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Background

Let X be a real reflexive Banach space and Y be a real normed linear space. Suppose that,
and C C Y is a nonempty, closed and convex pointed cone with int C # @. Let K € X
be a non-empty subset and a set-valued function F : K x K — 2¥\{@}, the following
generalized weak vector equilibrium problem (GWVEP) is to find x € K such that

x € K such that F(x,y) N (—int C) = &, Vy € K, (GWVEP)
and the dual problem for (GWVEP), is so called (DGWVEP), is to find x € K such that
x € K such that F(y,x) N (int C) = &, Vy € K. (DGWVEP)

Both (GWVEP) and (DGWVEP) have been extensively studied by many authors (see
Ansari and Flores-Bazdn 2006; Ansari et al. 2001a, b, 2002; Flores-Bazan and Flores-
Bazén 2003; Ansari et al. 2001; Sadeqi and Alizadeh 2011; Zhong et al. 2011). An impor-
tant and interesting topic for (GWVEP) and (DGWYVEDP) is to study the nonemptiness
and boundedness of the solution sets. As far as we known, the first paper which dis-
cussed this issues was Flores-Bazadn and Flores-Bazéan (2003) in the case where F is vec-
tor-valued. They studied the existence of solutions of (GWVEP) under the asymptotic
analysis, where neither compactness of K nor any coercivity condition is assumed in
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reflexive Banach spaces. By using idea of recession method in Flores-Bazan and Flores-
Bazan (2003), Ansari and Flores-Bazdn (2006) gave some necessary and sufficient con-
ditions for nonemptiness and boundedness of the solution set of (GWVEP). In 2011,
Sadeqi and Alizadeh (2011) discussed and improved some results of Ansari and Flores-
Bazdn (2006). They gave the conditions under which the solution set of (GWVEP) is
non-empty, convex and weakly compact subset in reflexive Banach spaces. After a thor-
ough review of the literature and according to our knowledge, we found that the convex-
ity assumed for second variable of F is an essential assumption (see also Chen et al. 2008;
Flores-Bazan 2000; Fang and Huang 2007).

On the other hand, the stability analysis of the solution mappings to generalized vec-
tor equilibrium problem is an important topic in vector optimization theory. Recently,
the lower semicontinuity, (Ho6lder) continuity of the solution maps to (GWVEP)
are discussed in Li and Li (2011), Gong (2008), Chen et al. (2009), Xu and Li (2013).
Among those papers, we observe that the linear scalarization technique is one effective
to deal with the lower semicontinuity and (Holder) continuity of solution mappings to
(GWVEP). Based on the linear scalarization, the solution sets for (GWVEP) is the union
of family of the solution set to scalarized equilibrium problems with respect to the linear
map on dual cone. In natural, the union of family of solution sets to scalarized equilib-
rium problems is finer than the solution set to (GWVEP). In order to obtain the equality,
convexity in second variable of F is assumed.

Motivated and Inspired by above works, the aim of this paper is to consider a
(GWVEP) with a set-valued map on unbounded constraint set in reflexive Banach
spaces. We first collect the characterization results of the nonemptiness and bounded-
ness of the solution set of (GWVEP). By using the linear scalarization technique, we
characterize the nonemptiness and boundedness of the solution set of (GWVEP) in
terms of nonemptiness and boundedness of a family of scalar equilibrium problem with
respect to linear maps in connected base for dual cone of C. Finally, we give the stability
results for the solution maps to (GWVEP) in the sense of Painlevé—Kuratowski upper
convergence of solution set.

The paper is organized as follows. In “Preliminaries” section, we introduce some basic
notations and preliminary results. In “Characterization of nonemptiness and bound-
edness of the solution set” section, by using a scalarization technique, we establish the
nonemptiness and boundedness of solution set for (GWVEP) in reflexive Banach spaces.
In “Stability analysis” section, we give an application to the stability of the solution sets
for (GWVEP).

Preliminaries

Throughout this paper, unless otherwise specified, we always assume that X is a real
reflexive Banach space, Y'is a real normed space with dual space Y* and C C Y is a non-
empty, closed, convex and pointed cone with int C # @. Let

Cr:={eY":(§y)>0, VyeC}
be the dual cone of C. Clearly,

yeC&(£y) =0, VEeC
yeintC &(&,y) >0, V&eC*
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Since int C # @, for any fixed e € int C, it proved in Huang et al. (2014) that the dual
cone C* of C has a following weak * compact base C*°,

Ci={eC*:(5e) =1),

where a subset D C C*is said to be a base of C* < 0 ¢ D and C* C U;>0tD.
A vector x € K is called weak efficient solution to the (GWVEP) if

Fx,y)N(=int C) =0, Vyelk, (D
and weak efficient solution to the (DGWVEP) if

Fy,x)N(int C) =@, VyeKk. )
Denote by S{;, (K, F) and S@ (K, F) the set of all weak efficient solution to the (GWVEP)
and (DGWVED), respectively.

