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Abstract

The main purpose of this paper is to introduce the notion of vague h-morphism on
vague graphs and regular vague graphs. The action of vague h-morphism on vague
strong regular graphs are studied. Some elegant results on weak and co weak isomor-
phism are derived. Also, u-complement of highly irregular vague graphs are defined.
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Background

Gau and Buehrer (1993) proposed the concept of vague set in 1993, by replacing the
value of an element in a set with a subinterval of [0, 1]. Namely, a true-membership func-
tion £, (x) and a false membership function f,(x) are used to describe the boundaries of
the membership degree. The initial definition given by Kauffman (1973) of a fuzzy graph
was based the fuzzy relation proposed by Zadeh. Later Rosenfeld (1975) introduced the
fuzzy analogue of several basic graph-theoretic concepts. After that, Mordeson and Nair
(2001) defined the concept of complement of fuzzy graph and studied some operations
on fuzzy graphs. Sunitha and Vijayakumar (2002) studied some properties of comple-
ment on fuzzy graphs. Many classifications of fuzzy graphs can be found in Boorzooei
et al. (2016a, b), Rashmanlou and Pal (2013a, b), Rashmanlou et al. (2015a, b, c¢), Pra-
manik et al. (2016a, b), Samanta and Pal (2011b, 2012b, 2015, 2016) and Samanta et al.
(2014c, d). Recently, Samanta and Pal (2011a, 2012a, 2013, 20144, 2015) and Samanta
et al. (2014b) defined different types of fuzzy graphs and established some important
properties. To extent the theory of fuzzy graphs, Akram et al. (2014) introduced vague
hypergraphs. After that, Ramakrishna (2009) introduced the concept of vague graphs
and studied some of their properties.

In this paper, we introduce the notion of vague h-morphism on vague graphs and
study the action of vague h-morphism on vague strong regular graphs. We derive some
elegant results on weak and co weak isomorphism. Also, we define u-complement of
highly irregular vague graphs.

Preliminaries

By a graph G* = (V,E), we mean a non-trivial, finite connected and undirected
graph without loops or multiple edges. A fuzzy graph G = (o, i) is a pair of functions
o:V —=[0,1landpu : V x V — [0, 1]with u(z,v) < o(u) A o(v), for allu,v € V, where
Vis a finite non-empty set and A denote minimum.
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Definition 1 (Gau and Buehrer 1993) A vague set A on a set X is a pair (£4; f4) where £4
and f4 are real valued functions defined on X — [0, 1], such that 4 (x) + f4(x) < 1 for all
x € X. The interval [£4(x), 1 — fa(x)]is called the vague value of x in A.

In the above definition, £4(x) is considered as the lower bound for degree of mem-
bership of x in A and f4(x) is the lower bound for negative of membership of x in A.
So, the degree of membership of x in the vague set A is characterized by the interval
[2a(x), 1 — fa(x)]

The definition of intuitionistic fuzzy graphs is follows. Let V be a non-empty set. An
intuitionistic fuzzy set (IFS) in V is represented by (V, u,v), where u : V' — [0, 1] and
v:V — [0,1] are membership function and non-membership function respectively
such that 0 < u(x) + v(x) < 1for all x € V. Though intuitionistic fuzzy sets and vague
sets look similar, analytically vague sets are more appropriate when representing vague
data. The difference between them is discussed below.

The membership interval of an element x for vague set A is [t4(x), 1 — fa(x)] But, the
membership value for an element y in an intuitionistic fuzzy set B is (ug(y), va(y)). Here,
the semantics of z4 is the same as with A and up is the same as with B. However, the
boundary is able to indicate the possible existence of a data value. This difference gives
rise to a simpler but meaningful graphical view of data sets (see Fig. 1). It can be seen
that, the shaded part formed by the boundary in a given Vague Set naturally represents
the possible existence of data. Thus, this “hesitation region” corresponds to the intuition
of representing vague data. We will see more benefits of using vague membership inter-
vals in capturing data semantics in subsequent sections.

