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Introduction and preliminaries
Let H; and H; be two real Hilbert spaces, let < j;and <C 5 be nonempty closed,

and convex subsets, let — be a bounded linear operator.  en the split fea-
sibility problem (Censor and Elfving 1994) is to find € ; such that 1
Defining ( ) in the split feasibility problem, we see that : | —> ;

is an inverse strongly monotone operator (Alsulami and Takahashi 2014), where A* is
the adjoint operator of A and is the metric projection of H, onto Q. Furthermore, if
L is nonempty, then

! C 4« ) ) @

where 4 > 0 and is the metric projection of H; onto D. Using such results regard-
ing nonlinear operators and fixed points, many authors have studied the split feasibility
problem in Hilbert spaces; see, for instance, Alsulami and Takahashi (2014), Byrne et al.
(2012), Censor and Segal (2009), Moudafi (2010), Takahashi et al. (2015). Recently, Taka-
hashi (2014) and Takahashi (2015) extended an equivalent relation as in (1) in Hilbert
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spaces to Banach spaces and then obtained strong convergence theorems for finding a
solution of the split feasibility problem in Banach spaces. Very recently, using the hybrid
method by Nakajo and Takahashi (2003) in mathematical programming, Alsulami et al.
(2015) proved strong convergence theorems for finding a solution of the split feasibility
problem in Banach spaces; see also Ohsawa and Takahashi (2003), Solodov and Svaiter
(2000). Takahashi (2015) also obtained a result for finding a solution of the split feasibil-
ity problem in Banach space from the idea of the shrinking projection method by Taka-
hashi et al. (2008). Takahashi and Yao (2015) presented the following hybrid iteration
algorithm in a Hilbert space H: for x; € H,

Zy :]/ln(xn - )nT*]F(Txn - Qu.n Txy)),
Yn = Xy + (1 — o)z,
Co={z€H:|yn—z| < lxn—zl}, (TY)

D,={z€H: (x,—zx —x,) >0}

Xp+1 = Pc,np,*1.

ey proved the following strong convergence theorem:

Theorem TY Let H be a Hilbert space and let F be a uniformly convex and smooth
Banach space. Let Jr be the duality mapping on F. Let A and B be maximal monotone
operators of H into 2 and F into 2f". such that A=10 # @ and B~10 # ¢, respectively.
Let J; be the resolvent of A for /4 > 0 and let Q,, be the metric resolvent of B for . > 0. Let
T : H — F be a bounded linear operator such that T # 0 and let 7* be the adjoint opera-
tor of T. Suppose that A=10 N T-1(B~1)0 # ¢. Let x; € H and let {«,,} be a sequence gen-
erated by (TY), where {«;,, C [0, 1]} and {/,}, {u,} satisfy the condition such that

O<oa,<a<1, O0<b<up, O<c<r|TI?><d<2

forsomea,b,c € R en{x,} converges strongly to a point zo = P4-19n7-1(5-10)%1.

In this article, a new multidirectional monotone hybrid iteration algorithm for finding
a solution to the split common fixed point problem is presented for two countable fami-
lies of quasi-nonexpansive mappings in Banach spaces. Strong convergence theorems
are proved. e application of the result is to consider the split common null point prob-
lem of maximal monotone operators in Banach spaces. Strong convergence theorems
for finding a solution of the split common null point problem are derived. s iteration
algorithm can accelerate the convergence speed of iterative sequence.

Let E be a real Banach space with norm || - || and let E* be the dual space of E. We
denote the value of y* € E* at x € E by (x, y*). A Banach space E is uniformly convex if
for any two sequences {x,} and {y, } in E such that

lim [x,] = lim |y, =1 and lim |lx, +yul =2,
n— 00 n—00 n—00

lim,,_, & %z — x|l = 0 holds. A uniformly convex Banach space is reflexive.
e duality mapping J from E into 2£" is defined by

Jx = {x* € E* : (x,x%) = |lx|I> = ||x*|1%)
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foreveryx e E.Letld ={x € E:|| x |=1}. enorm of E is said to be Gateaux di eren-
tiable if for each x, y € U, the limit

i DI =D
t—0 t

exists. In the case, E is called smooth. We know that E is smooth if and only if J is a sin-
gle- valued mapping of E into £*. We also know that E is reflexive if and only if J is sur-
jective, and E is strictly convex if and only if J is one-to-one.  erefore, if E is a smooth,
strictly convex and reflexive Banach space, then J is a single-valued bijection and in this
case, the inverse mapping /! coincides with the duality mapping J. on E* For more
details, see Takahashi (2009) and Takahashi (2000).