Definition 1 (Zhong et al. 2011) Let K be a non-empty convex subset of X. For a given
closed convex cone C of a real normed space Y, the set-valued map F : K — 2¥\{@} is
said to be

(i) upper C-convex, if for any x,y € Kand for any ¢ € [0, 1],
tF(x) + (1 —0F(y) C F(tx+ (1 —t)y) + C;

(i) lower C-convex, if for any x,y € K and for any ¢ € [0, 1],
Ftx+ (1 —1t)y) StFx) + (1 —-0F(y) — C;

(ili) C-convex, if Fis both upper C-convex and lower C-convex.

Remark 1 If Fis a upper C-convex map on K, then for any x € K, F(x) + C is convex
set.

We first recall the well-known concept of monotone mapping for a real set-valued
mapping.

Definition 2 A bifunction f : K x K — 2F\{@} s said to be

(i) monotone on K, if for any x,y € K
z+7 <0, Vzefxy),z €f@y,x);
(ii) pseudomonotone on K; if for any x,y € K

z2>0, Vzef(x,y) =7 <0,VZ €f(y,x).

It is well-known that every monotone map is pseudomonotone map.
In the case where F is a vector set-valued, the concept of monotonicity can be also
extended as follows.

Definition 3 Let C C Y be a nonempty, closed, convex and pointed cone with
int C # @. A set-valued map F : K x K — 2¥\{@} is said to be

Page 3 of 17
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(i) C-monotone if, for all x,y € K,
Fx,y) + F(y,x) € —C;

(ii) C-pseudomonotone type Iif, for allx,y € K,
Fx,y) N (—int C) = & = F(y,x) N (int C) = ;

(ili) C-pseudomonotone type /I if, for all x, y € K,
Fx,y)N(=int C) = = F(y,x) € —C;

(iv) &-monotone w.r.t. C*if, for any § € C*and for any %,y € K,
E(z) +£(Z) <0, VzeF(xy), VZ € F(y,x);

(v) &-pseudomonotone w.r.t. C*if, for any § € C*and for any x,y € K,
£(z) >0, VzeF(xy) =&(F)<0, VZeF@yx).

Remark 2 (1) 1t is clear that C-monotone mapping is C-pseudomonotone type I and
type II and C-pseudomonotone type /I implies C-pseudomonotone type /.
(2) Every C-monotone mapping is §-pseudomonotone w.r.t. C*.
(3) Every C-pseudomonotone type I mapping is &-pseudomonotone w.r.t. C*, Indeed,
for any & € C* and for any &,y € K satisfying £(z) > 0 for all z € F(x,y), we have
z ¢ —int C and so F(x,y) N (—int C) = &. F(y,x) € —C implies that &£(z’) < 0 for
all z’ € F(y, ). But, C-pseudomonotone type [ may not implies &-pseudomonotone
w.r.t. C*

Example 1 LetX =R,K =[0,1],Y =R? C =R3. Define F : K x K — 2¥\{@} by
(x, —x) ifx=y,

Fx,y) = {0—0)} x[0,(y —x)] ify—x>0,
{ —x)} x[(y—%),0] ify—x<0.

Thus, clearly that F is §-pseudomonotone on K w.rt. C* = C. Indeed, for any x,y € K
and & € C*if&(F(x,y)) > 0, then y — x > 0. This implies that

F(y,2) = {(@ =0} x [(x=),01 € ~RL = §(2) <0, VzeF(@x).
But C-pseudomonotone type II in the case when x = y.

Example 2 Let X =R,K =[0,+00),Y =R%C = Ri and C*=C. Define
F:K x K — 2Y\{@} by

F(x,y) = {0} x [0,]y —x[], Vx,y€K.

Thus, clearly that for any «x,y€K,F(x,y) N(—intC)= implies that
F(y,x) N (int C) = &. Hence, F is pseudomonotne on K type I, but not C-pseudomono-
tone type II.

Moreover, for any & € C*and x,y € K, we then have

£(F(x,y) =E(F( %) = 0.
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Therefore, F is not £&-pseudomonotone on K w.r.t. C* as shown in the following example.

Definition 4 A topological space E is said to be connected iff, it is not the union of
two disjoint nonempty open sets. Moreover, E is said to be path-connected iff, any two
points of E can be joined by a path.

The following lemma, which gives an equivalent characterization of connected spaces,
plays an important role in our proof.

Lemma 1 A topological space E is connected if and only if the only subsets of E which
are both open and closed are E and @.

Definition 5 Let F : K — 2Y be a set-valued mapping with nonempty values. F is said
to be

(i) upper semicontinuous(u.s.c.) on K iff, for every x € K and every neighborhood
N(F(x)) of F(x) , there exists a neighborhood N(x) of x such that F(N (x)) € N (F(x));

(ii) lower semicontinuous(l.s.c.) on K iff, for every x € K, u € F(x) and every neighbor-
hood N(u) of u, there exists a neighborhood N(x) of x such that F(x') N N (u) # &
for every " € N (x).

