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Abstract

Modified homotopy perturbation method (HPM) was used to solve the hypersingular
integral equations (HSIEs) of the first kind on the interval [—1,1] with the assumption
that the kernel of the hypersingular integral is constant on the diagonal of the domain.
Existence of inverse of hypersingular integral operator leads to the convergence of
HPM in certain cases. Modified HPM and its norm convergence are obtained in Hilbert
space. Comparisons between modified HPM, standard HPM, Bernstein polynomi-

als approach Mandal and Bhattacharya (Appl Math Comput 190:1707—1716, 2007),
Chebyshev expansion method Mahiub et al. (Int J Pure Appl Math 69(3):265-274, 2011)
and reproducing kernel Chen and Zhou (Appl Math Lett 24:636-641, 2011) are made
by solving five examples. Theoretical and practical examples revealed that the modi-
fied HPM dominates the standard HPM and others. Finally, it is found that the modified
HPM is exact, if the solution of the problem is a product of weights and polynomial
functions. For rational solution the absolute error decreases very fast by increasing the
number of collocation points.

Keywords: Homotopy perturbation method, Hypersingular integral equation,
Integral equation

Mathematics Subject Classification: 45E05 (Integral equations with kernels of
Cauchy type ), 30E20 (Integration, integrals of Cauchy type, integral representations of
analytic functions)

Background

Hypersingular integral equations (HSIEs) arise a variety of mixed boundary value prob-
lems in mathematical physics such as water wave scattering (Kanoria and Mandal 2002),
radiation problems involving thin submerged plates (Parsons and Martin 1994) and
fracture mechanics (Chan et al. 2003; Nik Long and Eshkuvatov 2009). Chen and Zhou
(2011) have solved HSIE using the improvement of reproducing kernel method. Gol-
berg (1987) obtained the approximate solution of HSIEs using Galerkin and collacation
method and discuss their convergence. Spline collocations method has also been used
to solve linear HSIE of the first kind and nonlinear HSIE of the second kind in Boykov
et al. (2010, 2014) respectively. Projection method with Chebyshev polynomials were
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discussed to solve the singular and hypersingular integral equation of the first kind in
Eshkuvatov et al. (2009), Mahiub et al. (2011) respectively.

Homotopy perturbation method (HPM) has been used for a wide range of problems
He (1999, 2000), Khan and Wu (2011), Madani et al. (2011), Ramos (2008), Stota (2010),
Jafari et al. (2010), Golbabai and Javidi (2007), Dehghan and Shakeri (2008), Ghasemi
et al. (2007), Panda et al. (2015), Okayama et al. (2011), Panda (2013), Javidi and Gol-
babai (2009), Ghorbani and Saberi-Nadjafi (2006), Mohamad Nor et al. (2013). Particu-
larly, He (1999, 2000) was pioneer of establishing HPM and used it to solve the linear
and nonlinear differential equations. Khan and Wu (2011) used He’s polynomials to
solve nonlinear problems. Madani et al. (2011) employed HPM together with Laplace
transform for solving one-dimensional non-homogeneous partial differential equations
with a variable coefficients. Other usage of HPM were finding the exact and approximate
solutions of nonlinear ordinary differential equations (ODEs) (Ramos 2008), one-phase
inverse Stefan problem (Slota 2010), linear and nonlinear integral equations (Jafari et al.
2010), the integro-differential equations (Golbabai and Javidi 2007; Dehghan and Shak-
eri 2008) and nonlinear Volterra—Fredholm integral equations Ghasemi et al. (2007).
In Panda et al. (2015), a modified Lagrange approach is presented to obtain approxi-
mate numerical solutions of Fredholm integral equations of the second kind. The error
bound is explained by the aid of several illustrative examples. In Okayama et al. (2011),
two improved versions of the Sinc-collocation scheme are presented. The first version is
obtained by improving the scheme so that it becomes more practical, and natural from
a theoretical view point. In the second version, the variable transformation employed
in the original scheme, the tanh transformation, is replaced with the double exponen-
tial transformation. It is proved that the replacement improves the convergence rate
drastically. Numerical examples which support the theoretical results are also given. In
Panda (2013), some recently developed analytical methods namely; homotopy analysis
method, homotopy perturbation method and modified homotopy perturbation method
are applied successfully for solving strongly nonlinear oscillators. The analytical results
obtained by using HAM are compared with those of HPM, mHPM.

