gV — IS} Vu

0l 0kn (G %) + 2321 t,iknp (@, %)
— 00,8 llvn — IS} vall

kn (g, %) — etn,00tnjgllJvn — IS} vl

¢ (g, xn) + supgep(kn — 1) (g, %n)
—n,00n gV — IS} vul

= ¢(q%n) + O — A 00tn g vn — JS; vall
< ¢(q,%n) + 6

IA

IA

(3.8)
and substituting (3.8) into (3.2), we obtain

d(q,un) < ¢(q,%0) + Oy (3.9)

Thus, this show that g € C,41 implies that F C C,
and hence, F C C, for all # > 0. This implies that the
sequence {x,} is well defined. From definition of C,,1; that
xn = Ic,x0 and w11 = Ic,, %0, € Cyy1 C Cy we have

¢ X, x0) < ¢(Xpy1,%0), VY >0. (3.10)
Form Lemma 2.6, it follows that
¢ (xn, x0) = ¢ (T, x0,x0)
< ¢(q,x0) — (g, xn) (3.11)

=< ¢(q7 xO); Vq €F.

By (3.10) and (3.11), then {¢(x;,x0)} are nondecreasing
and bounded. So, we obtain that lim ¢(x,,x9) exists.
n—> 00
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In particular, by (1.5), the sequence {(||x,| — |lxol))?} is
bounded. This implies {x,} is also bounded. We denote

M = sup{|lx,||} < oo. (3.12)

n>0

Moreover, by the definition of 6,, and (3.12), it follows that

(3.13)
Next, we show that {x,,} is a Cauchy sequence in C. Since
xm = Ilc,x0 € Cp C Cy, for m > n, by Lemma 2.6, we
have
O Xy xn) = @ (Xyms l_ICW’CO)
< @ (xm,x0) — ¢(Ilc,x0, %0)
= ¢(xmrx0) - ¢(xnrx0)'

6, > 0asn — oo.

Since limy,—, o0 ¢ (x5, x0) exists and we taking m,n — oo
then, we get ¢ (xy,,%,) — 0. From Lemma 2.4, we have
limy,— oo [|%m — %] = 0. Thus {«x,} is a Cauchy sequence
and by the completeness of E and there exist a pointp € C
such that
X, — p as n — oQ. (3.14)
Now, we claim that |Ju, — Jx,|| — 0, as n — oo. By
definition of x, = ¢, %o, we have

@ Xn+1, %) = @ (xnt1, e, x0)
< ¢ (Fnt1,%0) — ¢(Tlc,x0, X0)
= ¢ (Xp+1,%0) — ¢ (Xn, X0).

Since lim ¢ (x,, x0) exists, we also have
n— 00

lim ¢ (xy41,%,) = 0. (3.15)
n— 00

Again form Lemma 2.4, that
lim [lx,41 —x4] = 0. (3.16)
n— 00

From J is uniformly norm-to-norm continuous on

bounded subsets of E, we obtain
lim ||Jx,+1 — Jan| = O. (3.17)
n— 00

Since w,11 = I¢,, ;% € Cup1 C Cy and the definition of
Cy+1, we have

@ (Xpt1, Un) < @ (Xpy1,%n) + Op.

By (3.13) and (3.15), that

lim ¢ (xy41,un) = 0. (3.18)
n—oQ
Applying Lemma 2.4, we have
lim [|x,41 — unll = 0. (3.19)
n—oQ
Since
ot — xull = ltty — %p+1 + Xpt+1 — Xl
< llun — Xpg1 | + 1541 — %all.
It follows from (3.23) and (3.19), that
lim [ty — %]l = O. (3.20)
n—> 00
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Since J is uniformly norm-to-norm continuous on
bounded subsets of E, we also have

lim ||Jun — Jxull = 0. (3.21)
n— 00

Next, we will show thatx, — p € F := ﬂj’ilEP(f,») N
(N2, F(S)) N VI(A, C).
(i) We show that x, — p € N, F(S;). It follows from

definition of x,,41 = ¢, ;%0 € Cyy1 C Cy, we have
O Xnt1,2n) < PWng1,%0) + 6, Vi > 1.