Let C be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E.  en we know that for any x € E, there exists a unique element z € C
such that || x — z ||[<|| « — y || for all y € C. Putting z = Pcx, we call P¢ the metric pro-
jection of E onto C.

Definition 1 Let E be a metric space, let T : D(T) — R(T) be a mapping with the
domain D(T) and the range R(T). e mapping T is said to be quasi-nonexpansive if

d(Tx,p) = d(x,p), Yx € D(T), p € F(T),

where F(T) is the nonempty fixed point set of T.

Definition 2 Let E be a smooth Banach space, let S : D(T) — R(T) be a mapping with
the domain D(T) and the range R(T). e mapping S is said to be second-type quasi-
nonexpansive, if

(Sx —p,J(Sx —x)) <0, Yx € D(T), Vp e F(S),
where F(S) is the nonempty fixed point set of T.

Definition 3 Let E, F be two normed spaces and T be a linear operator from E into F.
e adjoint operator 7* : F* — E*of T is defined by

f(Tx) = (T*f)(x), Vx € E, f € F¥,

where E*and F* are the adjoint spaces of E and F, respectively.

e adjoint spaces and adjoint operators are very important in the theory of functional
analysis and applications. Not only is it an important theoretical subject but it is also a
very useful tool in the functional analysis and topological theory.

Definition 4 Let E be a Banach space, let C be a nonempty, closed, and convex subset
of E. Let {T},} be sequence of mappings from C into itself with nonempty common fixed
point set F = N7 F(T,). e{T,}is said to be uniformly closed if for any convergent
sequence {z,} C C such that||T,z, — z,|| — 0asn — oo, the limit of {z,,} belong to F.
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Main results

Lemma 5 Let H be a Hilbert space, let C be a closed convex subset of H, and let {T},} be
a uniformly closed family of countable quasi-nonexpansive mappings from C into itself.
en the common fixed point set F is closed and convex.

Proof Letp, € Fand p,, — pasn — oo, we have
| Tywpn — pull = 0, pu — p

asn — oo. Since {7} is uniformly closed, we know that p € F, therefore F is closed. Next
we show that F is also convex. For any x,y € F, letz = tx + (1 — ¢t)y forany ¢ € (0, 1), we
have

| Tpz — z|1? = (Tyz — 2, Tz — 2)
= 1Tuzl* = 2(Tuz,2) + 2l
= || Tuzll* — 2(Tuz, tx + (1 — t)y) + llz]|?
= | Tuz|* = 2¢(Tyz, ) — 21 — £){Tuz,9) + |12|>
=t Tuzll> + A — O Tuzll® + tllll> = tllxl* + 1 — o) |1yl
— (1= O)yl* = 26(Tuz, ) — 2(1 — £)(Tuz,y) + |12|>
= t(ITuzl* = 26(Tpz, ) + %1% + (1 — (| Tuz)* = 26(Tyz, 9) + ¥11)

— tlxl* — A = Oyl + llz)?
=t(Tpz —%,Tpz —x)+ A —t)(Tpuz — 9, Tyz — y)

— tlxl* — @ = Oyl + llzl?
_ 2 2 2 2 2
= t)|Tuz — x> + 1 — )| Tuz — yI* — tlx* — @ = Oyl + |l
<tlz— x> + (L = Oz — yI* — tlxl* — L = O Iyl* + |12l
= |lz||* = 2(z,2) + |IzI*> = 0,

foralln. isimpliesz € F, therefore F is convex. is completes the proof. O

Lemma 6 Let E be a smooth Banach space, let C be a closed convex subset of E, and let
{S,.} be a uniformly closed family of countable second-type quasi-nonexpansive mappings
from Cinto itself.  en the common fixed point set F is closed and convex.

Proof Letp, € Fand p, — pasn — oo, we have
| Twpn — pull > 0, py—>p

asn — oo. Since {7} is uniformly closed, we know that p € F, therefore F is closed. Next
we show that F is also convex. For any x,y € F, letz = tx + (1 — t)y forany ¢ € (0, 1), we
have

(Snz — %,] (Spz — 2))
(Snz — ¥,](Suz — 2))

0,

=
<0.

