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Abstract

Molodtsov introduced the concept of soft sets, which can be seen as a new math-
ematical tool for dealing with uncertainty. In this paper, we initiate the study of soft
normed rings by soft set theory. The notions of soft normed rings, soft normed ideals,
soft complete normed rings are introduced and also several related properties and
examples are given.
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Background
Dealing with uncertainties is a major problem in many areas such as engineering, medi-
cal science, environmental science, social science et al. These kinds of problems can not
be dealt with by classical methods, because classical methods have inherent difficul-
ties. To overcome these kinds of difficulties, Molodtsov (1999) proposed a completely
new approach, which is called soft set theory, for modeling uncertainty. Then Maji et al.
(2003) introduced several operations on soft sets. Aktas and Cagman (2007) defined soft
groups and obtained the main properties of these groups. Moreover, they compared soft
sets with fuzzy sets and rough sets. Besides, Jun and Park (2008) defined soft ideals on
BCK/ BClI-algebras. Feng et al. (2008) defined soft semiring, soft ideals on soft semir-
ing and idealistic soft semiring. Sun et al. (2008) defined the concept of soft modules
and studied their basic properties. Acar et al. (2010) defined soft rings and have intro-
duced their initial basic properties such as soft ideals, soft homomorphisms etc. by using
soft set theory. Shilov (1953) defined on decomposition of a commutative normed ring
in direct sums of ideals. Gelfand et al. (1957) defined commutative normed rings. Fre-
undlich (1949) introduced completely continuous elements of a normed ring. Raikov
(1946) defined to the theory of normed rings with involution. Naimark (1964) defined
normed rings. Shilov (1960) defined analytic functions in a normed ring. Jarden (2011)
defined normed rings in 2011 and studied norms ||.|| of associative rings are generaliza-
tions of absolute values |.| of integral domains.

In this study, we define soft normed ring using soft sets. In “Preliminaries” section,
well-known results of some preliminaries are given. In “Soft normed rings” section, a the
notion of soft normed ring is given and various properties are studied. Finally “Conclu-

sion” section presents the conclusion of our work.
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Preliminaries

In this section we recall some basic notations in soft set theory. Let U be an initial uni-
verse set and E be a set of all possible parameters under consideration with respect to U.
The power set of U is denoted by P(Ul). Molodstov defined the notation of a soft set in
the following way:

Definition 1 (Molodtsov 1999) A pair (E A) is called a soft set over U, where F is a
mapping given by F : A — P(U).

Definition 2 (Maji et al. 2003) For two soft sets (F, A) and (G, B) over a common uni-
verse U, we say that (F, A) is a soft subset of (G, B) if

1. AC Band
2. G(¢) C F(s),Ye € B.

We write (F,A) C (G, B). In this case (G, B) is called a soft superset of (F, A).

Definition 3 (Maji et al. 2003) Let (F, A) and (G, B) be two soft sets over a common
universe U. The union of (F, A) and (G, B) is defined as the soft set (H, C) satisfying the
following conditions:

1. C=AUB,
2. Ve e C,
F(e), ifeecA—B
H(e) =< Gle), ifecB—A

FleyUG(e), ifececANB
This is denoted by (F, A) U(G,B) = (H, ).

Definition 4 (Maji et al. 2003) Let (F, A) and (G, B) be two soft sets over a common
universe U. The intersection of (F, A) and (G, B) is defined as the soft set (H, C) satisfying
the following conditions:

1. C=ANB,
2. Ye € C,
F(e), ifee A—B
H(e) =< G(e), ifee B—A

Fe)NG(e), ifecANB
This is denoted by (F,A) N (G, B) = (H, C).

Definition 5 (Das and Samanta 2012) Let R be the set of real numbers and B(R) be the
collection of all non-empty bounded subsets of R and let A be taken as a set of param-
eters. Then a mapping F : A — B(R) is called a soft real set. If a soft real set is a singleton
soft set, it will be called a soft real number and denoted by 7,5, £ etc.