Proposition 1 (Aubin and Ekeland 1984; Ferro 1989)

(i) Fisls.c. atl if and only if for any sequence {1,} C A with 1, — J.and any x € F(A),
there exists x, € F(Ay,) such that x, — x.

(ii) Fis weakly Ls.c. at A if and only if for any sequence {J,} C A with 2, — ). and any
X € F(Z), there exists x, € F(Ay) such that x,, — x.

(ili) If F has compact values (i.e., F(1) is a compact set for each . € A), then F is u.s.c.
at ). if and only if for any sequence {J,} C A with 1, — J and for any x, € F(Jy),
there exists X € F(1) and a subsequence {xy, } of (%} such that x,, — x.

We collect the following well-known KKM-Fan lemma.

Lemma 2 (Fan 1984) Let M be a nonempty, closed and convex subset of X and
F : M — 2M\{@) be a set-valued map. Suppose that for any finite set {x1, ..., %m} S M,
one has

(i) comvixi,...,%m} C UM F(x;) (i.e, Fis a KKM map on M);
(i) F(x) is closed for every x € M; and
(ili) F(x) compact for some x € M.

Then Nyem F (x) # @.
Now, we recall the fundamental tools used throughout this paper. This leads to the

concepts of asymptotic cone and asymptotic function through its epigraph.

1
Ky = {d € X : I — +00,x¢ € X such that %k — d},
k
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where “—” or “w — lim,_, 5 %, = 2" means convergence in the weak topology. In case K

is convex subset, K, can also be determined by the following formula
Koo ={deX:xo+td € K,¥t >0, VxoeK}.

The barrier cone of K is defined by

barr K = { £* € K* : sup(£*,y) < +00 ;.
yek

Proposition 2 (Ansari and Flores-Bazan 2006, Proposition 2.1) The following holds:

(i) K! < KZ%implies KL € KZ;
(i) (K+%)oo = Koo» V¥ € X;
(iii) let {K"};e be any family of nonempty sets in X , then

(mid[{i)oo C ﬂl’g[I(éO. 3)

If, in addition, Nic;K® # @ and each set K' is closed and convex, then we obtain an equal-
ity in (3).

Lemma 3 (Adly et al. 2004) Let K be a nonempty, closed and convex subset of a real

reflexive Banach space X with int(barr K) # @. Then there is no sequence {x,} C K with
X X

7”’ ie 2
(B (A

—_

|, || — oo such that origin is a weak limit of

Lemma 4 (Fan and Zhong 2008) Let K be a nonempty, closed, convex subset of a
real reflexive Banach space X with int (barr (K)) # @. Then there exists no sequence
{d,} C Ky with each|\d,|| = 1such that d,, — 0.

Lemma 5 (Fan and Zhong 2008) Let (M, d) be a metric space and 1o € M be a
given point. Let K : M — 2X be a set-valued mapping with nonempty valued and
upper semicontinuous at [Lo. Then there exists a neighborhood N (wo) of jo such that
(K()oo) C (K (10))oo for all € N (o).

Characterization of nonemptiness and boundedness of the solution set
In this section, we shall prove the characterization of nonemptiness and boundedness of
the solution set for (GWVEP) which states that under suitable conditions.

First of all, we recall the existing assumptions and results which can be found in Ansari
and Flores-Bazan (2006), Zhong et al. (2011), Sadeqi and Alizadeh (2011).

Assumption 1 (Zhong et al. 2011; Ansari and Flores-Bazén 2006) The set-valued map
F: K x K — 2Y\{@} is such that:

(Fy) F(x,x) = {0}forall x € K.
(F1) For any x,y € K,F(x,y) N (—int C) = & = F(y,x) € —C (C pseudomonotone
type Il ).
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(F2) Foranmyx e K,F(x,-) : K — 2Y\{®} is C-convex.

(F3) Forany x,y € K, the set {z € [x,y] : F(z,y) N (—int C) = @} is closed, where [x, y]
denotes the closed line segment joining x and y .

(Fs) Forany x € K, F(x,-) is weakly lower semicontinuous.

(F5) Foranyye K,{x € K : F(y,x) N (int C) = &} is convex.

Under Assumption 1, It is proved in Zhong et al. (2011) that, S{;V (K, F) is nonempty if
K is bounded subset of X . In the case where K is unbounded, it is needed to determine
the behavior of F along some particular directions. We introduce the following cones.

Ri:={deKx:Fy,y+td)yNn(intC) =92, VyeK,t>O0} 4)

The following lemma illustrates that the solution set Sl‘;y (K, F)and S"?V (K, F) are coin-
cide no matter what K is bounded or not.