From the two inequalities given above, we have that

(ESnz —x) + (A = 1)(Spz — ¥),J(Suz —2)) <0
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which implies
(Snz —2,](Snz — 2)) = 0.

erefore ||S,z — z||> < 0, that is ||S,z — z||> = 0, so that z € F.  erefore F is convex.
is completes the proof. O

Lemma 7 (Alber 1996) Let H be a Hilbert space, let C be a nonempty closed convex sub-
setof Hand letx € E.  en

iz — Pcx||* + |Pcx — x||* < |z —x|%, VzeC.

Next, we present a new hybrid algorithm so-called the multidirectional hybrid algorithm
for finding the common fixed point of a uniformly closed family of countable quasi-non-
expansive mappings and a uniformly closed family of countable second-type quasi-non-
expansive mappings.

Theorem 8 Let H be a Hilbert space and let E be a uniformly convex and smooth
Banach space. Let J be the duality mapping on E. Let {T},} : H — H be a uniformly
closed family of countable quasi-nonexpansive mappings with the nonempty common
fixed point set N2, F(T,) and {S,} : E — E be a uniformly closed family of countable
second-type quasi-nonexpansive mappings with the nonempty common fixed point sets
N2 F(Sy). Suppose that F = (N2, F(T,)) N (T~1(NS2,F(Sy))) # 0. Let T : H — E be
a bounded linear operator such that T # 0 and let 7* be the adjoint operator of T. Let
x1,;, € H,i=1,2,3,...,N and let {x,} and {z, } be two sequences generated by

zy = Ty — 1y T*] (T — S Tx4)),
Ci={ze€C1:llzn—zl < llxn —zll},

Co=H,n=123,...,

N N
Knt1 = p i1 AP, X1 D oimq Ai =1,

where {r, } satisfy the condition such that
O<a<r|TI><b<2,

for some constants a, b and 4 € [0, 1]is a constant.  en the following conclusions hold:
(1) {x,,} and {z,} converge strongly to a point w € F;
(2) the limits limnﬁoo Pcnxl,i = PFxl,i: i=1,2,3,...,N;
(3) w= Zf\il /11' limnﬁoo Pcnxl,i.

Proof It is not hard to see that, C,, is closed and convex for all » > 0. Let us show that,
F c C,forallm > 0. For any z € F, we have
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lzn — 2l1* = T (@n — ra T*T(Ton — SuTxn)) — z||>
< Nn — rn T (T — SuTxn)) — 2|
= |00 — 2lI* = 2(xn — 2, 7 T (T — SuT%n))
+ I T*T (Txn — SuTxn)) ||
< llwn — 2% = 2rn (T — T2,] (T — SpTxn))
+ 1\ TP I (Txn — SuTxa))|I?
= lln — 2lI> + 71 TP T — SuTn) |1
—2ry(Txy, — SpTxy, + SyTx, — Tz, ] (Tx, — S, Txy,))
= lln — 2l + 71 TP T — SuTn) |1
— 2 (SuTxn — T2,] (T — SpTxn)) — 20l Tty — S To) 1>
= 6w — 21> + I TP Totn — SuTxa) 1> = 27| Tn — SuTxn) ||
= %0 — 21> + rural T = 2 Txn — SuTxn)||>
< llx, — zII%. @)

S0, z € C,, which implies that F ¢ C, forall n > 0.
Let w41, = Pc,x1,; forallm>1,i=1,2,3,...,N. Since F is nonempty, closed, and
convex, there exist p;,; = Prx;,; such that

”un+1,i _pl,l'” < ”xl,i _pl,i||’ i=123,...,N.

is means that {«,,;} is bounded foralli = 1,2,3,...,N.
From u,41,; = Pc,x1,,and C, C C,—1, we have that

ety — x1,ill < Nltp1,i — x4, i=1,2,3,...,N,

for all e N. is implies that {|lu,; — 1]/} is bounded and nondecreasing for all
i=1,23,...,N. enthereexist the limits of {||lu; —x1;] : i =1,2,3,...,N}. Put

lim ||up; —x1;|l=¢, i=123,...,N.
H—> 00

On the other hand, u4,,; € Cy,—1, i = 1,2,3,...,N, by using Lemma 7, we have, for any
positive integer m, that

