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The boundary condition
We consider the equation

2—1: = AA(u) + div(b(n)), (x,t) € 2 x (0,T), (1

and assume that
Aw) = / "a(s)ds, ats) = 0,a0) =0, P
0

where Q@ c RN is a appropriately smooth open domain. Equation (1) is with hyperbolic-
parabolic mixed type, arises from the reaction diffusion problem (Wu et al. 2001), the
stationary boundary layer theory (Oleinik and Samokhin 1999).

For Cauchy problem of Eq. (1), the paper (Vol'pert and Hudjaev 1967) was the first
one to study its solvability, since then, many papers continued to dedicate to the prob-
lem, many excellent results were obtained, one can refer to Wu et al. (2001) and Refs.
Bendahamane and Karlsen (2004), Brezis and Crandall (1979), Carrillo (1999), Chen
and Dibenedetto (2001), Chen and Perthame (2003), Cockburn and Gripenberg (1999),
Evans (1998), Karlsen and Risebro (2003), Kruzkov (1970), Oleinik and Samokhin (1999),
Vol'pert (1967), Vol'pert and Hudjaev (1967); Vol'pert and Hudjave (1975), Wu and Yin
(1989), Wu et al. (2001), Zhan (2004), Zhao (1985), Zhao and Zhan (2005).
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If we want to consider the initial boundary value problem of Eq. (1), the initial value is
always imposed

ux,0) = up(x), xe€Q. 3
But can we impose Dirichlet homogeneous boundary value
ux,1) =0, (x,1) € 92 x (0,T), @)

as usual? When the equation is of weakly degenerate, i.e. there is not interior point in the
set {s : a(s) = 0}, we can impose Dirichlet homogeneous boundary condition (4). One
can refer to Wu et al. (2001) and the references therein. When the equation is of strongly
degenerate, i.e. there is an interior point in the set {s : a(s) = 0}, there are two ways to
deal with the corresponding problem. In one way, the entropy solution « is a BV func-

tion, which means that

[ et =[],

It is well-known that the BV function is the weakest function that one can define the

ou

3
o dxdt <¢, i=1,2,... N.
ot

0X;

trace on the boundary. In this way, we can directly answer whether (4) is true or not in
the sense of the trace, and the general result is that, instead of (4), only a partial bound-

ary value such as
M(xx t) =0, (xx t) € X1 X (0’ T)r (5)

is imposed, where X; C 9 is a relative open subset of d€2. The representative works by
Wu and Zhao (1983a, b) had been accomplished in early 1980s, later, one can refer to Yin
and Wang (2007). In the other way, the boundary value condition is not directly shown
in the sense of the trace as (4), but is elegantly implicitly contained in a family entropy
inequalities. Moreover, the entropy solutions defined in this way are only in L space,
the existence of the traditional trace [which was called the strong trace in Kobayasi and
Ohwa (2012)] on the boundary is not guaranteed, so the boundary value condition is
satisfied in a weaker sense than the sense of the trace, one can refer to Carrillo (1999), Li
and Qin (2012), Lions et al. (1994), Kobayasi and Ohwa (2012) for more details.

Recently, by the parabolic regularization method, the author Zhan (2015a) had shown
the explicit formula of £; in (5). Let us give some details.

For smalln > 0, let

Sy(s) = / o (2)d, hy(s) = = (1 _ |S|> ,
Jo n n)y
Obviously 4, (s) € C(R), and
)20, (0] < 1, 15,91 < 15 lims, (9 = sgns limgs,9)=0. (g
Let
Tk = {x € B, S,(k)[bi(0) — bi(k)In;(x) > 0}, .

ok = {x € T, $,(0[b:(0) = bi(k))mi(@) < 0}. ®)
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Here and in what follows, {n,'}fi , is the inner normal vector of . Clearly,
N=%X = Elnk U Ean' Then

1= U Zue Z2=3\%o
¥n>0,VkeR

€))

Basing on (9), if the domain €2 is bounded, the existence of the entropy solution had been
proved in Zhan (2015a). Assuming that

1
|Ad] <, 7 /Q dxdt <, (10)

A

the stability of the solutions also had been proved in Zhan (2015a). Here
d(x) = dist(x,0R2), and Q2 = {x € Q2,d(x) < A}, when 4 is small enough. If the domain
Q= Rﬂ‘_[ is the half space of RY, recently in Zhan (2015b), the author had shown that if
b}v (0) < 0, then, X; = 8R{\£, we can impose Dirichlet boundary value

u(x, ) =0, (x,t) € IRY x (0, 7).