To improve the efficiency of the HPM, a few modifications have been made by many
researches. For instance, Javidi and Golbabai (2009) added the accelerating parameter
to the perturbation equation for obtaining the approximate solution for nonlinear Fred-
holm integral equation. Ghorbani and Saberi-Nadjafi (2006) added a series of param-
eter and selective functions to HPM to find the semi-analytical solutions of nonlinear
Fredholm and Volterra integral equations. Mohamad Nor et al. (2013) developed the
new homotopy function using De Casteljau algorithms to solve the algebraic nonlinear
problems.

Consider HSIE of the first kind

1 1 K@t
) (t—x)?

1
o(t) dt + %/ Lix,t)p®)dt =f(x), —-l<x<]l, (D
-1

where ¢(x) is the unknown function of x to be determined, K(s, ¢) and L;(s, t) are the
square integrable kernels on D = {(s,¢) € R?| — 1 < 5, < 1}. Assume that K{(s, t) is con-
stant on the diagonal of the region, i.e.

1((x¢ t) =co + (t - x)1<l(x¢ t), (2)
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where ¢ is a nonzero constant and Kj (x, £) is square integrable kernel of the form
Ki(x,t) = Q) + (¢ —x)Q1(x, 0),

Q(x) is smooth function and Q; (%, t) is square integrable kernel.
The main objective is to find the bounded solution of Eq. (1). We search a solution in
the form

ex) = V1—x2u(x). (3)

Substituting Eqs. (2) and (3) into (1) yields

<o L J/1—1¢2 Q) [t V1-1¢2
t—x

u(t)dt +

ey — u(t)dt

“4)

1

+%/‘VL%%mﬂMUﬁ=fw,—d<x<L
-1

where L(x,t) = Qi1(x,t) + Ly (x, t).
Let us rewrite Eq. (4) in operator form

Hu+Cu+Lu=f, (5

where

o [1VI=2
Hu(x) = - " G_0?

1 _ 42
@m:me 1= o,
T 1 t—x

1
Lu(x) = %/1 V1—t2L(x,t) udt.

In this paper, the standard (convex) HPM and the modification of improved HPM (in
short modified HPM) are utilized to find the bounded approximate solution of HSIEs
(4). Norm convergence for both HPM and modified HPM are proved.

The structure of this paper is arranged as follows. In “Hilbert spaces and operators”

u(t) dt,

section, related information regarding to the Hilbert spaces and operators theory are
given. Description of standard HPM and modified HPM are presented in “HPM and
modified HPM for HSIEs” section. Norm convergence of both standard HPM and modi-
fied HPM are proved in “Convergence of the methods” section. Implementation of mod-
ified HPM and its comparisons with others are shown in “Numerical examples” section.

Finally, “Conclusion” section is for the conclusion.
Hilbert spaces and operators
Let us consider some well known facts concerning the operator H in Eq. (5). Let

i 1o
u,) = W, 0 = cos ' x, n=0,1,2,..., (6)

denote the Chebyshev polynomials of the second kind, and

—\F”
¢n =/ = U )
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is normalized Chebyshev polynomials of the second kind
1
/ V1—t2¢2(t)dt = 1.
-1

It is well known that the hypersingular operator Hy can be considered as the differential
Cauchy operator i.e.,

1 7[1 \/l—tzu(t) ][ «/l—tzu(t) d
T dxn

C(t—x)? t—x = dx 2 e ®

as well as acting operator C, for Chebyshev polynomials of second kind yields

1 1 V1-22u,@
Celyu(x) = - ][1 7()‘# = —Tyy1(x), )

t—x

where 7,11 (x) is the Chebyshev polynomial of the first kind.
It can easily be shown from (7), (8), (9) and T, (x) = (n + 1)U, (x) that

Hey(x) = —co(n + 1) du(x), (10)

Q()(

Cpul) = — g1 (%) — ¢>n_1(x)), n=01,..., (a0

where ¢_1(x) = 0. Note that Eqgs. (10) and (11) are crucial to the rest of our analysis.
Let L(p) denotes the space of square integrable real valued function with respect to
p(x) = /1 — x2. The inner product on L(p) is given by

1
(u,v)p, = /lp(t)u(t)V(t) dt,

and |||, = /(#, V), denotes the norm.
The set {¢y}72 , is a complete orthonormal basis for L(p), so that if # € L(p) then