Lemma 6 (Sadeqi and Alizadeh 2011, Lemma 3.4) Let K be a nonempty, closed and
convex subset of X and F : K x K — 2Y\{®} be a set valued map satisfying (Fo) — (F3).
Then

Sh (K, F) = S5, (K, F).

Theorem 1 (Sadeqi and Alizadeh 2011, Theorem 3.5) Let K be a nonempty, closed and
convex subset of X and F : K x K — 2Y\{@) be a set valued map satisfying (Fo) — (Fs). If
the set the solution set SIGV (K, F) is nonempty, then

(S (K, F))oo = (SR (K, F))oo = Ry.

The following theorem is due to the result in Zhong et al. (2011), Ansari and Flores-
Bazdn (2006), Sadeqi and Alizadeh (2011).

Theorem 2 Let K be a nonempty closed convex subset of X and F : K x K — 2Y\{@} be
a set valued mapping satisfying assumptions (Fg) — (F5). Suppose that int (barr(K)) # .
Then the following statements are equivalent.

(i) the solution set ofS{)V (K, F) is nonempty and bounded;

(ii) the solution set ofS@ (K, F) is nonempty and bounded,;

(iii) Ry = {0},

(iv) there exists a bounded set B C K such that for every x € K\B, there exists some
y € Bsuch that F(y,x) N (int C) # @.

Proof (i) < (ii) and (ii) = (iii) are obtained by Theorems 1 and 2, respectively.
(iii) = (iv) Suppose not, if (iv) does not hold, then there exists a sequence {x,} € K
such that for each #, ||x,|| > nand

E(y,x,) N (int C) = @,

for every y € K with ||y|| < n. For fixed y € K and ¢ > 0, without loss of generality, we
may take a subsequence {x,, } of {x,} such that
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x}’lk - y 1 xnk

———€(,1) and w- lim < =g =dy € Koo.
1, — ¥l k=00 [[x, — ¥l k=00 [ || (5)

Thanks to Lemma 3, one has dy # 0. The lower C-convexity of F(x, -) implies

t(xy, — ) t t
Flyy+ —— | C|1- ———— |F(y,9) + ————F(y,%x,,) — C.
1%, — Il [l — Il

%, — ¥l

It follows from F(y,y) = {0} and F(y,x,,) N (int C) = @ that

£ (%X —y)) ,
Fly,y+ ——= ) N(@nt C) =o.

t i
Since y + 7(96"]( »

1%, — ¥l
ment, we have that F(y,y + tdy) N (int C) = &, and so dy € R;. This is a contradiction.
Hence (iv) holds.

(iv) = (ii) Let G : K — 2K be a set-valued mapping defined by

— y+ tdp and F is weakly lower semicontinuous at second argu-

G@y)={xeK:Fiy,x)N(int C) =2}, Vyek. (6)

We first prove that G(y) is a closed subset of K. Indeed, for any x,, € G(y) with x,, — xo,
we have F(y,x,) N (int C) = @. It follows from the weakly lower semicontinuity of F(x;, -)
that F(y,x0) N (int C) = @. This shows that xg € G(y) and so G(y) is closed.

Next, we will show that G is a KKM mapping. Suppose to the contrary that there
exist o1,00,...,0, € (0,1) with o14+a+--+a,=Ly,¥2,...,9, € K and
y=o1y1 +o2ys + -+ oy, € co{y1,¥2, ..., yuy such that ¥ € Uieq12,. )G (). Then

Fy,yNnintC)#9, i=12,...,n
Using (F1) yields

Fly)N(=intC) #9, i=12,...,n (7
The upper C-convexity of F implies

a1 F (3, y1) +2F (3r92) 4 +anF (G, y0) S F3,5) + C=0+CC C.

This is a contradiction with (7). Therefore, G is KKM mapping.

We may assume that B is a bounded closed convex set (otherwise, consider the
closed convex hull of B instead of B ). Let {y1,. .., ¥} be finite number of points in K
and let M := co(BU {y1,¥2,...,¥m}). Then the reflexivity of the space X yields that M
is weakly compact convex. We consider the set-valued mapping G’ which defined by
G'(y) := G(y) N M for all y € M. Then each G'(y) is a weakly compact convex subset of
M and G’ is a KKM mapping. We claim that

@ # NyemG'(9) C B. (®)

By Lemma 2, the intersection in (8) is nonempty. Moreover, if there exists some
%0 € NyemG'(y) but xo ¢ B, then by (iv), we have F(y,x0) N (int C) # @ for some y € B.
Thus, xp ¢ G(y) and so xo ¢ G'(y), which is a contradiction to the choice of xo.
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Let z € NyeprG(¥). Then, by (8) we get z € B, and so z € N2, (G(y;) N B). This shows
that the collection {G(y) N B : y € K} has finite intersection property. For each y € K| it
follows from the weak compactness of G(y) N B that Nycx (G(y) N B) is nonempty, which
coincides with the solution set of SDW (F, K). The proof is complete. O

The following example show that Theorem 2 is applicable.