But if b};(0) > 0, then, ¥; = #, no any boundary value condition is necessary, the solu-
tion of the equation is free from any limitation of the boundary value condition.

Now, inspired by Zhan (2004, 2015a, b) and Zhao and Zhan (2005), we give a new defi-
nition of the entropy solution.

Definition 1 A function u is said to be the entropy solution of Eq. (1) with the initial
value (3) and with the partial boundary value (5), if

1. u satisfies
a u
weBVQDNL¥QD, oo /0 Va(s)ds € L*(Qr).

2. Foranyg € Cg(QT), ¢ > 0, forany k € R, for any small n > 0, u satisfies

// [[,,(u — ko — Bf7(u, Ky, + Ap(u, k) Agp — S;(u - k)‘V/ v a(s)ds
Qr 0

2
(/J} dxdt > 0,

(11)
where

u—k

B; (u, k) = /u bi(s)S,(s — k)ds, Ay(u, k) = /u a(s)Sy(s — k)ds, I,(u — k) = / Sy (s)ds.
k k 0

3. The homogeneous boundary value (5) is satisfied in the sense of that

vz, =0 (12)
for any k, n. Here y u means that the equality is true in the sense of the trace.
4. If the domain Q2 is bounded, the initial value is true in the sense that

t—0

lim | |u(x,t) —uo(x)|ldx =0, ae. xe€ Q. (13)
Q
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If the domain is unbounded, the initial value is true in the sense that
lim/ lu(x, t) — ug(x)|dx =0, ae. xe€ g, 13y
t—0 Qr

where Qr = B(0,R) [ Q2.

The existence of the entropy solution in the sense of Definition 1 can be proved similar
as that in Zhan (2015a), we omit the details here. In our paper, we are mainly concern
with the stability of the entropy solutions of Eq. (1) without the condition (10). For sim-
plicity, only some special domains, for examples, the unite #—dimensilnal cube

Dy = {(x1,%2,...,an) :0<x; <1,i=1,2,...,N}.
and the half space Rf‘g, are considered. By choosing special test functions, we will prove

the following theorem.

Theorem 1 Suppose that A(s) and b;(s) are smooth enough, Q2 = Dy is the unite n—
dimensilnal cube. If X1 is a subset of %, let u, v be solutions of Eq. (1) with the different
initial values uo(x), vo(x) € L>°(Q2) respectively. Suppose that

yux,t) =f(x,t), yv=gx,t), (x,¢) € £ x (0,T), (14)
and in particular,
yu=yv=0,x € Xj. (15)

Then

/ lux, t) — vix, t)|dx < / luo — voldx +ess  sup 0 —gkxnl  (16)
Q Q (x,6)€Xy x(0,T)

where (x,t) € RNTL ess SUP(x )z, x(0,7) Uf (% 8) — g(x, B)| is in the sense of N—dimen-
sonal Hausdor[f measure.

Compared Theorem 1 to the results obtained in Zhan (2015a), the essential innovation
lies in that, without the condition (10), by skillfully constructing the testing function, we
still can obtain the stability. At the last section, we also study the similar problem on half
space R{\F’ and get the similar result, this result is just the same as that in Zhan (2015b),
but we supply a simpler proof.

Now, let us give some analysis in the boundary value condition (5) or (12) to see the
rationality. By the definition of X1,%, we know that

0 < $,(K)[bi(0) — bi(k)ln; = —kSy(K)b;({)mi, x € X
where ¢ € (k,0). If we let 7 — 0. Then
bi(O)ni(x) <0, x¢€ 3.
Let k — 0. We have
b;(0)ni(x) <0, x€X. (17)

The last inequality (17) is in according with the classical Fichrea—Oleinik theory, one can
refer to the explanation in previous works (Zhan 2015a, b)
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Let us come back our definition. On the unite n—dimensilnal cube Dj, according to the
homogeneous boundary value condition (5), and by (17), we have

N
yu:yv:O,er{xeaDl: <xi—;>b;(0)>0}. (18)

i=1
For example, when we consider the boundary plane {xy =0}, n ={0,0,...,0,1}, (17)
implies b;(0)n; = by, (0) < 0, (18) is true on {xy = 0}, we should give the boundary
value on {xy = 0}, while, on {x; = 1} we can not give the boundary value. If b}, (0) > 0,
then (18) is true on {xx = 1}, which implies that we should give the boundary value on
{xn = 1}, while, on {xx = 0} we can not give the boundary value. Certainly, if },(0) = 0,
both on {xx = 0} and on {x)r = 1}, no boundary value condition is imposed.