M

(t, i) p P>

iy
o

where the sum converges in L(p). In addition, the norm of u satisfies the Parseval’s

equality
o
laally = G, i)
k=0

We will need the subspace of L(p) which is consisting of all u such that

D k4 1w, )% < o (12)

k=0

All functions satisfying (12) is denoted by L; (p) and it can be made into Hilbert space if
the inner product of u € L;(p) and v € L1(p) are defined by
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()1 =k + D> (w, i) p (v, i) -

k=0

The norm of u € L1(p) is given by

el =)k + 1)%(u, )3 (13)

k=0

We extend the operator H defined by (5) as a bounded operator from L;(p) to L(p) by

defining
Hu=co Y (u,¢x)pHor = co D (1, b} o (—(k + 1),
k=0 k=0

and observe that

o0
IHul? = > + D) (w, )% = cdllull}.
k=0

It is not hard to show that H~! : L;(p) — L(p) exist and is given by

_ 1o~ (x>
H 1u:c()z<_k+lp>¢k, (14)

k=0
hence H is invertible Golberg (1987).

Lemma 1 The norm of operator H=' : L1(p) — L(p) is

1
IH ) = —. (15)
lcol

Proof Assume that H~'u = v. On the other hand

W) = (H 'u, ) = —

1 (u, ¢k)
o (16)

0o k+1°

Since v € Li(p) and due to (16) we have

i} = "t + D> (v, x))?

k=0

%Z( M’¢/<
0

k=0

(9

1
2
— llulls.



Eshkuvatov et al. SpringerPlus (2016) 5:1473 Page 6 of 21

Therefore

1
—1
1H  ully = — llull,.
ol

By the norm definition of operator, we obtain

1 1 1 1
HH H = sup HH uH =— sup |ull, =—.
ueLi(p) 1 eol jup,<1 |col an
flull, <1
O

Some facts from operators theory

Lemma 2 Let A, B be operators acting in Hilbert space. If A is bounded and B is com-
pact then the products AB and BA are compact.

Lemma 2 is proven in Reed and Simon (1980, Theorem V.12, pp. 200).
Lemma 3 The operators C : L1(p) — L(p)and H™IC: Li(p) — Li(p)are compact.

Proof Let us define operators T, T7: L1(p) — L(p)as

e¢]

Tru=Y (th$k) pPrs1,
k=0
o0

Tiw =Y (1) pbi1. (18)
k=1
These operators are bounded from L(p) — L(p). Moreover, boundedness and the com-
pactly embeddability of T, and T; from L1 (p) to L(p) (Berthold Berthold et al. (1992, Con-
clusion 2.3)) implies the compactness of T, and 7}. From (11) and (18) it follows that

Cu(x) = @(Tr — Tpu(x). (19)

Since operators T, and 7; are compact, its linear combinations is also compact i.e.
T, — T : L1(p) — L(p). As we know Q(x) is a continues function on the closed inter-
val[—1,1]and T}, — T} is compact, their product C is also compact by Lemma 2. On the
other hand H~!is unitary and C is compact due to Lemma 2. Hence, operator H~1C is
compact. t

Since operators C and L are compact then C + L : L1(p) — L1(p) is also compact. We
know that H~1(C 4 L) : L1(p) — L1(p)is a compact operator. Due to the Fredholm the-
orem Reed and Simon (1980, Theorem VI.14) the inverse operator (I + ZH 1 (C + L))~ !
of the operator function I + ZH~1(C + L), 2 € C, exists for all /1 in C \ Cy, where Cy is a
discrete subset of C (i.e. a set C; has no limit points in C) and for 4 € C; the null space
N( + JH™Y(C + L)) is finite, that is z = —4"! is the eigenvalue of H~!(C + L) with
finite multiplicity. These facts allows us to suppose the following
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Assumption 4 / = 1does not belong to Cy, i.e. N(I + \AH1(C + L)) = {0}.

Lemma 5 Let the Assumption 4 is satisfied, then the operator H + C + L is invertible,

and the main Eq. (5) has a unique solution.
Proof Since H is invertible we get the relation
H+C+L=HU+H (C+L), (+H ' (C+L):Lilp) — Li(p),

which gives us the fact that H 4+ C + L is invertible iff I + AH~1(C + L) is invertible.
Then due to Assumption 4 the operator H + C + L is invertible. ]

Assumption 6 Assume that S = H + C + L where H, C, L are defined by (5) is an

invertible operator such that

NH+CH+L)=0,
(20)

where N(A) is a nullspace of A.
Let P, : L(p) — L(p) be the orthogonal projection onto the subspace spaned by

{¢01¢11 ) ¢n} and
L,=P,L.