Example 3 Let X =R,K =[0,400),Y =R?, C = ]Ri, e=(1,1) € int C. A set-valued
map F : K x K — ZRZ\{Q} is defined by

Fx,p) ={y—x} x [y —x), 1 +x)(@y —x)], Vx,yek.

We have that Ko, = [0, +00)and C*0 := {(xl,xz) eR%,x1 +x, =1, > 0and xp > O},
It is easily seen that F is satisfied conditions (Fp)-(F4). To verify (F5) holds, we fixed
y € [0, +00) and consider the following set,

xeK:F@Hx)NintC =0} ={xe[0,+00):x—y<0or(l+y(x—73 <0}
= {x €[0,400) : x <y} =[0,y] is convex set.

Obviously,

Ri={deKsw:F(y,y+td)N(int C) =2, Vye K,t > 0}
={d € [0,400) : td <0, V£t > 0and Vy € [0, +00)} = {0}.

Hence, Theorem 2 concludes that S{)V (F,K) is nonempty and bounded. It follows from
direct calculating that S{JX, (F,K) = {0}.

In what follow, we shall discuss the relationship between the nonemptiness and
boundedness of the solution set for (GWVEP) and the solution set for (GWVEP) which
F is composed by & € C*. We recall the concept of &-efficient solution set for (GWVEP)

as follows.
For any fixed & € C*Y, the real set-valued map &(F) : K x K — 2®\{@} is defined by
E(F)(x,y) :=1{5(2) :z€ F(x, )}, VxyeK. 9)

A vector x € K is called &-weak efficient solution to the (GWVEP) if

inf &(z)>0, VyeKk,
zeF (x,y)

and &-weak efficient solution to the (DGWVEP) if

sup £(z) <0, Vyek.
zeF (y,x)

Denote by Sg (K, F)and S? (K, F) the set of all &-weak efficient solution to the (GWVEP)
and (DGWVEP), respectively.
The following lemma characterizes relation between SI‘;V (K,F)and Sé) (K, F).

Lemma 7 Suppose thatint C # & and for any x € K, F(x,K) + C is a convex set. Then,

Sty (K, F) = Ugecn\(0)SE (K, F) = Ugcc:0SE (K, F).
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Proof (D) Letxg € UEGC*OSé) (K, F). Then there exists & € C** such that

&(z) >0 forall ye K forall z e F(xg,y). (10)

We claim that xg € Sl‘;y (K, F). If not, then there exists yg € K such that

&o(z0) < 0 for some zp € F(x0,%0)-

This is a contradiction with (10). Hence, we have desired.
(© Let xg € S5, (K, F). Then,

F(xp,y) N (—int C) =g forall yeKk.
This implies that
F(x0, K) N (—int C) = @.
Since C is a pointed convex cone, we have
(F(x0, K) + C) N (—int C) = @.
Using the separation theorem for convex sets, there exists some &’ € Y*\{0} such that
inf{&'(F(x0,y) +c:y €K, c € C)} > sup{&'(—c) : c € C}. (11)
From (11), we get £’ € C*\{0} and so
&'(z) >0 forall ze€ F(xpy) forall yeKk.

By our hypothesis, we have C*? is a weakly compact base for C* and we can choose

e € int C with&’(e) > 0. Setting " = P we then have that £” € C*®and
£"(z) >0 forall ze€ F(xp,y) forall yeK.

Hence, xo € Sg,, (K,F) C Usec*‘)sg (K, F). This completes the proof. O

The following corollary give the sufficient conditions for nonemptiness and bounded-
ness of solution set for (GWVEP) in the case of real set-valued mappings.

It follows from Theorem 2, we can derive the following corollary in the case where
F:K x K — 2B\{@].

Corollary 1 Let K be a nonempty closed convex subset of X and F : K x K — 28\{2} be
a set-valued mapping satisfying assumptions (Fo) — (Fy). Suppose that int(barr(K)) # .
Then the following statements are equivalent.

i) the solution set ofS{)X, (K, F) is nonempty and bounded;

ii) the solution set of Sb, (K, F) is nonempty and bounded,

iii) R={d € K : SUP cF(yyttd) 2 = 0, ¥y € K, £ > 0} = {0};

iv) there exists a bounded set B C K such that for every x € K\B, there exists y € B

such that z > 0 for some z € F(y, x).

(
(
(
(

Proof We see that F satisfies the assumption (Fp)-(Fs) in Theorem 2. It is easy to verify,
by (F»), that (F5) is satisfied. O
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By virtue of Lemma 7, one sees that the solution set for (GWVEP) can be represented
by union of real set-valued & (F) mappings. This means that the nonemptiness of Sé) (K, F)
guarantees the existence of solution for (GWVEP). We next establish the existence theo-
rem for &-weak efficient solution to the (GWVEP).