Kruzkov’s bi-variables method

Let T, be the set of all jump points of # € BV (Qr), v the normal of T, at X = (x, £), ut (X)
and u~ (X) the approximate limits of u at X € I, with respect to (v,Y — X) > 0 and
(v, Y — X) < Orespectively. For continuous function p(u, x, £) and u € BV (Qr), define

1
pu,x,t) = / ptu™ + (1 - t)u,x,t)dr, (19)
0

which is called the composite mean value of p. For a given ¢, we denote F,i, Ht, (vi, e v]tv)
and #/, as all jump points of u(-, £), Housdorff measure of I'}, the unit normal vector of I'’,
and the asymptotic limit of u(-, t) respectively. Moreover, if f(s) € C LR), u € BV(Q7),
then f(u) € BV(Qr)and

of (u)

axi -

~ ou .

fw—, i=12,...,N,N+1, (20)
396,‘

where xx+1 = ¢ as usual.

Lemma 1 Let u be the solution of Eq. (1) in the sense of Definition 1. Then

a(s) =0, se It (xt),u (x,t) ae only, 21

which I(«, B) denote the closed interval with endpoints o and B, and (21) is in the sense of
Hausdorff measure Hy (T'y,).

This lemma can be proved in a similar way as Zhan (2004); Zhao and Zhan (2005), we
omit the details here.

Now, we will show that how Kruzkov’s bi-variables method, which was used to deal with
the conservation law equation (Kruzkov 1970) originally, can be used to prove the stability
of the solutions to Eq. (1). Let &, v be two entropy solutions of Eq. (1) with initial values

M(x: 0) = MO(x): V(x) 0) = VO(?C),

and with the boundary values (14)-(15), in particular, u(x,¢) =v(x,t) =0,
(x,t) € 1 x (0, 7).
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By Definition 1, for ¢ € Cg(QT), we have

// {I,,(u — K)o — By (4, k), + Ay, ) Agp — S (u — k)‘v / Va(s)ds
JJQr 0

2
<p:| dxdt > 0,
(22)

/ / [I,](v = Dgr — B, (v, Dy, + Ay (v, ) Ag — S (v — l)‘V / Va(s)ds
Qr 0

2
(p} dydt > 0.
(23)
Lety (x,t,9,7) = ¢ (%, t)ju(x — y,t — T), where p(x,£) > 0, ¢(x, 1) € C§°(Qr), and

Jn(x =yt — 7) = wp(t — DI wp(x; — y7). (24)

Here

(o]

wy(s) = %w(i),a)(s) € CPMR), w(s) >0, w(s) = 0if Is| > 1, / w(s)ds = 1.

h _
(25)

We choose k = v(y,7), | = u(x,t), ¢ = ¥(x,t,9 t)in (22) (23), integrate over Qr, then

/ /Q / /Q (120 = D)W+ 9) = (B V) + By 12 1095,) + Ay, )AL + Ay (1,108,

u 2 v 2 (26)
— S;](u —v) ('V/ Va(s)ds| + 'V/ va(s)ds )&dxdtdydr =0.
0 0
Clearly,
G  n _ o Un  n g L W W 9b. Y Y 9,
Bt ot 0 o Ty D T b NG et = o Ty T o
Noticing that
lim B! (u,v) = limB' (v, u) = sgn(u — v)(bi(u) — b;(v)),
n—0 n n—0 n
asn — 0, we have,
// // [BL (4, V) Vs, + B (v, )y, ldxdtdyd
Qr JJQr
— / // sgn(u — v)[b;(u) — bj(v)1¢x,judxdtdydr,
Qr J JQr
as 1 — 0, we have
// // sgn(u — v)[b;(u) — b;(v) 1y, judxdtdydt
Qr JJQr 27