Lemma 7 If(20) holds then

~ &
ILI = IL = Lnll < ——,
IS

and S = (H + C + L) exist and invertible operator.

Proof Since L is compact operator then L —> 0 i.e. for Ve > 0, there exists 1 such
n—oo

that n > ng implies

~ &
LI = IIL = Ll < ——.
IS

Due to invertibility of S = H + C+ Land L = L — L, e 0 we obtain
IH+C+D7'L| <1,
Hence I — (H + C + L)~'Lis invertible and
I-—H+C+D D) " H+C+LD) ' =H+C+Iy) "
due to Lemma 2 operator S=H+C+ L, is invertible O
HPM and modified HPM for HSIEs
HPM for HSIE

We present the application of standard HPM for solving hypersingular integral equa-
tions of the first kind (5). The perturbation scheme in convex homotopy form is given by

H*(v,p) =1 — p)(Hv —ugp) + p (Hv+ Cv + Lv — f), (1)
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where p € [0, 1] is homotopy parameter. For p = 0 the solution of the operator equa-
tion H*(v,0) = 0 is equivalent to the solution of a trivial problem Hv(x) — ug(x) = 0.
For p = 1the equation H*(v, 1) = 0 leads to the solution of Eq. (5).

The solution of operator equation H*(v, p) = 0 is searched in the form of power series

v@) = > pvi). (22)
k=0

We assume that the series (22) possesses a radius of convergence not smaller than 1.
Substituting (22) into (5) yelds

H (Zpkw(x)> —up+p

k=0

f - C(ZPka(x)> —L<Zpkvk(x)> - uol. (23)

k=0 k=0

Existence of H~! and equating the coefficients of like powers of p in Eq. (23), leads to the
following iterations

vo = H Y (up),
Vv = H_l(f —ug — Cvg — Lvp), (24)
ve =H ' (=Cvg_1 — Lvg_1), k = 2.

By computing the iterations v in Eq. (24), we can find semi-analytical solution as follows
0@ = V122 (vo@) + @) + ) 25)

Approximate solution can be computed by

on ) = V1 =22 (o) +v1(0) + -+ ()
=V 1-—xvyn, (26)

where
N =vo(x) +vi(x) + -+ vy (). 27

Modified HPM for HSIEs
Let us rewrite Eq. (5) in the equivalent form

Su+Lu=f, (28)
where
S=H+C+L, S=H+C+L,with |S—§| — 0,
n— 00

L=L—-1L, with |L|=|L—-L,| — O.
n—0o0
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Modified HPM for Eq. (28) is constructed as

H'wvp)=A=p)[Sv=> g | +pSv+Lv—-f),
j=0

m m
=Sv=> ojg@ +p|Lv+> ajgx) —f
j=0 j=0

Equating H*(v, p) = 0leads to

Sv:Zaj(gj(x)—p iv+Za,'gj(x) -f1. (29)

j=0 j=0

Substituting series solution (22) into (29) yields

§<Zkak(x)> =Y ojgx) —p Z(Zpkvkoc)) +> g —f|.
k=0

j=0 k=0 j=0

Equating both sides to the like power of p gives

S(wo) =Y ajgi),
j=0

m
- - (30)
S =—Lvo) +f = >_ g,
j=0
Svip) = —L(vk_y), k=2,3,...
Since § is invertible by Lemma 7, we have
5 m
vo =81 Zajgj(x) ,
j=0
(€29

=81 —Lovo) +f =Y ege |,

Vi = S (—Z(Vk_l)), k=23,...

Semi-analytical solution of Eq. (5) can be computed by (25).

Remark Note that most cases of modified HPM, the unknown coefficients o; of vy in the
first equation of (31) are defined by equating the next iteration v; to be zero and it leads
to vk =0, k > 2 which implies two step method. In general, if v; # 0 but ng) — 0 as
m — oo then we can compute the next iteration vg, k > 2. It effects to the next iteration
k > 2 but the contribution to the solution of the problem will be very small therefore we

can neglect it.

Page 9 of 21
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Convergence of the methods
Convergence of HPM
Let us consider HSIE (5) by adding parameter / of the form

Hu+ A(C+Lu=f. (32)

Standard HPM for Eq. (32) has the scheme

vo =H ™ (uo),
vi = H Y (f — ug — A(C + L)wp), (33)
vk = H Y (=AC + Lyvg_y), k> 2.