0, 1 are the soft real numbers where O(e) = 0,1(e) = 1 Ve € 4, respectively.
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Definition 6 (Das and Samanta 2012) Let 7, s be two soft real numbers. Then the fol-
lowing statements hold:

if 7(e) <5(e) Ve€ A,
if 7(e) >5(e) Ve€ A,
if 7(e) <s(e) Ye €A,
if 7(e) >3s(e) Ve € A.

IV 1A
»l Ll Gl @

B e
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Definition 7 Jarden (2011) Let A be commutative ring with 1. An ultrametric absolute
value of A is a function || : A — R satisfying the following conditions:

l.|la| >0 and |la| =0 a=0

2. There exists a € A such that0 < |a| < 1,
3. |a.b| = |al.|b|,

4. |la + b| < max(|a|, |b|).

Soft normed rings

Definition 8 Let H be an associative soft ring with 1. A soft norm H is a function
Il : H — R(A) that satisfies the following conditions for all x,y € H.

L ||%] = 0 < &% = 0; further |1 = | — 1] = L.
2. Thereisanx € H with0 < ||x|| < 1,

3. Xyl = X111yl

4. [lx + yll < max(l|x]l, 7).

The soft ring H with a soft norm ||.|| on H is said to be a soft normed ring and is
denoted by (H, ||.II,A) or (H, ||.I).

Example 1 Let R(E) be the set of all soft real numbers. We define |.|| : R(E) — R(A)
by |le]l = |e| Ve € R(E), where |e| denotes the module of the soft real number e. Then ||.|
satisfies all the soft norm axioms and so, |.|| is a soft norm on R(E), and (R(E), |||, E) is a
soft normed ring.

Definition 9 Let H be a soft normed ring. A soft sequence X1, Xy, . . . of soft elements of
H is called soft Cauchy if for each £20 there exists 719 such that || %, — & || < V71, i1 > 7.

We say that H is soft complete if every Cauchy soft sequence converges.
Lemma 1 Let H be a soft normed ring and x,y € H. Then

Lol =%l = llx]l

2. Xl < 11yl thenllx + 31 = 117l i

3. A soft sequence X1,%3, . .. of soft elements of H is soft Cauchy if for each & > 0 there
exists 1mg such that | Xy,11 — Xm| < & Vi > nio.

4. The soft map X — ||X||from H to R(E) is soft continuous.

5. If H is soft complete then, % soft series e o %n of soft elements of H converges if and
only if %, — O.
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6. If H is soft complete and |%||<1, then 1—x% e H* Moreover, (1 —%)"!=
14y when |y|| <1

Proof 1.1t is seen that || —%| = | — 1|l.x]l = || Replacing X by —x we get
x| < || — %|| hence the claimed equality.
2. Suppose that [+ 7] = 7l Then by (), Il = | — &+ G + | = max(| -,
I + |1) < ||7]| which is a contradiction.

3. With 7 in Lemma 1 let 7> m > mypy. Then |x, — Xyl <max(||X, — Xn,—1ll,

1%n—1 = Zn—2ll, - - s [Emt1 — Xml) <€
4 1%l = G =5 + Ol < max((IF], I¥ — D =< Ix — 5 + 7. Hence [Ix] — Iyl <
% =3Il and symmetrically [|§l| — [I¥]| < ||y — %[l = |¥ — 7] Therefore [[IXI| — |7l

< ||¥ — 7. Consequently the soft map ¥ — ||X||is a soft continuous.
5. Let §, = Y ;0 %i. Then 3,41 — Sy = Xy41. Thus by (iii) §1,52,... is a soft Cauchy
sequence if and only if %, — 0. Hence the soft series 3> &, converges if and only if
%, — 0.
6. It can be shown similarly as above.
Example 2 Let R(E) be the space of all soft real functions that are defined and soft con-
tinuous on the interval [0, 1] with the soft norm given by

%]l = maxyz,z; 1x(6)].