Let X and Y be ordinary finite non-empty sets. We call a vague relation to be a vague

subset of X x Y, that is an expression R defined by
R = {<(x»y)xtR(x»y)’fR(x’y)> | X € X:J/ € Y}

where fp: X xY — [0,1], fr:X xY — [0,1], which satisfies the condition 0 <
R, y) + fr(x,y) <1, for all (x,y) € X x Y. A vague relation R on X is called reflex-
ive if tr(x,x) =1 and fr(x,x) =0 for all x € X. A vague relation R is symmetric if
tr(x,y) = tr(y,x) and fr(x,y) = fr(y,x), forall x,y € X.

p-values

0 Elements 0 Elements

a b

Fig. 1 Comparison between a vague sets and b intutionistic fuzzy sets
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Definition 2 Let G* = (V, E)be a crisp graph. A pair G = (4, B) is called a vague graph
on a crisp graph G* = (V,E), where A = (t4,f4) is a vague set on V and B = (¢, fB)
is a vague set on E C V x V such that tg(xy) < min(¢4(x),24(y)) and fp(xy) > max
(fa(x),fa(y)) for each edge xyeE. A vague graph G is called strong if
tp(xy) = min(ta(x), £4(y)) and f(xy) = max(fa(x),fa(y)) forallx,y € V.

Definition 3 The vague graph G is said to be regular if Z"iv"t?ﬂ’i tg(v;vj) = constant
and Zvl_,v#vl_ JfB(vivj) = constant, for all v; € V. Moreover, it is called strong regular if

1. tg(vivj) = min{ta(vy), ta(vj))} and fa(v;vj) = max{fa(vy),fa(vp)}.
2. ZV}_,W - tg(v;vj) = constant and ZV,-,VL- - fa(vivj) = constant.

Definition 4 The complement of a vague graph G = (A, B) is a vague graph G = (4, B)
where A = A and B is described as follows. The true and false membership values for
edges of G are given below.

tg(uv) = ta(u) A ta(v) — tg(uv) and fp(uv) = fz(uv) — f1(u) vV f4(v), for allu,v € V.

Definition 5 Let G and Gy be two vague graphs.

1. A homomorphism % from Gj to Gy is a mapping 4 : V1 — V5 which satisfies the fol-
lowing conditions:

(@) ta,(x1) < ta,(h(x1)), fa,x1) = fa, (h(x1)),
(b) g, (x1y1) < tg, (W(x1)h(y1)) f3, %1y1) = fB, (W(x1)h(y1))forallx, € Vi, x1y1 € E1.

2. An isomorphism / from Gj to G is a bijective mapping /4 : V1 — V5 which satisfies
the following conditions:

(€ ta,(x1) = ta,(h(x1)), fa, (x1) = fa, (h(x1)),
(d) tg, (x1y1) = tg, (h(x1)h (1)), [, (x1y1) = f3, (W(x1)h(y1)), for all w1 € Vi, x1y1 € Eq.

3. A weak isomorphism % from Gj to Ga is a bijective mapping # : V1 — V, which satis-
fies the following conditions:

() & is homomorphism,
()  ta, (1) = ta, (h(x1)), fa, (1) = fa,(h(x1)) for all x; € V3. Thus a weak isomor-
phism preserves the weights of the nodes but not necessarily the weights of the

arcs.

4. A co weak isomorphism % from G to G is a bijective mapping % : V1 — V, which
satisfies:

(g) his homomorphism,
(h) B, (x1y1) = tB, (h(x1)h(y1)), fB, (x1Y1) = fB, (h(x1)h(y1)), for all x1y1 € Ey.