Since H~! exists, Eq. (33) is computable. The convergence of the method is given in the

following theorem.

Theorem 8 Let K(x,t) =co+ (t —x)Ki(x,t) and Kyi(x,t), L(s,t) € C(D) and
f € C[—1, 1] be continuous functions. In addition, if the following inequality

[AHIC + LIl < leols (34)

holds and initial guess uy(t) is chosen as a continuous function fort € [—1, 1], then the series

(22) is norm convergent to the exact solution u on the interval[—1, 1] for each p = [0, 1].

Proof Let|luoll, = M and||f||, = M;. Based on (33) and Lemma 1 we have

-1
Ivolly < IlH "l luoll, =

M
ol
IH I = wo — 2(C + L) woll s
coMi +coM + |A| ||C+ L| M _
|col?

Ivally < IH A (C + Ly villp,

_1MIC+L1|B

- lcol

21IC + LI\ %1
vl < ( B,
lcol
=yl 1B, k>2.

IA

Ivill

B,

A

where

_1AHIC+ L
V1= T (35)

1 A
= oz |coM + oM + 11 ||C+L||M] (36)

Page 10 of 21
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Assume that y; < 1, then from (22) at p = 1, we obtain

o
< lvollr + > vl

1 k=1

vl =

> i@
k=0

o
B
§M—|—Zy1]<7lB=M—|— < 00.
k=1 1= "
Therefore, series (22) converges to the exact solution in the sense of norm || - ||1.0]

Remark 9 Note that in our case A = 1 and the convergence of HPM can be established
if and only if

1€+ LIl < leol-

It implies that HPM converges to the solution of HSIEs (5) in rare cases.
The first N + 1 terms of series (22) as p — 1 gives the approximate solution of the

form
N
IN@) =) vi(®). 37)
k=0
Theorem 10 Ify; < 1, then the rate of convergence of the approximate solution vy can
be estimated by
N
Ex < B,
1-n (38)

where Ex = ||v(x) — VN (%) |1 and B is defined by (36).

Proof

lv) — @) =

PO EDIRIC))

k=0 k=0

1

o0 o

= > ww|| = > @i

k=N+1 1 k=N+1
o0
k—1
= > nB
k=N-+1
N
__Nn
1-n

Since y; < 1, the norm
[lv(x) —vu@®)|l1 — O

whenever n — o0. O
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Convergence of modified HPM

Let us consider HSIE in the form of Eq. (28). If v; =0 in (30), then vy satisfies
.§Vo +Lvy = f and coincides with the exact solution. If v; # 0 then VY”) — O i.e. for any
¢, there exists myg, such that m > mg implies

A < e (39)

Let Hz;ioajgj(x))H = M, and ||f|l, = Mj, then due to (31) and existence of S—1
P

(Lemma 6) we obtain

m
Ivolls = ||S7H D gita)
j=0 1
< 157H I M,
m
il = |87 =Lvo) = > o gx) +f
j=0 1
=s
Ivall = |37 (Zow )
=[5 e
=ne
where y» = HSAH HZH and by continuing these procedure

vl = 37 (Zoen) |

LRI
=I5 E
= yzk_l e. (40)
Due to||L|| = ||IL — L,|| —> 0it can be easily shown that y» < 1 for large enough k then
n—> 00
o o
vl < D vel| = lvoll + || D
k=0 1 k=1 1
o
S
k=1
= H.§_1HM1 + < 00.
11—y

Thus, we have proved the following theorem

Theorem 11 Let K(x,t) =co+ (t —x)Ki(x,t) and Ki(x,t), L(s,t) € C(D) and
f € Cl—1, 1] be continuous functions. In addition, if the following inequality

o= ISTHIILI < 1, (42)
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holds and selective functions gj(x), j=0,...,N are chosen as a continuous function on
the interval [—1, 1], then the series solution (22) is norm convergent to the exact solution
@(x) on the interval [—1, 1] for each p = [0, 1].

Remark 12 Theorems 8 and 11 show the fact that the exact solution u belongs to L (p).
Then due to Berthold et al. (1992, Theorem 2.13) the function u belongs to C™V (-1, 1).

Approximate solution of Eq. (4) in series (37) can be estimated as follows.