By (3.13) and (3.15), that

lim ¢ (xy41,24) = 0. (3.22)
n— 00

Form Lemma 2.4, that
lim [lx,41 — 24l = 0. (3.23)
n— 00

Since J is uniformly norm-to-norm continuous, we obtain

lim [|fep41 — Jzull = O. (3.24)
n=>00

From (3.45), we note that

i1 = Jznll = Vn1— (@ 0fn+ 321 i Siva)l

= llotn0fn1 =t 08n+3 i1 Cnifns1
- U, iJ S} vall

= |lotn,0xn+1 — Jxn)

+ 20 an i1 — ST v

I >0 otn,iJongr — IS Vi)

— a0y — Jxng )|l

Y2y anilfnsr — IS vall

—0p0 Jxn — Sl

v

and hence
IS < ok
Vns1 = IS vall < goc (3.25)
X (xn+1 — Jzull + onollfxn — Jns1l)-
From (3.17), (3.24) and lim inf > o > 0, we get

lim ||/ +1 —JS}vall = 0. (3.26)
n—00

Since /7! is uniformly norm-to-norm continuous on
bounded sets, we have

lim |lx,41 — S7vyll = 0. (3.27)
n— 00
Using the triangle inequality, that
[l — S?Vn” = |%n — Xn+1 + Xp1 — Sinvn”
< lxn = xpall + o1 — S;vall.
From (3.23) and (3.27), we have
lim |[lx, — S}vull = 0. (3.28)
n— 00
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On the other hand, we observe that

¢ (G %n) — D (G, tn) + O = N%nll* — Il ]|
—2(q, Jxn — Jun) + Oy.

It follows from 6,, — 0, ||x,; —u,|| — Oand ||Jx, —Ju,| —
0, that

& (g, x%0) — d(q, un) + 6, — 0 as n — oo. (3.29)

From (3.2), (3.3) and (3.7), we compute

é(q un) < ¢(q,yn)

< Bud(q, %) + (L — Bu)9(q, 2n)

< Bud (@ %n) + (1 — Bu) [ a0 (g, x4)
+ 32 anikn® (g, i)
—=0n00n, Vi — IS} Vall]

= Bud (@ %n) + (1 — Bu)otnod (g, %)
+A = Bu) 221 niknd (@, Vi)
—(1 = B)tn,0ngJvi — ISV

< Bud(q, xn) + (1 — Bu)anod (q, xn)
(1= Bu) 2 nikn (@, Vi)

< Bnd(q,xn) + (1 — Bu)anod (g, xn)
+(1 = Bn) X2 aniknl ¢(g %)
—2hn(@ = 3hn) A, — Aql®]

< Bud(q, xn) + (1 — Bu)anoknd (q, xn)
+A = Bu) 221 tniknd (5 %)
—(1 = Bu) Y252 ot ikn2hn
x(a — A lAx, — Aqll®

= Bukn®(q, %u) + (1 — B)kn® (q, xn)
—(1 = Bu) Y252 ot ikn2hn
x(a — A llAx, — Aqll®

< kn® (@) — (1 = B) Y52 ot ikn2hn
x(a = 52| Axy — Aql*]

< (g, %n) + supger(kn — D) (g, %)
—(1 = Bu) Y52 ot ikn2hn
x(a = 52| Ax, — Aql*

< GG xn) + 00— (1= Bu) X2 nikn2hn
x(a = 52| Ax, — Aql*

and hence

A

2a(a— )| Ax, — Aqll* < 2hn(a— 30| Ax,—Aqg])?

IA

(B 21,21 iy (@@ %n)
—¢(q, un) + 6y).
(3.30)
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From (3.29), {\,} Cla, b] for some a,bwith0 < a < b <
ca/2, liminf,_ o (1 — B,,) > 0 and lim inf,_, « 0,00, >
0, fori > 0and k,, — 1 as n — 00, we obtain that

lim ||Ax, — Ag| = 0. (3.31)
n—0o0

From Lemma 2.6, Lemma 2.7 and (3.6), we compute

& Xn, Vi) = G (xn, HC]_I(]xn — AnAxy))
= ¢(xny]_1(]xn — AnAxy))
= V(&n, Jxn — AnAxy)
< V(xn, Gy — AnAxy) + ApAxy)

_2071 Uy — ApAxy) — Xy ApAxy)
= ¢ (X, %) +2<]_1an —AnAXy) =Xy, —AnAxy)

= ZU_Ian — AAXy) — X, —AnAxy)
432 2
=< &2 |Ax, — Aql|
2
< ¥ | Ax, — Aqll*.