2 2 2
Netnpm,i — tnill™ < Nt — x1ill™ — Ntgn,i — %1607

So that {u,,;} is Cauchy sequences in C for alli = 1,2,3,..., N, therefore there exit two
points p; € C such that

lim u,;, =p;, i=123,...,N.
n— 00

atis
lim Pcx1,=pi, i=123,...,N.
n— 00

erefore

N

o =3
=
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Since x,,+1 € Cy,, we have
Iz — xpa1ll < o — X1 |l
which implies
N

lim z, = E Aipi.
H—>00 —
i=

From (2), we have, for any z € F, that

12 = 1l TI) I Tty — Qo Tx) 1> < N6 — zI|* — ||z — 2lI* — 0

asn — oo. isimplies

nll)n;o 1 Txp — SpTxn) || = 0. (3)

Since
N
nll)ngo Tx, = T(Z )»ip,)
i=1
and the sequence {S,,} is uniformly closed, so that
N
T (Z /lipi> € N2, F(Sp).
i=1
atis
N
> dipi € TTHO L F(S).
i=1
On the other hand, from
zy = Ty (%, — rnT*](Txn — 8, Txy)),
we have

lzn — Tnzull = 1 Tn@n — rn T T (Txn — SnTxn)) — Tuzul
< Cen — rnT*](Txn — 8uTxy)) — zull.

is together with (3) implies that

lim ||z, — Tyzall = 0.
n—00

Since

N

lim z, = E LiPis
n— 00 i1
i=

Page 7 of 13
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and the sequence {T},} is uniformly closed, so that

N
> dipi € M2 F(Ty).
i=1
From above two hands, we have Zfil Aipi € F.
Finally, we prove p; = Prx1, i = 1,2,3,...,N. From Lemma 7, we have

lpi — Pracvill® + 1Pexrs — xill> < llpi — x> 4)
On the other hand, since x,,41,; = Pc,x1,; and F C C,, for all n. Also from Lemma 7, we
have

I1Ppx1i — %nsnill + Nongri — %1ll> < 1Procri — 21,41 ()
Since

Jm (s — 21l = llpi — 2l (6)
Combining (4), (5) and (6), we know that ||p; — x1;|| = |Prx1,; — x1,|.  erefore, it fol-
lows from the uniqueness of Prx; ; that p; = Prx1; IS completes the proof. O

By using eorem 8and setting N = 1, we can get the following result.

Theorem 9 Let H be a Hilbert space and let E be a uniformly convex and smooth
Banach space. Let J be the duality mapping on E. Let {T},} : H — H be a uniformly
closed family of countable quasi-nonexpansive mappings with the nonempty common
fixed point set N7, F(T,) and {S,} : E — E be a uniformly closed family of countable
second-type quasi-nonexpansive mappings with the nonempty common fixed point sets
N2, F(Sy). Suppose that F = (N2, F(T,,)) N (TN F(Sy))) # 0. Let T : H — E be
a bounded linear operator such that T # 0 and let 7* be the adjoint operator of T. Let
x1 € H and let {x,} be a sequence generated by

zy = Ty — 1y T*] (T%y — SpTx4)),
Chn={z€Chr:llzn —zll < Ilxn — zll},
Co=H,n=123,...,

Xn+1 = Pc,x1,
where {r, } satisfy the condition such that
O<asnlTI*><b<2
for some constants a, b.  en {x,,} converges strongly to a point zo = Prx;.
Application for common null point problem
Let E be a Banach space, let A be a multi-valued operator from E to E* with domain

D(A) ={z € E: Az # (f}and range R(A) = {z € E : z € D(A)}. An operator A is said to
be monotone if

(x1 — 2,51 —y2) =0
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for each x1,x, € D(A) and y; € Ax1,y2 € Axp. A monotone operator A is said to be
maximal if it's graph G(A) = {(x,y) : y € Ax} is not properly contained in the graph of
any other monotone operator. We know that if A is a maximal monotone operator, then
A~10is closed and convex. e following result is also well-known.