— // sgn(u — v)[b;(u) — b;(v)|px,dxdt.
Qr

At the same time, we have
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u 2 v 2
// // S;](u—v)<vx/ Vas)ds| + vy/ Va(s)ds >1ﬁdxdtdydr
Qr Qr 0 o
u v 2
z// // S;(u_v)<vx/ Va(s)ds| — Vy/ \/@ds> Y dxdtdydt
Qr JJQr

+2// // Sy —v)Vy / va(s)ds - / Va(s)dsydxdtdydr, (28)
Qr JJQr
and

/ [Ay (V) Axtr + Ay (v, u) Ay dxdtdydt
Qr
= //Q / o {Ay (1, v)(Ax i + 205, jnx; + P Ajn) + Ay (v, W) Ayjy Ydxdtdydt

= //Q /Q {Ay(u, v) Axdjin + Ay, V) Psijiny; + An (v, W) s, jny, tdxdtdyd
r/JQr

— // / {zz(u)S/n—(7— V)a—u — /V z/z(s)S,’7 (s— v)dsa—u)qﬁjhx.}dxdtdydr, (29)
Qr JJQr 0% 0x; !

u

where

v

—_— 1 —_—
a(u)Sy(u —v) = / a(su™ + (1 — s)u_)Sn(qur + 1 —-s)u” — v)ds,/ a(s)Sy (s — v)ds
0

u

1 v
= / / a(o)Sy(o — sut — (1 = s)u)dods.
0 Jsut+(1—s)u~

Now, we will combine the last term on the right hand of (28) with the last term on the
right hand side of (29). In details, by Lemma 1, at one hand, we have

// // ViV, /u va(s) /V Va(©)S, (o — 8)dodsydxdtdydt
Qr JJQr

// // //\/d(su++(1_5)” )\/ﬂ(av++(1_g)v)
Qr QT

X S/ [ovt + (1 — o) —sut — (1 —s)u” ldsdo VuVyvdxdtdydr

:// // //Sv/y[C’V++(1_G)V_—su+—(l—S)u_]dsda
QT JQr 0 0

a(u Ve a(v)Vyvdxdtdydr

// // //5/(v—u)V/ \/EdsV/ Va(s)dsdxdtdyd-. (30)
Qr JJQr

At the other hand, we have

// // VA /u v a(s) /V Va(©)S, (o — 8)dodsydxdtdydt
Qr JJQr

//Q //o/ Valsut + (1 =)

/ va(o) S (0 —sut™ — A —s)u” )dads ]hx ¢dxdtdydr.
sut+(1—s)u—

€1y

Page 7 of 13
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By (30) (31), we have

// // (a(u)g(;— V)a—u —/ a(s)S, (s — u)ds8u>jhx.¢dxdtdydt
Qr Qr axi u Bx,' !

+ 2// // Sy —v)Vy /” Va(s)ds -V, /V Va(s)dsy dxdtdydt
Qr Qr 0 0

1
- // // [/ a(su™ + (1 = )u")Sy(su™ + (1 — s)u™ — v)ds
Qr Qr 0

1 v
—/ / a()S, (0 — sut — (1= s)u")dods
0 Jsut+(1—s)u~

v

1
+2/ \/a(su+ + (1 —s)u) va(o)
0

sut+(1—s)u~

L
xS (o — su* — (1 — s)u_)dods] % i pedxdtdyd

x;
1 v
A Sl L
Qr Qr JO Jsut+(1—s)u~
X S,’7 (c —sut — (1 - s)u_)dads%jhxpdxdtdydt — 0, (32)

asn — 0.

Let us come back (29). Since

lirr})A,](u, V) = lirr})A,,(V, u) =sgn(u — v)[A(u) — AW)],
n— n—
we have
%i_r)r})[An (u, V)‘f’x,jhm + Ar) (u, V)¢yijhyi] =0. (33)
Combing (26)—(28) with (32)—(33), and lettingn — 0,4 — 01in (26). We obtain

//Q [lu(x, t) — vix, t)|de — sgn(u — v)(bi(w) — bi(v))dx, + |A(u) — A(V)| A dxdt
! 2
) Ydxdtdydt > 0.