Applying Lemma 2.4 and (3.31) that

lim (%, — vull =0 (3.32)
n—o0
and we also obtain
lim ||fx, — Jvall = 0. (3.33)
n—oo
From S is continuous, for any i > 1
lim ||S7x, — SFvull = 0. (3.34)
n—o0
Again by the triangle inequality, we get
l%n — S?an < % — S?Vn” + ||S?Vn - S?an.
From (3.28) and (3.34), we have
lim [, — Sf%,l =0, Vi>1. (3.35)
n—oo
By using the triangle inequality, we have
lp = Sixull < llp = xnll + l1%n — Si'xnll.
That is
lim ||p —S'x,| =0, Vi>1 (3.36)
n—oo

By the assumption that Vi > 1, S; is uniformly L;-Lipschitz
continuous, hence we have.

182+ s — SPacall < 1182+t — SP
+||S?Hxn+1 —pll +llp — Sl
< (Li+ Dlxpt1 — xull
FISH i1 — pll + llp — Sl
(3.37)

By (3.23) and (3.36), it follows that ||S;’+1x,, — 8%l — 0.
From S’x, — p, we have S;‘Hxn — p, thatis §;S"x, — p.
In view of closeness of S;, we have S;p = p, for all i > 1.
This imply that p € N2, F(S)).
(i) We show that x,

- p € ﬂj’ilEP(ﬁ).

From Lemma 2.13 and u, = Qy,, when Q, =
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)T T T i =1,2,3,.,mQ) = Lforg € F,

Yin = Vji—1,n* raun-r
we observe that

& (U, Diyn) < D@ Luyn) — D(q )

& (g, xn) — @(q, un) + 64

Igll? — 2(q, Jau) + llxnll?

—(lgll* — 24q, Jun) + lunll®) + 604
lall2 = Nenll® — 2(q, Jon — Jtin) + On
1% — wnll(l%n + unll)

+2lqlJxn — Junll + On.

1A

IA I

(3.38)

From (3.20), (3.21),6,, — 0 as n — oo and Lemma 2.4, we
get

lim |u, — Qyyull =0, ¥ =1,2,3,..,m. (3.39)
n— 00

By using triangle inequality, we have
%6 — Lyl < 1% — tnll + Nttw — Lpynll.

From (3.20) and (3.39), we have
lim [lx, — Lyyall =0, Vj=1,2,3,...m. (3.40)
n— 00

Again by using triangle inequality, we have
i i—1 i i—1
1250 — L ynll < N1y — xull + 1% — i ynll-
From (3.40),we also have
lim [y — 2yl =0, Vi=1,2,3,...,m. (341)
n—> 00
Since J is uniformly norm-to-norm continuous, we obtain

Jm Wy — T yull = 0, Vj=1,2,3,..,m.

Wy =Tyl
r/,n

From rj,, > 0 we have — Oasn — oo,

Vi=1,2,3,..,m,and
[+, =Ly S Biyn—I L ) Z0,¥y € C.
By (A2), that

j an n—. QI;‘;1 n
ly — Sy VEn TS0l

v

r]vl‘n (y _ Q]nynngzlnyn _]S.Z]nilyVI)
_ﬁ(Q];flymy)
Zf}(y’ an)’n), Vy e C,

v

and Q’;,yn — pwegetf(y,p) <Oforally € C.For0 <
t < 1,define y; = ty + (1 — t)p. Then y; € C which imply
that f;(y;, p) < 0. From (A1), we obtain that

0=Ffiuy) < iy + A = )i p) <t y).
Thus fi(ys,y) > 0. From (A3), we have fi(p,y) > 0 for
ally e Candj = 1,2,3,..,m Hence p € EP(f), Vj =
1,2,3,...,m. This imply that p € ﬂj’ilEP(ﬁ).
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(iii) We show that v, — p € VI(A, C). Indeed, define
B C E X E*by

_JAV+Nc(W), ve G
By = { 4, vécC. (3.42)

By Lemma 2.8, B is maximal monotone and B~10 =
VI(A, C). Let (v,w) € G(B). Since w € Bv = Av + N¢c(v),
we get w — Av € Nc(v). From v, € C, we have

(v—vy,w—Av) > 0. (3.43)

On the other hand, since v, = [1¢J "1 (Jx,;, — A,Ax,). Then
by Lemma 2.5, we have