By the idea of linear scalarization technique, for any £ € C*7, we first introduce the set

R :={decKy: sup £@ <0, VyeK,t>0p}.
z€F (y,y+td)

The following lemma shows that the condition of UEEC*ORf = {0} is weaker than
Ry = {0}.

Lemma8 R; ={0} = U{:GC*ORi = {0}).

Proof Assume that Ry ={0}. Let do € UgccwoRe Then there exists & € C*% and
do € Koo such that for every y € K and ¢ > 0

&0(z) <0 forall z e F(y,y+ tdp). (12)

We claim that for any z € F(y,y + tdo), z ¢ int C. If not, there exists zo € F(y,y + tdy)
such that z € int C and so

§o(20) > 0, (13)
which leads to contradiction with (12). Hence, for every y € K and ¢ > 0

F(y,y 4+ tdo) N (int C) = @.
By our hypothesis, dyp = 0.

The following example shows that the inverse implication of Lemma 8 may not be true.
The following example has been changed format.

Example 4 Let X =R,K =[0,400),Y =R%C=R2,e=(1,1) €int C. Define
F:K x K — 2Y\{@} by

_JOx[01—-]y—x]], f0<|y—x <1,
F("’y)—{[|y—x|—1,01x{0}, ifly — x| > L.

Then Koo = [0, +00) and C*0 = {(x1,47) € Ri tx1 =1}
We see that for any y € R4 ,d € Randt > 0,

{0} x [0,1], if0<|td| <1,
F(y,y +td) C { [0, +00) x {0}, if|td] > 1,

which implies that F(y,y +td) Nint C = & for all y € R;,d € R and ¢ > 0. Hence,
Ry = [0, 4+00). But, for any £ € C*, we have for any y,d € Ry and ¢ > 0

E(z) >0, forall xe€ F(y,y+td),

Page 11 of 17
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which implies that 4 must be 0, and so R‘i = {0} forall & € C*°,
From the Corollary 1, we can obtain the following characterization corollary for &-effi-
cient solution Sf (K, F) and SP (K, F).

Corollary 2 Let £ € C*0 be any given. Let K be a nonempty closed convex subset of X
and F : K x K — 2Y\{@} be a set-valued mapping satisfying assumptions (Fo), (F2)—(Fs)
and (v) in Definition 3. Suppose that int(barr(K)) # @. Then the following statements are
equivalent:

(i) the solution set ong (K, F) is nonempty and bounded,

(ii) the solution set ofSé.) (K, F) is nonempty and bounded,

(iii) R} = {0}

(iv) there exists a bounded set B C K such that for every x € K\B, there exists y € B
such that £(z) > 0 for some z € F(y,x).

Proof For any fixed & € C*\{0}, we define £(F) : K x K — 2®\{@} as in (9). It is not
hard to check that & (F) satisfies conditions (Fo)—(F4) in Corollary 1. O

We now characterize the nonemptiness and boundedness of SI‘;V (K, F) in term of non-
emptiness and boundedness of the solution set Sg (K,F)forany& € C *0,

Theorem 3 Let X be a reflexive Banach space and K be a closed convex subset of X with
int(barrK) # @. Let Y be a normed space and C*° is a compact base of C*. Suppose that
F:K x K — 2Y\(@)} is a set-valued mapping satisfying assumptions (Fy), (Fy)—(Fy)
and (v) in Definition 3.

Then Sl‘} (K, F) is nonempty and bounded if and only if for any & € C*, Sg (K, F)is non-
empty and bounded.

Proof Suppose that for any & € C*, Sg (K, F) is nonempty and bounded. Then by Cor-
ollary 2, Ri = {0}. We claim that Sf, (K, F) is nonempty and bounded. The nonempti-
ness of S@V(K, F) is obvious, because of Sg(K, F) C SI‘;,(K, F). We only need to show
that S{)}(K ,F) is bounded. If not, there exists a sequence x;, € SIGV(K ,F) such that
[, |l = +o0. Since x,, € SSV(K, F), we then have

F(xy,y) N (—int C) =@, forall yeK.
Thus, for every z, € F(x,,%),z, ¢ —int C. Then there exists &, € C*? such that
&y(zy) >0, forall ze F(x,y), forall yeK.
By the &-pseudomonotonicity of F, we have
£.(z,) <0, forall z' € F(yx,), forall yekK (14)

Since C*¥ is compact, without loss of generality, we can assume that &, — & € C*°. For
any fixed y € K and £ > 0, without loss of generality, we may take a subsequence {x;, } of
{x,,} such that
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X, — X,
€(,1) and w— lim %Y _,_ j s
¢, — ¥l k—+o00 [y, — yli k—+00 %y, ||

=dy € Kxo.