Theorem 10 (Rockafellar 1970). Let E be a reflexive, strictly convex and smooth Banach
space and let A be a monotone operator from E to E*.  en A is maximal if and only if
R(J +rA) =E* forallr > 0.

Let E be a reflexive, strictly convex and smooth Banach space, and let A be a maximal
monotone operator from E to £*. Using  eorem 10 and strict convexity of E, we obtain
that for every r > 0 and x € E, there exists a unigue x, such that

Jx € Jx, + rAx,.

en we can define a single valued mapping J, : E — D(A) by J, = (J + rA)~1J and
such a J, is called the resolvent of A. We know that J, is a honexpansive mapping and
A~10 = F(J,)for all r > 0, see Takahashi (2000, 2009), Alber (1996).

Lemma 11 (Aoyamaetal. 2009) Let E be a reflexive, strictly convex and smooth Banach
space, and let A be a maximal monotone operator from E to E*.  en

Jx—p,Jx—Jx)) >0, VxeE, V¥V peA~t0, Vr>0,

where J, is the resolvent of A.
From Lemma 11, we know that, J. is a second-type quasi-nonexpansive mapping,
where J, is the resolvent of A withr > 0.

Definition 12 Let E be a Banach space, let C be a nonempty, closed, and convex subset
of E. Let {T},} be sequence of mappings from C into itself with nonempty common fixed
point set F = N5 F(T,). e {T,}is said to be uniformly weak closed if for any weak
convergent sequence {z,} C C such that || Tz, — z,|| — 0 as n — oo, the weak limit of
{z,,} belong to F.

A uniformly weak closed family of countable quasi-nonexpansive mappings must be a
uniformly closed family of countable quasi-nonexpansive mappings.

Theorem 13 Let r,, > ¢ > 0, for some constant ¢, then {J2}°° is a uniformly weak
closed family of countable quasi-nonexpansive mappings with the nonempty common
fixed point sets (>~ F(J1) = A~10.

countable nonexpansive mappings. Let {z,} C E be a sequence such that z, — p and
lim,, s oo |12 —]Qz,,ll = 0. Since J is uniformly norm-to-norm continuous on bounded
sets, we obtain

Proof It is well-known that, 2, FU2) =A~'0#0 and {(JA}>2, is a family of

1 A
—(zy _]]rnzn) — 0.
'n
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It follows from
1 A A
—(Jzn — ]]rnzn) S A]rnzn
T'n

and the monotonicity of A that

1

<w =Ty W = — Uz —JJ:;zn)> >0
n

forallw € D(A) and w* € Aw. Letting n — oo, we have (w — p, w*) > 0 for all w € D(A)

and w* € Aw.  erefore from the maximality of A, we obtain p € A~10. at is

p €N FUR).  is completes the proof. O

Theorem 14 Let H be a Hilbert space and let F be a uniformly convex and smooth
Banach space. Let Jr be the duality mapping on F. Let A and B be maximal monotone
operators of H into 2/ and F into 2F such that A=10 # ¢ and B~10 # ¢ , respectively.
Let J. be the resolvent of A for r > 0 and let Q,, be the metric resolvent of B for i > 0.
Let T : H — F be a bounded linear operator such that T # 0 and let 7* be the adjoint
operator of T. Suppose that W = A~10N T~1(B~10) # @. Let x; € H and let {x,} be a
sequence generated by

Zp =]r,, xn — 1y T JE(Txy — Qt,, Txy)),
Ci={ze€Cu1:llzn—z| < llxn —zll},
Co=H,n=123,...,

Xnt+1 = Pc,x1,

where {r, } satisfy the condition such that
O<a<m|TI?<b<2 0<c<t,

for some constants a, b, c.  en {x,} converges strongly to a point zg = Py x1.

Proof LetT, =/., Sy = Qu, forall n > 1, then {T,}, {S,} satisfy the all conditions of
eorem 8, and

F=n2F(T)NT MO FSy)) =A"on T HB710) = W.