(V= v, Jvn — Uxn — AnAxy)) > 0,
and thus

v = vy, 1"”;,]”" — Ax,) < 0. (3.44)

It follows from (3.43), (3.44) and A is monotone and ;—
Lipschitz continuous, that

(v —vy,w) > (v—v,Av)
> (V= Vi, AV) + (v — vy, /x";n]"” — Axy)
= V=, Av — Ax,) + (v — zvy, ]x”);/"”)
= (v — vy, Av — Avy,) +(v—v,, Av, — Axy,)
(v — v ]xn}jfvn)

> —|lv— vyl HVn;an — v =l ”]xn;]"n”
> _H(HVn;an + H]xn;]"nu ),

where H = sup,.; [|[v—vull. Take the limit as n —

00, (3.32) and (3.33), we obtain (v — p,w) > 0. By the
maximality of B we have p € B~10, that ispe VIA,C).

Finally, we show that p = Irxg. From x, = Ilc,xo, we
have (Jxo — Jx,, %, — z) > 0, Vz € C,. Since F C C,, we
also have

Uxo — Jxp,%p —y) =20, VyeF.

Taking limit # — 0o, we obtain

(Jxo —Jp,p—y) >0, VyePF.

By Lemma 2.5, we can conclude that p = Irxp and x, —
p as n — oo. This completes the proof. Il

If S; = Sfor each i € N, then Theorem 3.1 is reduced to
the following Corollary.

Corollary 3.2. Let C be a nonempty closed and con-
vex subset of a 2-uniformly convex and uniformly smooth
Banach space E. For each j = 1,2,..,m let f; be a
bifunction from C x C to R which satisfies conditions
(A1)-(A4). Let A be an a-inverse-strongly monotone map-
ping of C into E* satisfying ||Ay| < ||Ay — Au||, VyeC
and ue VI(A,C) #@. Let S:C— C be a closed L-
Lipschitz continuous and quasi-p-asymptotically nonex-
pansive mappings with a sequence {k,} C [1,00), k, — 1
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such that F := (F(S))N (ﬂj’ilEP(ﬁ)) N(VIA,QC)) is a
nonempty and bounded subset in C. For an initial point
x0 € E with x1 =Tcx and C; = C, we define the
sequence {x,} as follows:

Vn = HC]_lan — AnAxy),

Zn = ]71(an]xn + (1 — a)JS"vi),

Yn = ]_l(ﬂn]xn + (1 = Bzn),

un = T{Z,n T{Z:i,n “'T{;n T{i,,yny
Cor1={z€ Cy: d(z,un) <d(z,24) <P(z,%,)+6,},
X1 = g, %0, Yn>1,

(3.45)

where ] is the duality mapping on E, 0, = sup,cp(kn —
Do (q, xn), {an}, {Bn} are sequences in [ 0,1], {rj,} Cld, 00)
forsomed > 0and {A,} Cla,b] forsomea,bwith0 < a <
b < a2, where i is the 2-uniformly convexity constant
of E. If liminf,_, (1 — B,) > 0 and liminf,_, » o, (1 —
ay) > 0, then {x,} converges strongly to p € F, where p =
IMrxo.

For a special case that i = 1,2, we can obtain the
following results on a pair of quasi-¢-asymptotically non-
expansive mappings immediately from Theorem 3.1.

Corollary 3.3. Let C be a nonempty closed and con-
vex subset of a 2-uniformly convex and uniformly smooth
Banach space E. For each j = 1,2, ...,m let f; be a bifunc-
tion from C x C to R which satisfies conditions (Al)-
(A4). Let A be an a-inverse-strongly monotone mapping
of C into E* satisfying ||Ay|| < |Ay — Aul|, Vye C and
ueVI(AC)#WD Let S, T : C — C be two closed quasi-
¢-asymptotically nonexpansive mappings and Lg,Lr-
Lipschitz continuous, respectively with a sequence {k,} C
[1,00), ky — 1such that F := F(S)NF(T)N(N}L, EP(f))N
VI(A, C) is a nonempty and bounded subset in C. For an
initial point xo € E with x1 = Tlc,xo and C; = C, we
define the sequence {x,} as follows:

Vn = HC]_I(]xn — MpAxy),
Zp = ]71(an]xn + BiJS" Vi + v T"v),
Yn = ]_1(5n]xn + (1 = 8,))zn),