By Lemma 3, dy # 0. Upper C-convexity of F implies

1 ¢ t(Xn — )
1——— JF)+ ——F@xn) SF(ypy+—— | +C
1%, — ¥lI 1%, — ¥li 1%, — ¥lI
It follows from F(y,y) = {0} and (14) that for any &,

S+ )Y < (1o L e (Fo) + s (F e,
(el T t)) = (1 o o o) + )

<0.

Since F is weakly lower semicontinuous at second variable and &, — &, we have
&o(F(y,y +tdp)) < 0.

This implies that 0 # dp € Ri which is a contradiction.
Conversely, we assume that SIGV(K ,F) is nonempty and bounded. We claim that
Sg(K, F) is nonempty and bounded for all £ € C**. We consider the set A € C* as

follows.

A:={teC?: Sg(l(, F) is nonempty and bounded }.

Clearly, A is nonempty. Firstly, we claim that A is open subset in C*. If not, there
exists £ € A and a sequence &, € C*0 with &, — & such that &, ¢ A. This implies that
Ri” # {0}. Then there exists d, € Rf” such that ||d,|| = 1. Since C*¥ is compact and
lld,|| = 1, without loss of generality, we may assume that d, — dy € K \{0}. Since
d, € Ri”, we have

£,(Z) <0 forall z' € F(y,y+td,) forall yeK.
Since F is weakly lower semicontinuous at second variable and &, — &, we have
&((Z) <0 forall z' € F(y,y+tdy) forall yeK.

Thus 0 # do € R, This implies that Sg) (K, F)is not nonempty and bounded, which leads
to a contradiction with £ € A. Hence A is an open subset of C*°.

Finally, we claim that A is a closed subset of C*0. Let &, € A with &, — &. In view
of &, € A, we have S¢, (K, F) is nonempty and bounded. Let x, € Sg (K, F). Whereas
Sgn(K,F) - S{))V(K,F) and S{JV(K,F) is bounded, {x,} is also. We may assume that
xp — %9 € K. Since x,, € Sg, (K, F), then we have

£,(z) >0 forall ze F(x,y) forall yeK.
By &-pseudomonotonicity of F, we get
£,(Z) <0, forall z' € F(y,x,), forall yeK.

Since F is weakly lower semicontinuous at the second variable, letting n — oo

&(Z) <0, forall z' € F(y,xg), forall yeK.
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Hence, x( € Sg) (K, F). Thanks to Corollary 2, we get that xp € Sg) (K, F). The bounded-
ness of SI‘;V(K, F) implies Sg) (K, F) is also. This means that & € A and so A is closed.
Since the base C*9 of C* is connected, we have A must be C*0. O

Theorem 4 Let X be a reflexive Banach space and K be a closed convex subset of X with
int(barrK) # &. Let Y be a normed space and C*° is a compact base of C*. Suppose that
F:K x K — 2Y\{@} is a set-valued mapping satisfying assumptions (Fo), (F2)—(F4) and
(v) in Definition 3. Then the following statements are equivalent.

(i) S{)X, (K, F) is nonempty and bounded;

(i) Forevery& e C*0,SP (K, F) is nonempty and bounded,
y £ pty

(iii) Ugcc-0R;] = {0).

Remark 3 Theorem 4 generalize Theorem 2, in the following three cases:

(i) Condition (Fy) is relaxed to the condition (FlE ).
(ii) Recession cone R; = {0} is relaxed to the condition USGC*ORél: = {0}
(iii) Condition (F5) is omitted.

The following example show that Theorem 4 is applicable.

Example 5 Let X =R, K =[0,+00),Y = R2,C = Ri, e = (1,1) € int C. A set-valued
map F : K x K — ZRZ\{Q} is defined by

Fx,y) = {0 -2} x [(y —x), ("™ = 1)+ (y — )]

Then, clearly (Fp), (F2) — (F4) and (v) in Definition 3 are satisfied. For any § € C 0 we
consider

R = {d €Ke: sup £()<0,VyeK,t> o}
ze(F(y,y+td))

- {d € [0, 400) : £(2) < 0,z € {td} x [td, (" — 1) + td] and Vy € K, ¢ > 0} — (o).

It follows from Theorem 4 that, S€V (K, F) is nonempty and bounded.

Stability analysis
In this section, we shall establish the stability theorem of solution set for (GWVEP)
when the mapping F and the domain set K are perturbed by different parameters.

We first recall some important notions . Let (A, d) and (M, djr) be two metric spaces.
Let K () be perturbed by a parameter /, which varies over (A,dy), that is, K : A — 2Xis
a set-valued mapping with nonempty, closed, and convex values. Let F be perturbed by a
parameter 11, which varies over (M, dyy), that is, F : K x K x M — 2Y\{@} is a paramet-
ric set-valued mapping.