Theorem 13  Rate of convergence of approximate solution vy can be estimated by

“1-v 43)
where E,, = ||[v(x) — VN (x)|| and ¢ are defined by (39) and y» < 1.

Proof

lv(®) —vn @)l

oo N
> @ = v
k= k=0

0

1

o0 o0

dow®| = > k@l

k=N+1 | k=N+1
o0
=X e
k=N+1
N
e

= E.
1=

O

Vs
1=
small ¢ gives the smaller error rate for Ex in (43) than error Ey in (38). This fact shows
that the modified HPM is dominates the standard HPM.

Remark 14 Since yy < 1, the term

& — 0 as N — oo. Moreover, sufficiently

Numerical examples

Example 1 (Mandal and Bhattacharya 2007). Consider HSIE (1) of the form

1Y oew
;7[,1(x—t)2dt_1’ —l<x<1. (44)

The exact solution of Eq. (44) is ¢ (x) = —v1—x2andcy = 1, fx) =1

Solution 1t is easy to find that Eq. (44) satisfied all conditions in Theorem 8. To apply
HPM, we choose the initial guess as up = ¢o(x). Since Cu = Lu = 0 and from (14) we
can easily get
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gy = —L U
Ho ) == (45)

Referring to (24) and using (45), we obtain successive functions

vo(x) = H (o) = —¢o,

vi(x) = H (1 — ¢o) = (=1 + ¢y),
vix) =0.j=2,3,...

Since v (x) = v3(x) = - - - = 0, the approximate solution of Eq. (44) is

() = V1—-x2() + ) = —V1-—a? (46)

which is identical with exact solution.
For application of modified HPM to the Eq. (44), we do this following steps:

1. Let selective functions gj(x) = ¢;(x),j =0,...m. Since S=H, L=0 for (44) we
can use inverse operator (45). Based on the scheme (31) for m = 2 we obtain,

Vo (x) = H—l(ao ¢o + a1 ¢1 + ag p2) = —appo — % o1 — % &2,

— (03] (0%)
i) = H ' (1 — oo o — 1 1 — oz ) = —1+aodo + — b1+ = ¢,

w=H10)=0k=23,...

2. Sincevy =0, k = 2,3,...we can easily find approximate solution as

px) = V1-x2(ox) +vix) = —V1—4x2 47)

which coincides with exact solution.
Mandal and Bhattacharya (2007) consider the Eq. (44) and comparisons with HPM,

modified HPM are summarized in Table 1.

Example 2 Mahiub et al. (2011). Consider HSIE of the form

1t t 11t i
l 7[ o0 4L / sin(o)tt (6 d = —5(16x% — 1222 +1) — S0 4 L1
7 J_1 (x —t)2 7)1 32
(43)
with exact solution ¢(x) = v/1 — x2 (16x* — 1242 + 1).
Table 1 Errors of methods for Eq. (44)
X Error in Mandal and Bhattacharya (2007) Error of HPM Error of modified HPM
—1 0 0 0
—05 13x 107" 0 0
0 0 0 0
05 78 % 10718 0 0
1 0 0 0
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Solution Conditions of the Theorem 8 does not hold for Example 2. Therefore we did
comparisons between modified HPM and method given in Mahiub et al. (2011).
To solve the Eq. (48) by modified HPM we do the following steps:

1. Let us choose selective functions gj(x) =¢j(x),j=0,...,m and Kker-
nel L(x,t) =sin(x)t* in Eq. (48) be approximated by projection kernel
Ly(x,t) = Zle bi(x);(¢). In this case Lu = Lu — L,u = 0. Since Cu =0, Lu =0
then S = H + L. From (30) it follows that

(H+Lyvo=>_ 0o ¢j(x),

j=0
H+Lyv=f— zm:aj ¢j(x). “
j=0
(H+Lyvg=—L(vg_1) =0, k=2,3,...

2. Letvy =uy = Z,'W;o a;j ¢j(x), then from the first equation of (49) we define
H+L=1 (50)
From the 2nd equation of (49) we obtain

m
> @dix) =f (). (51)

j=0

Approximating sin(x) by Chebyshev polynomials

. w11 1
sin@®) ~ 4/ = (24¢1(x) - 48¢3(96)> (52)

and using first equation of (49) and taking account of (51) we get

i T 11 1
HADY i) = ﬁ (—5¢4(x) — 5 h®+ 48¢3(x>>. (53)

j=0

Comparing the base of Chebyshev polynomial from the both sides of Eq. (53) the
solutions are

T
oy = EX o1 =ay =a3 =0. 54)
3. Substituting (54) into Eq. (25) yields the exact solution
o) =V1—x216x* —124% + 1). (55)

Comparisons of Modified HPM and Chebyshev expansion Mahiub et al. (2011) is given
in Table 2 for Eq. (48).