Un = T{Z,n T{Z:i,n“'T{;n T{i,,yny
Cor1={z€ Cy:d(z,un) <d(z,24) <P(z,%,)+6,},
X1 = ¢, %0, Yn >0,

(3.46)

where ] is the duality mapping on E, 0, = sup (ks —
D¢ (g xn)s {on}, {Bub {vn} and {5,} are sequences in [ 0,1],
{rin} Cld,o0) for some d > 0 and {r,} C[a,b] for some
a,bwith0 < a < b < c*a/2, where i is the 2-uniformly
convexity constant of E. If oy + By + v = 1 for all
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n > 0 and liminf,_ o @, B, > 0, liminf, . a,y, > 0,
liminf,— oo Bnyn > 0 and liminf,_ » §,(1 — 8,) > O, then
{x1} converges strongly to p € F, where p = Tlrxy.

Corollary 3.4. Let C be a nonempty closed and con-
vex subset of a 2-uniformly convex and uniformly smooth
Banach space E. For each j = 1,2, ...,m let f; be a bifunc-
tion from C x C to R which satisfies conditions (A1)-(A4).
Let A be an w-inverse-strongly monotone mapping of C
into E* satisfying Ayl < ||Ay — Aull, Vy € C and
ue VIAC) # 0. Let {S}72, : C — C be an infinite
family of closed quasi-¢- nonexpansive mappings such that
Fi= N, F(S;) N (N2 EP(f)) N VI(A, C) # . For an ini-
tial point xy € E with x1 = Tlc,x0 and C1 = C, we define
the sequence {x,} as follows:

v = ] Jxn — AnAxn),

2y = J N an0fxn + Y501 @niJSivn),

yn =T Y BuJan + (1 — Bu)Jzn),

= The, Tt T, Th s

Cot1 ={z2€ Cy: 0z un) < P(z,21) < P(2,%n),
Vn >0,

Xn+1 = nCn+1xOr
(3.47)

where ] is the duality mapping on E, {a,,;} and {B,} are
sequences in [0,1], {rjn} Cld,o0) for some d > 0 and
{An} Cla,b] for some a,b with 0 < a < b < c*a/2,
where i is the 2-uniformly convexity constant of E. If
Y 2oani = 1foralln > 0, liminf,, (1 — B,) > 0 and
liminfy,_, o0 @y 00,; > O forall i > 1, then {x,} converges
strongly to p € F, where p = T rx.

Proof. Since {S;}2°; : C — C is an infinite family of
closed quasi-¢-nonexpansive mappings, it is an infinite
family of closed and uniformly quasi-¢-asymptotically
nonexpansive mappings with sequence k, = 1. Hence the
conditions appearing in Theorem 3.1 F is a bounded sub-
set in C and for each i > 1,S; is uniformly L;-Lipschitz
continuous are of no use here. By virtue of the closeness
of mapping S; for each i > 1, it yields that p € F(S;) for
each i > 1, thatis, p € N2, F(S;). Therefore all conditions
in Theorem 3.1 are satisfied. The conclusion of Corollary
3.4 is obtained from Theorem 3.1 immediately. [

Corollary 3.5. (Zegeye 2010, Theorem 3.2) Let C be a
nonempty closed and convex subset of a 2-uniformly con-
vex and uniformly smooth Banach space E. Let f be a
bifunction from C x C to R satisfying (A1)-(A4). Let A be
an a-inverse-strongly monotone mapping of C into E* sat-
isfying ||Ay|| < |Ay — Au|, Vy e Candu € VI(A,C) #
@. Let {Si}f\il : C — C be a finite family of closed quasi-¢-
nonexpansive mappings such that F := ﬂfi 1F(SHNEP(HN
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VI(A, C) # (. For an initial point xo € E with x1 = ¢, %0
and C1 = C, we define the sequence {x,} as follows:

zn = ] Uen — AnAxn),

n =" eofwn + Y1y ifSizn),

F@ny) + oy — st Jun —Jyn) =20, ¥y eC,
Cot1=1{z€ Cy:d(z,un) < (2, 9n) < P(2,%n),
Vn >0,

Xn+l = HCnJrle)
(3.48)

where ] is the duality mapping on E, {a,;} is sequence in
[0,1], {r,} Cld,00) for some d > 0 and {r,} C[a,b] for
some a,bwith0 < a < b < c2a/2, where i is the 2-
un;’\][‘ormly convexity constant of E. If a; € (0, 1) such that
Yoo = L, then {x,} converges strongly to p € F, where
p = [rxo.