Consider the parametric generalized weak vector equilibrium problems, denoted by
(PGWVEP), which consists in finding x € K(A) such that

F(x,y,u) N (=int C) # 3 Vy € K(4). (PGWVEP)
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Denote by S{,’V (4, w) the set of all weak efficient solution to the (PGWVEP).
Let {A,} be a sequence of nonempty subset of X . We define

limsup A, := {x € X : Hny}, %y, € Ay, such thatx,, — x}

n—+00

We say that the sequence {A,} is of upper convergence in the sense of Painleve—Kura-
towski (P.K. convergence) Durea (2007) to A if limsup,,_, | ., A, C A.

The following theorem shows that under suitable situation, there exists a neighbor-
hood N (4g) x N (i) of (Lo, tto) such that SI‘;,(Z, ) PK. convergence to SI‘;V (Ao, o) in the
neighborhood N (49) x N (uo).

Theorem 5 Let X be a real reflexive Banach space and K be a closed convex subset of X
with int(barrK) # @. Let Y be a normed space and C*° is a compact base of C*. Suppose
that F satisfies the following conditions:

(I)  K(-) is continuous on A and int( barr K (o)) # @, for all . € A and has non-
empty closed convex valued.

1) Forany i e Aandx € K(4),F(x,x, u) = {0}.

III) Foranyl € Aandp € M,F(.,-, 1) is &-pseudomonotone on K (1) w.r.t. C*°,

IV) Foranypu € M and x € K(u), F(x,-, u) is C-convex.

V) Forany i e Aandp € M,F(,-,-)is continuous on K (1) x K(4) x M.

IfSE, (o, wo) is nonempty and bounded, then the following statements hold.

(i) there exists a neighborhood N(4g) x N(uo) such that S{,)V(i, 1) has a nonempty
and bounded for all (4, u) € N(Lg) x N (o).

(ii) imsup; ) iosuo) St (A 1) € Sty (20, 120).

Proof (i) We claim that there exists a neighborhood N (4p) x N (o) of (4o, to) such
that for any (4, 1) € N (o) x N(i9) and & € C*0

R :=4deK(Doo: sup &@) <0, VyeK,t>0p ={0}.
ze(F(y,y+td,n))

If not, there exists (A, ity) € A x M with (A, n) — (Lo, o) and & € C*0 such that
RS (ons i) # {0}

Since K is lower semicontinuous at Ao, for any y € K (1), we have y, € K(4,) such
that y, — y. Together with u,, — wo, we have (y,, ty) = (¥, o). Thus, we can select a
sequence {d,} such that

d, € K(Ay)so and sup £'(z) <0, VyeK(y),t>0.

Z2€F (Ynyyn+tdp,iin) (15)

with ||d,|| = 1forallm = 1,2,.... Since {d,} is a bounded sequence in a reflexive Banach
space X we can assume that d;,, — dj. It follows from Lemma 4 that dy # 0. We claim

that dyp € K (Lo)o Since K is upper semicontinuous at 19 and d;, € K(4;)o0, by Lemma 5,
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we have that d,, € K(Lo)o, for all sufficiently large #n . By the closure of K (), we have
do € K(Jp)co- Notice that the continuity assumption of F, taking the limit in (15), we
have

sup  &'(2) <0,
zeF(y,y+td0,M0)

which implies that 0 # d € Rfl (Lo, i40). This is a contradiction with SI‘;V (Lo, o) # 9, so
we have the claim.
(i) We want to show that for any (4, ) — (Lo, to),

limsup  Sfy (4, 1) S Sfy (o, o).
(Zop)— (A0,10)

Let x € limsup; ) 70,10) S{,)V(/l, w). Then there exits a sequence x,, € Sl‘;y(ink,unk)

such that x,,, — xas k — oo. Since K'is upper semicontinuous at A, for sufficiently large
n we get that

1
K(iy) € K(Jo) + =B,
n

where B is a closed unit ball. By virtue of x,;, € K(4,), we get that

1
d(n, K (20)) = - = 0.

It follows from K (/o) is closed and x,,, — x that x € K (4o).
Since K is lower semicontinuous at g, for any y € K (/o) there exists y,, € K(4y,) with
Yn, — . By our hypothesis, we get

FXngs Ynpr Bomg) N (—int C) = @.
Continuity of F implies
F(x,y, o) N (—int C) = 2.

Since the latest inequality holds for all y € K(4p). Hence, x € S{;V (20, 100)- O

Conclusions

In this paper, some characterizations of nonemptiness and boundedness of solution sets
for generalized weak vector equilibrium problems are established in a reflexive Banach
space. By using the linear scalarization method, we give a sufficient and necessary condi-
tion for the nonemptiness and boundedness of S{;V (K, F) in term of nonemptiness and
boundedness of the solution set Si: (K,F) for any £ € C*0, As application, we discuss the
stability result for the solution set to (PGWVEP) in the sense of Painlevé—Kuratowski
upper convergence of set.
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