:// // S;(u—v)<vx/u Va(s)ds Vy/vs/zz(s)ds
Qr JJQr 0 0 (34)

By Kruzkov’s bi-variables method it means that, by a process of limit, we can choose a
suitable test function ¢ € C& (Qr) in (34), to obtain the stability of the solutions.

Proof of Theorem 1
The proof of Theorem 1 Let x = {x1,%2,...,%i,...,N}and define

P T ifOSxiS%,
dl(xl)_{l_xi, if% <x; <1. (35)

For small enough /4, we set

sin 3 (di(®)), if 0 <di(x) < %,

@i (%) = { 1 if d;(x) > T (36)

Page 8 of 13
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Let0 < n(t) € C& (¢) and choose the test function in (34) as

N
o) =n@) [ o).

j=1 (37
Then
N
hp (6, 0) = n(0gir(x) [ 0126
j=Lj#i
11 N Y
= 1(t) cos > (i@, ) [] ¢, 0= diti) = =~ (38)
) j=1j#
1 N 1.1 , 1 1
Ap(x,t) = Iﬂ(t) H ®j(%7) [—/1 sin z(di(xi))dixi + - cos E(di(xi))Adi(xi)
j=1j#i i
1 N 1 2
=—2n® I ¢:@)sin S@i)dE, <0, 0 <dite) < == 9
) j=Lj#i ’

For (39) in (34),
/ /Q It v 0160 — st — Vb0 — b5 0]t 20, (a0

By that |0y, ¢ (%, )| < L1bi(w) — b;(v)| < clu — v|, we have

T
1
[ et = vz re [ [ w3 - vidsae = o, ()
Qr o Jo, 4

where Q; = {x € Q : d;(x;) < %”}. According to the definition of the trace of BV func-
tions (Enrico 1984), when x € X1, yu = yv = 0,let L — 0in (41). We have

T 1 T
lim [ 05 [ = vidsdt =c [ nOlu—visads
=0 Jo A Q; 0

T
= C/ n(t)lu — vipedt < c-essupy, , o lf (1) — g(x,2)|.
0
Let 2 — 0in (41). Then
c-essupy, o, lf ¥ 1) — g, )| + //Q |u(x,t) — v(x,t)| nydxdt > 0. (42)
T
Let0 <s <7t < T,and
s—t
n(t) = / ag(0)do, & < min{t, T — s}.
T

—t

Here «, (¢) is the kernel of mollifier with «.(¢) = Ofort ¢ (—e¢, ¢). Then

T
¢ -essupy, o, lf (%, 1) — g(x, D) +/0 [oe (£ — 8) — e (t — T)]|u — VI (@ydt = 0,

Page 9 of 13
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Lete — 0. Then
lu(x, T) —v(x, D)) < [ux,8) —v(x,$)|q) + ¢ - essups, o1 [f %, 1) — g(x, £)]

and the desired result follows by letting s — 0.

On the half space
At the last section of the paper, let’s consider Eq. (1) on the half space

0

81; = AA) + div(b(w), (x,0) € RY x (0, T), (43)
with the initial value condition

u(x,0) = uo(x),x € RY, (44)
where R{X = {x = (x1,%2,...,%n) : &n > 0} is the half space of RN, The author Zhan
(2015b) had shown that when b);(0) < 0, we can give Direchlet homogeneous boundary
value

u(x,t) =0, (x,¢) € IRY x (0,7) = £ x (0, 7). (45)

while b}, (0) > 0, no any boundary value condition is necessary. Now, we give the defini-
tions of the entropy solutions of the Eq. (43), which are the minor versions of the Defini-
tion 2.1 in Zhan (2015b).

Definition 2 Let b},(0) < 0. A function # is said to be the entropy solution of Eq. (43)
with the initial value (44) and the boundary value (45), if

1. u satisfies

8 u
u € BV(Qr) NL™(Qr) N L (Qr), o / Va(s)ds € L*(Qr).
iJ0

2. Foranyg, ¢ € Cg(QT), ¢ > 0, forany k € R, for any smalln > 0, u satisfies
/ / |1 = o0pc = By (at, ), + A 1,00 A
Qr

u ? 46
—S;(u—k)‘V/O Va(s)ds| ¢ |dxdt > 0. (46)
3. For any positive constant R,
lim |u(x,t) — uog(x)|dx = 0. (47)
t—0 Br(xR)
for any given positive constant R, where x% =(0,0,...,0,R), Brxf) =

{x e RY : |x —xR| < R).
4. The boundary value condition (45) is true in the sense that the traces yu = yv =0

on 8R{\£ as usual.