Corollary 3.6. Let C be a nonempty closed and con-
vex subset of a uniformly convex and uniformly smooth
Banach space E. Let f be a bifunction from C x C to R
satisfying (A1)-(A4). Let {S}2, : C — C be an infi-
nite family of closed and uniformly quasi-¢-asymptotically
nonexpansive mappings with a sequence {k,} C[1,00),
kyu — 1 and uniformly L;-Lipschitz continuous such that
F := N2, F(S;) N EP(f) is a nonempty and bounded sub-
set in C. For an initial point xy € E with x1 = Il¢c,x0 and
C1 = C, we define the sequence {x,} as follows:

In = Jt (an,0fxn + 2?21 an,i]S:-qxn)y
S y) + 0=t Jun —Jyu) 20, ¥y eC,
Cur1={z € Cy: ¢(z,uy) <P (2, yn) < ¢(2,%4) +0n},

xp+1 = ¢, %0, Vn =0,

(3.49)

where ] is the duality mapping on E, 0, = supcp(ky, —
Do (q,xn), {ani} is sequence in [0,1], {r,} C[a,o0) for
some a > 0. If Y Xoan; = 1 foralln > 0 and
liminf, o0 @y00tn; > 0 forall i > 1, then {x,} converges
strongly to p € F, where p = Tlrxy.

Deduced to Hilbert spaces

If E = H, a Hilbert space, then E is 2-uniformly con-
vex (we can choose ¢ = 1) and uniformly smooth real
Banach space and closed relatively quasi-nonexpansive
map reduces to closed quasi-nonexpansive map. More-
over, ] = I, identity operator on H and Ilc = Pc,
projection mapping from H into C. Thus, the following
corollaries hold.

Theorem 4.1. Let C be a nonempty closed and convex sub-
set of a Hilbert space H. For each j = 1,2,...,m let f; be
a bifunction from C x C to R which satisfies conditions
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(A1)-(A4). Let A be an a-inverse-strongly monotone map-
ping of C into H satisfying ||Ay|| < ||Ay — Au|, Vy e C
and u € VI(A,C) # . Let {S;}7°, : C — C be an infi-
nite family of closed and uniformly quasi-p-asymptotically
nonexpansive mappings with a sequence {k,} C[1,00),
ky — 1 and uniformly L;-Lipschitz continuous such that
F = NP F(S;) N (ﬂ/’ilEP(ﬁ)) N VI(A, C) is a nonempty
and bounded subset in C. For an initial point xo € H
with x1 = Pc,xo and C1 = C, define the sequence {x,} as
follows:

zn = Pc(xy — ApAxy),

o0 n
Yn = QpoXy + 2521 an,isi Zns

Up = T{Z,n T{Z:},n T{;,n T"’E,n)’”’
Cor1={z€Cp:llz —unll <llz — yull <llz — %[ +6u}s
Xn+l = PCn_HxO; Vn > 0,

(4.1)

where 6, = supqu(k,, — Dllg — xull, {on,i} is sequence in

[0,1], {rjn} Cla,o0) for some a > 0 and {r,} C[a,b] for
some a,b with0 < a < b < a/2. If Y 2o = 1 forall
n > 0 and liminf,_, o, 00, > 0 forall i > 1, then {x,)}
converges strongly to p € F, where p = I1fxo.

Remark 4.2. Theorem 4.1 improve and extend the Corol-
lary 3.7 in Zegeye (2010) in the aspect for the map-
pings, we extend the mappings from a finite family of
closed relatively quasi-nonexpansive mappings to more
general an infinite family of closed and uniformly quasi-¢-
asymptotically nonexpansive mappings.

Zero points of an inverse-strongly monotone
operator

Next, we consider the problem of finding a zero point of an
inverse-strongly monotone operator of E into £*. Assume
that A satisfies the conditions:

(C1) A is a-inverse-strongly monotone,
(C2) AT 0={uecE:Au=0}+0.