Example 3 Chen and Zhou (2011). Consider HSIE in the form

@(t) 1 /1 5 17
— — t. t)ydt = —8 —x—1, -1 1,
7[1(x—t)2 +2n . x (L) x+8x <x< (56)
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Table 2 Errors of approximate solutions for Eq. (48)

X Mahiub et al. (2011) Modified HPM
—1 0 0
—08 21 % 10710 0
—06 40 x107° 0
—04 34 % 1077 0
—-02 23 %1077 0
0 20 % 1077 0
0.2 23 %1077 0
04 33 %1077 0
06 40 %1077 0
08 27 x107° 0
1 0 0

with exact solution ¢(x) = /1 — x2 (1 + 2x%).

Conditions of Theorem 8 are satisfied, therefore for HPM we choose initial guess as
uo = ¢1(x). Errors of numerical solution, computed for N = {5, 10} where N is a number
of iteration, are given in Table 3.

To use modified HPM for solving Eq. (56), we do the following steps:

1. As usual we choose selective functions as gj(x) = ¢;(x), j=0,...,m and ker-
nel L(x,t) =tx in Eq. (56) be approximated by projection kernel of the form
Ly(x,t) = 25:1 bi(x)pi(t). Again for this case Lu=Lu—L,u=0. Since
Cu=0, Lu=0thenS=H + L. Using (30) we have

(H+Lyvo =Y o),

j=0
m
(57
H+Lvi=f =) ).
j=0
(H+Lyvg=—-L(vk_1)=0,k=2,3,...
2. Againvy =0, k =2,3,...and by equating v; = 0 we have
m

> e ¢i(x) =f (). (58)

j=0
Table 3 Errors of solutions for Eq. (56) solved by HPM
X N=5 N=10
—0.9999 2424502288 x 1078 2312185561 x 1071
—0.901 6.701859769 x 10~/ 6391391532 x 10713
—0.725 8561715506 x 1077 8165088181 x 107"
—0436 6.727677283 x 107/ 6416013033 x 10713
—0015 2571605139 x 1078 2452473774 x 10714
0015 2571605139 x 1078 2452473774 x 10714
0436 6.727677283 x 10~/ 6416013033 x 10713
0.725 8561715506 x 1077 8165088181 x 10713
0901 6.701859769 x 10~/ 6391391532 x 10713
0.9999 2424502288 x 1078 2312185561 x 1071
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using 1st equation of (57) and taking into account (58) yields

“ 7 15
(H+D) ¢ = ﬁ <—¢3(x) — ¢h @ - ¢o(x)>. (59)

j=0

Comparing the base of Chebyshev polynomial from the both sides of Eq. (59) pro-
duce a system. Solutions of the system are

T 1 /m 0 1 /m 60
g =+4/—, O] =—4/—, o3=0, az3=—4/—.
0 2 175V 2 2 374\ 2 (60)

3. Substituting (60) into Eq. (25) yields

o) = V1—x2(1+2x%). (61)

which is identical with the exact solution.
Results are calculated by taking the maximum of absolute errors for Eq. (56). Compari-
son of the results between HPM, modified HPM and reproducing kernel Chen and Zhou
(2011) shown in Table 4.

Example 4 Solve HSIE of the form

1 [ 1420¢- 1 !
- Mgo(t) dt + — [ e p(t) dt = —16x* — 40x> + 42
7 J_1 (x—1t)? 2 J_1

) (62)
+22x+1+§e2x, —1<x<1.

The exact solution of Eq. (62) is ¢ = V1 = x2(8x3 + 4x3 — 4x — 1).

Solution For this example, the conditions of Theorem 8 does not hold. Therefore, HPM
is not a reliable method to solve Eq. (62).