Definition 3 Let b},(0) > 0. A function u is said to be the entropy solution of Eq. (43)
with the initial value (44), if u satisfies Definition 2 except the fourth point. In this case,

no boundary value condition is required.
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Now, we actually are able to prove the existence of the solutions defined as Defini-
tion 2-3 in a similar way as Zhan (2015b), we omit the details here. In what follows, we
only provide a new and simpler proof of the stability of the solutions.

Theorem 2 Suppose that A(s) and b;(s) are smooth enough. Let u, v be solutions of
Eq. (1) with the different initial values up(x), vo(x) € L™ (Rf[) ﬂLl(R{\[ ) respectively. If
by (0) < 0, suppose that the traces yu = yv = 0 on X as (45). Then

/ W%ﬂ—vmﬂwxi/ luo — voldx. (48)
RY RY

+ +

Ifby(0) > 0, then

/]RN |u(x, t) —vix, t)|dx < /N luo — voldx + cesssupy, o, lu(x, 1) — v(x, £)]. (49)
N

RY

Proof By Kruzkov’s bi-variables method, as we have done in section “Kruzkov’s
bi-variables method’, we can get

/ /Q [, £) — v(x, £)|he — sgn(u — v)(bi() — bi(v) s, + |A() — A(v)| Agdxdt > 0.
! (50)

Now, we can choose ¢ in (50) by
P (x,8) = w;(x)n(8),

where 7(¢) € C5°(0,T), and w;(x) € Cg(Q) is defined as follows: for any given small
enough0 < 4,0 < w; < 1,w|sq =0, and when xy > /,

w)(x) =1,
when0 < xy < 4,

(xn — A)?

0;(%) = w; () =1 — ——5

Clearly,

2
b = N (@, (xN))x; < | (xn)] < %&l’ = (O Aw;(xn) = )V () (xn) Van) = —n(®) -
Then by (50),

0< / / lu(x, t) — v(x, t)|n' () w; (x)dxdt
Qr

dw;
- / / [sgn(u DO — DO "2 4 AG) — A (0 Aw; () | duds
Qr XN
T
< // lu(x,t) — vx, £)|n' (&) w; (x)dxdt + c/ n(t)dti / |lu — v|dx.
Qr 0 A {xn <A}

(SD
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Noticing lim;_,o w; = 1, by the definition of the trace of a BV function, let 4 — 01in (51).
Then

// lu(x, t) — v(x, £)|n' (t)dxdt + cessup|lu — Vlsxo,m) = 0. (52)
Qr
Let0 <s <7t < T,and

s—t
n(t) = / ac(o)do, € < min{t,T — s},
T—t

as before. Let ¢ — 0. Then
/ 4, ) — v, )| dx < / 1, 7) — v 7l + cessupl — Vlg xo.1)-
Q Q

Let s — 0.If by, (0) < 0, suppose that the traces yu = yv =0on %,

/]RN lu(x, t) — v(x, t)|dx < /N luo — voldx. (53)

+ Ry

If b, (0) > 0, no any boundary value condition is necessary, then

/]RN lu(x, t) —vix, t)|dx < /RN |ug — voldx + cesssupEX(O,Tﬂu(x, t) —v(x, 1) (54)

+ +

we have the conclusion.

Conclusion

The paper shows that there is an essential difference of the boundary conditions between
the strongly degenerate parabolic equation and the weakly degenerate parabolic equa-
tion. Instead of the whole boundary 9, only a part of 322 on which we can impose the
boundary value if the well-posedness of the solutions to a strongly parabolic equation is
considered. In physics, for example, if we consider a special case of Eq. (1), we consider
the nonlinear heat conduction equation

u; = div(k(uv) Vu),

if k(0) = 0, it means there is not heat flux across the boundary. Then the partial bound-
ary 1 = {, so there is no any boundary condition is necessary.
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