By using eorem 9, we obtain the conclusion of eorem 14. is completes the proof.
O

Theorem 15 Let H be a Hilbert space and let F be a uniformly convex and smooth
Banach space. Let Jr be the duality mapping on F. Let A and B be maximal monotone
operators of H into 2/7 and F into 2f such that A=10 # ¢ and B~10 # ¢ , respectively.
Let /. be the resolvent of A for r > 0 and let Q,, be the metric resolvent of B for . > 0. Let
T : H — F be a bounded linear operator such that T # 0 and let 7* be the adjoint opera-
tor of T. Suppose that W = A=10 N T-1(B=10) # . Let x1; € H and let {x,,} and {z,} be
two sequences generated by
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Zn :]rﬂ % — 1 T Jp (Txy — Qtn Txy)),
Co=1{z€Cra:llzn—2zl < llxn —zll},

Co=H,n=123,...,

N N
Xnt1 = y i MiPC,X1i i Ai = 1,

where {r,,} satisfy the condition such that
O0<a<nm|TI><b<2,

for some constants a, b and 4 € [0, 1]is a constant.  en the following conclusions hold:
(1) {x,,} and {z, } converge strongly to a pointw € W;
(2) the limits lim,,—, o Pc,*1,; = Pwx1,, i = 1,2,3,...,N;
B)w= Zi\il Ailimy— 00 Pc, %1,

Proof LetT, =/, Sp = Qu,forall n > 1, then {T},}, {S,} satisfy the all conditions of
eorem 9, and

F=n2F(T)NT YN, FSy)) =A~on T B710) = W.

By using eorem 8, we obtain the conclusion of eorem 15. is completes the proof.
O

Examples

It is easy to see that, a uniformly weak closed family {T},} of countable quasi-nonexpan-
sive mappings must be a uniformly closed family {T,} of countable quasi-nonexpansive
mappings. Next we will give an example which is a uniformly closed family of count-
able quasi-nonexpansive mappings, but not a uniformly weak closed family of countable
quasi-nonexpansive mappings.

Conclusion 16 Let H be a Hilbert space, {x,};° ; C H be a sequence such that it con-
verges weakly to a non-zero element xo and |lx; — x;|| > 1 for any i # j. Define a sequence
of mappings T, : H — H as follows

_J Luxy lf x=x,3n>1),
Tnlx) = { —x if x#x,(Vn>=1),

where L, <1 and lim, L, =1 en {T,} is a uniformly closed family of countable
quasi-nonexpansive mappings with the common fixed point set F = {0}, but not a uni-
formly weak closed family of countable quasi-nonexpansive mappings.

Proof It is obvious that, {T,} has a uniqgue common fixed point 0. Next, we prove that,
{T,} is uniformly closed. In fact that, for any strong convergent sequence {z,} C E such
that z, — zo and |z, — Tyz,|l — 0 as n — oo, there exists su ciently large nature
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number N such that z, # x,, for any n,m > N. enT,z, = —z, for n > N, it follows
from ||z,, — Tzl — 0 that 2z, — 0 and hence zy € F. From the definition of {T,}, we
have

[ Twx — Ol = I Tuxll < ILnxll = llx = Oll, Vxe€H.

so that {T},} is a uniformly closed family of countable quasi-nonexpansive mappings.
Next, we prove the {T},} is not weak closed. Since {x,,} converges weakly to xy and

1 Tuxn — xull = 1 Lnxn — xull = Ly — D llxull = 0
asn — oo, but xq is not a fixed point. O
Conclusion

In the multidirectional iteration algorithm, the C, is a closed convex set, and
F C C, for any n> 1. If we use one initial x;,;, the projection point x, = Pc,x1,
belongs to the boundary of the C,. If we use N initials x1,1,%12,%13,...,%1,n, the ele-
ment x, = Zfil AiPc,x1,; belongs to the interior of the C,. In general, the distance
d(Zﬁ\i1 AiPc,x1,, F) is less than the distance d(Pc,x1,1, F), so the multidirectional itera-
tion algorithm can accelerate the convergence speed of iterative sequence {x,}. We give a
simple experimental example in the following.

Example Let X =R% C,={(xy) eR?:x2+y* <1}, x11 = (1 1), x12 = (=1,1),
= {0}. Case 1, take only one initial x1,, ¥, = Pc,%1,1 = ( B ) then d(x,, F) = 1.
Case 2, take two initials x7 1, x1 9,

1 1 f
= 7P 7P = ’ —_—
Xn 5 c,¥1,1 + 5 C,%1,2 5
then d(x,, F) = f From the inequality l " we can see that, the multidirectional

iteration algorlthm can accelerate the convergence speed of iterative sequence {x;}.
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