To obtain the approximate solutions of Eq. (62) by modified HPM (30), we do the fol-
lowing steps:

2% 43
1. Approximate L(x,t) = 5 by Chebyshev polynomials
o2
Lu(x,t) = E(%(t) —2¢:1(t)) = L(x,0), (63)

therefore L, = 0. Choose selective functions g (x) = ¢;(x), then from (30), we have
m
(H+Cvo =) _ (), (64)
j=0

Table 4 Errors of solutions for Eq. (44)

N Chen and Zhou (2011) HPM Modified HPM

5 68 x 107° 857 x 107/ 0
10 52%x 1078 78x 107" 0
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H+Cwi=f= a0 (65)
j=0
(H+Cwp = ~Ly_1) =0, (66)

with vy = Z/W;O ]9] ¢j ().
2. Since v = 0, for k > 2 and approximating e?* into Chebyshev polynomials with 4
bases

v [T (19 4 5 1 1
em =05 E¢o(x) + §¢1 (%) + §¢2(x) + g¢3(x) - ﬂm(x) ) (67)

then substituting (67) into (65) and equating v; = 0 for m = 4 yields

25w 507 = 959
by = 5 b=—c\ 5 b=
384 “ a2 256 \ 2 192

767
768

(68)
by = —
3. From (64), we obtain the values of ay, k = 0,1,...,4.

T
ap=a1 =a4 =0, oy =0a3= 3

4. Substitute all values of aj,i = 0,...,4 into (25), we have

4
Vo= ody(x) = \/qug(x) = 8x° + 4x® — 4w — 1.
k=0

Thus, we obtain the approximate solution in the form

o) = V1—x28x> + 44> —4x — 1) (69)

which is same as exact solution. Modified HPM has zero error for solving Eq. (62).

Example 5 Let us rewrite Eq. (4) in the form of

2+lzx(t x) 11 1 _
*% o) dt + — /(t+2++2>§0(t)dt—f(x), —1l<x<l,

(70)

2043 102 10(2 — /3)
e 52 V3+x)+10(2— «/_)x~|——(2«/_ 3)+ —

10
The exact solution of Eq. (70) is ¢(x) = v/ 1 — x2 e,
Solution Standard HPM is not suitable for solvmg the Eq. (70) as it is not satisfies the
conditions in Theorem 8. For the modified HPM, we choose the selective functions

where f(x) = —

gi(x) = ¢j(x), j=0,...,m. Approximating L(x, ) in Chebyshev polynomials form as
follows

B Nk
Ly(x,t) =x+ +2+Z( D 2k+1’ (71)
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In this case L # 0, therefore the scheme (30) has the form

(H+CH+Lvo= Y o), (72)
j=0
(H+C+Lvi=-L+f = aj¢(@). (73)
j=0

To solve Eq. (70), we choose the collocation points, x; as the roots of ¢ (x) which is

xX; = cos%, i=0,1,...n (74)
Errors of ¢(x) using modified HPM for values of m = {6, 26} are presented in Table 5.

From Tables 1, 2 and 4 show the comparison between the past method with HPM and
modified HPM. It is clearly seen that Modified HPM gives more accurate results com-
pare to the Chebyshev expansion method Mahiub et al. (2011), Bernstein polynomials
approach Mandal and Bhattacharya (2007) and Reproducing Kernel method Chen and
Zhou (2011).

Table 5 conclude that the modified HPM converges to the exact solution of Eq. (70)
by increasing the number of collocation points # and number of selection functions .
It can also be seen that the convergence is achieved at all singular points x including the
one which is close to the end points of the interval [—1, 1].

Conclusion

In this work, the standard and modified HPM are used to find the approximate solution
of the first kind HSIE. The theoretical aspect supported by the same numerical exam-
ples have shown the modified HPM gives better approximation than the standard HPM.
Based on the examples, the modified HPM ables to handle the problem that can not
be solved by standard HPM. Modified HPM is effective and reliable method for solving
HSIE of the first kind of the form (4).

Table 5 Errors of solution for Eq. (70) solved by modified HPM

X Modified HPM,m =n==6 Modified HPM,m =n=6
—0.9999 1.0851729 x 107* 14040446 x 10710
—0.901 3.5501594 x 10~* 1.8203460 x 1077
—0.725 1.8899796 x 107 6.1943369 x 1078
—0436 3.0648319 x 107 26221447 x 1078
—0015 86784464 x 107° 17385004 x 1078
0015 1.9992451 x 1072 18524990 x 1078
0436 33916634 x 107! 19700974 x 1078
0.725 6.3326189 x 107° 2.3479494 x 1078
0.901 12745747 x 1074 13403888 x 1078

0.9999 3.3327100 x 1072 3.5400390 x 10710
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