Theorem 5.1. Let C be a nonempty closed and convex sub-
set of a 2-uniformly convex and uniformly smooth Banach
space E. For each j = 1,2,..,m let fj be a bifunction
from C x C to R which satisfies conditions (A1)-(A4). Let
A be an operator of E into E* satisfying (C1) and (C2).
Let {S;}°; : C — C be an infinite family of closed
uniformly L;-Lipschitz continuous and uniformly quasi-
¢-asymptotically nonexpansive mappings with a sequence
{k,} Cl1,00), ky — 1 such that

F:= N2 F(Si) N (VL EP(f)) NAT0
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is a nonempty and bounded subset in C. For an initial point
x0 € E with x1 = Ilcyx0 and C1 = C, define the sequence
{x.} as follows:

Zy = ]71 (an,0fon + Z,oil an,i]S;an);
Yn = ]_l(ﬂn]xn + Q= B)zn),

Uy = T{Z,n T{Z:i,n "'T{;” T{i"yn’
Cn+1 = {Z S Cn : ¢(Z) bln) = d)(Z, Zn) = d)(Z’ xn)+9n})

Xn+l = HCnJrle) Vn > 0,

(5.1)

where ] is the duality mapping on E, 6, = supgcp(ky —
D¢ (q, %), for each i > 0, {y,;} and {B,} are sequences
in [0,1], {rjn} Cld,o0) for some d > 0 and {\,} Cla,b]
for some a,b with 0 < a < b < c*a/2, where i is the 2-
uniformly convexity constant of E. If ¥ oo otn; = 1 for all
n >0, liminf, (1 — B,) > 0 and liminf,_,  a, 00ty >
0 forall i > 1, then {x,} converges strongly to p € F, where
p = Irxo.

Proof. Setting C = E in Corollary 3.4, we also get [T = 1.
We also have VI(A,C) = VIA,E) = {x € E: Ax = 0} #
) and then the condition ||Ay|| < ||[Ay — Au|| holds for all
y€Eandu € A710. So, we obtain the result. [

Complementarity problems
Let K be a nonempty, closed convex cone in E. We define
the polar K* of K as follows:

K* = {y* € E*: (x,9*) > 0,Vx € K}. (6.1)

If A: K — E* is an operator, then an element u € K

is called a solution of the complementarity problem
(Takahashi 2000) if

Au € K*, and (u,Au) = 0. (6.2)

The set of solutions of the complementarity problem is

denoted by CP(4, K).

Theorem 6.1. Let K be a nonempty closed and convex sub-
set of a 2-uniformly convex and uniformly smooth Banach
space E. For each j = 1,2, ..., m let f; be a bifunction from
C x C to R which satisfies conditions (A1)-(A4). Let A be
an a-inverse-strongly monotone mapping of K into E* sat-
isfying |Ay|| < ||Ay — Aul, Vy € Kandu € CP(A,K) #
@. Let {S;}2, :+ K — K be an infinite family of closed
uniformly L;-Lipschitz continuous and uniformly quasi-
¢-asymptotically nonexpansive mappings with a sequence
{kn} Cl[1,00), ky — 1 such that F := N2;F(S;) N
(ﬂ/’ilEP(ﬁ)) N CP(A, K) is a nonempty and bounded sub-
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set in K. For an initial point xo € E with x1 = I, xo and
Ky = K, we define the sequence {x,} as follows:

Vn = nKlil(]xn — AnAxy),

Zy = ]_1(05}1,0]95;1 + Z;ﬁl Oln,i]S?Vn):

Yn = ]_1(ﬁn]xn + (= Bu)lzn),

T{Z:,n T{Z:;n “'T{in T{i,nyn’

Kyi1={ze€ Ky : ¢(z,uy) <¢(2,20) < ¢ (2, %) +0},
Vn >0,

Uy =

xXp+1 = Ik, %0,
(6.3)

where ] is the duality mapping on E, 0, = supgcp(ky, —
1)@ (q, xn), for each i > 0, {an;} and {B,} are sequences
in [0,1], {rjn} Cld,o0) for some d > 0 and {\,} Cla,b]
for some a,b with 0 < a < b < c*a/2, where i is the 2-
uniformly convexity constant of E. If Y i~ o = 1 for all
n > 0, liminf, , (1 — B,) > 0 and liminf,_, o oy 00y,; >
0 forall i > 1, then {x,} converges strongly to p € F, where
p = Irxo.

Proof. As in the proof of Takahashi in (Takahashi 2000,
Lemma 7.11), we get that VI(4,K) = CP(A,K). So, we
obtain the result. [
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