Then R(E) is a soft normed ring (with the soft unit element x(¢) = 1) under ordinary soft
multiplication (it is obvious that it satisfies all the conditions of Lemma 1)

Theorem 1 For any soft normed ring H, we can find a soft normed ring H "which is soft
topologically and soft algebraically, soft isomorphic to H and such that

Proof Every soft element x of H generates a corresponding soft operator T% in terms of
multiplication by X : T3y = xy. This soft operator is soft linear. In the soft normed ring
Q(E) of all soft linear operators soft mapping the soft Banach spaces H into itself, the soft
operators T form a soft subring H " with soft unit element (the soft unit element being
the soft unit operator E generated by the soft unit element e of the soft ring H.)

Let us show that H' is a soft normed ring under the soft norm
I 751l = supyz <11yl

In the proof we only require that H "is soft complete, i.e., H "is soft closed in Q(E). By
the soft associativity of multiplication we have

Tz (y2) = x(y2) = %)z = T3y.z
It is not difficult to see that this property is characteristic for the soft operators of the

soft ring H'. If for a soft operator T and for arbitrary 7 and Z the equation Ty = Tyz
holds, then, putting T, = x, we have

Ty = T(e)) = Toy = &y

i.e., T is the soft operator of multiplication by x.
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Assume now that the soft operators T},x converge to T'x in the soft norm of the space
H for every x € H. By the soft continuity of multiplication with respect to the first factor,
we then have:

T(%y) = limT,(%y) = limT,%.y = Tx.j

And hence, by what we have just proved, T is also in H " Thus H is soft closed in Q(E)
not only in the sense of soft uniform convergence of operators, but also in that of soft
strong convergence.

Obviously, the soft rings H and H "are soft algebraically soft isomorphic. Let us show
that they are also soft topologically soft isomorphic. We have (e # 0, and therefore
lell = 0):

e Al

1Tl = suppsn<a W21 = 1% 2l =

or
[l =< llell- 1 71l

Thus the soft mapping T; — #% of the space H onto the space H is soft continuous;
but since both these spaces are soft complete, we have by the well-known soft Banach
theorem, that the inverse soft mapping ¥ — T3 is also soft continuous. We have thus
proved that the soft rings H and H "are soft topologically isomorphic and, so, we have
also proved the theorem since the soft norm in H' has the property [|X.5]| < [I%]|.7]| and
lle]l = 1. Moreover we showed that every soft normed ring is soft topologically and soft
algebraically soft isomorphic to a soft normed operator ring in a soft Banach space. []

Remark 1 If the condition ||%.5| < ||%||.|[¥]| and |le|]| = 1 is satisfied in the soft ring H,
then H and H' are soft isometric. In this case, ||%]| < |le]l.| T;| gives || X|| < || Tz| On the
other hand, by ||X.7|| < ||X]|.]7]| we have

I Tz1l = supyzy<1 X3l < X lIsupyz<1 171l = %]
Combining these two inequalities, we obtain:
1751 = Nl

Definition 10 A soft set F(I, A) (or I(A)) of soft elements of a soft normed ring is called
a soft normed ideal if it has the following properties:

1. Ifx € F(I,A)and € F(I,A), then & + j € F(I, A);

2. If x e F(,A), then z.x € F(I,A) Vz € R(A)* A soft ideal F(I, A) of a soft normed
ring F(R,A) is called a soft ideal if in addition;

3. F(I,A) # F(R,A).

Example 3 Let H be a soft normed ring. Then each of the following families is a soft
normed ideal over H with the same set of parameters A,
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1. F(I,A) = {0}
2. F(I,A) ={F{,A) : F(I,A) is a soft set over H with the fixed set of parameters Aj}.

Conclusion

Normed rings have previously been described in the classical sense. In this study, nor-
med rings are defined on soft sets for the first time. This may lead to an ample scope on
soft normed rings in the soft set setting. In this paper, we defined a soft normed ring. We
then investigated some related properties and some theorems. To extend this work, one
can study the properties of soft normed rings in other algebraic structures and fields.
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