Page 3 of 12
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v1(0.2,0.3) (0.1,0.3)v2(0.2,0.2)v1(0.4,0.6)0.3,0.9) v2(0.4,0.4)

(0.1,0.4 {0.1,0.6)  (0.3,1.2) (0.3,1.8)
v3(0.2,0.3) v4(0.4,0.6)
G1 G2

Fig. 2 h-Morphism of vague graphs Gjand G,

Definition 6 Let G = (A, B) be a vague graph on G*.

1. The open degree of a vertex u is defined as deg(u) = (d:(u), ds(u)), where

di(u) = Z tg(uv) and

uFv
veV

dp(u) = fa(uv).

uFv
veV

2. The order of G is defined and denoted as

0(G) = (Z ta(w), qum)

ueV ueV

3. The size of G is defined as S(G) = (5:(G),Sp(G)) = | > tswv), > fe(uv) |
uFv u#v
u,veV u,veV
Regularity on isomorphic vague graph
In this section, we introduce the notion of vague h-morphism on vague graphs and regu-
lar vague graph. We derive some elegant results on weak and co weak isomorphisms.

Definition 7 Let G; and G, be two vague graphs on (V1, E1) and (Va, E3), respectively. A
bijective function/ : V; — V;is called vague morphism or vague h-morphism if there exists
positive numbers k1 and ky such that (i) £4, (h(u)) = kita, (u) and fa, (h(n)) = kifa, (1), for
all u € V1, (ii) tg, (h(w)h(v)) = kotp, (uv) and fp, (h(u)h(v)) = kofp, (uv), for alluv € Ej. In
such a case, & will be called a (k1, k2) vague h-morphism from Gj to Ga. If k1 = ky = k, we
call /1, a vague k-morphism. When k = 1 we obtain usual vague morphism.

Example8 Consider two vague graphs G1 and G defined as follows (see Fig. 2). Here, there
is a vague s-morphism such that #(vy) = v}, h(v2) = vy, h(v3) = vy ki = 2,and ky = 3.

Theorem 9 The relation h-morphism is an equivalence relation in the collection of
vague graphs.

Proof Consider the collection of vague graphs. Define the relation G & G if there
exists a (k1, k2) h-morphism from G; to Go where both Kj and K3 are non-zero. Consider
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the identity morphism from Gj to Gi. It is a (1, 1) morphism from G; to G; and hence =
is reflexive.

Let G; &~ Go. Then there exists a (k1, k) morphism from G; to Go, for some non-
zero k1 and ky. Therefore t4,(h(un)) = kita, (), fa,(h(u)) = kifa,(w), for all u e V;
and g, (h(u)h(v)) = kotp, (uv) and fp,(h(w)h(v)) = kof, (uv), for all uv € E;. Con-
sider 171 : Gy — Gy. Let x,y € V. Since h1lis bijective, x = h(u), y = h(v), for some
wveVa  Now, ta(h1 @) = ta, (W (h@))) = ta, ) = -ta, (h(w) = -ta, (®).
Sy (1)) = fay (B (h@))) = fa, W) = g-fa, (h@w) = fa, ). tg, (W @K™ () =
tg, (h™ (h(w)) ™ (h(v))) = g, (uv) = éth(h(u)h(V)) = ,712092 @y), ta,(H @A™ (y) =
t5, (W (h)H™ (W) = t5, uv) = t5,(hWh(W) = L5, (x9), Sz, 0h 1 (9) =
Sz, (L) (h(v))) = f3, (uv) = éf32 (h(w)h(v)) = éf& (xy). Thus there exists
<%, é) morphism from Gj to G;. Therefore, Go ~ Gj and hence ~ is symmetric.

Let G1 & Gy and G2 =~ Gs. Then there exists a (kj, k») morphism from G; to Gy say
h for some non-zero k; and ky and there exists (k3, k4) morphism from Gy to G3 say g
for some non-zero k3 and ka. So, ta,(g(x)) = k3ta,(x) and fa,(g(x)) = kzfa,(x), for all
x € V5 and t3,(g(x)g(y)) = katp,(xy) and fp,(g(x)g(y)) = kafp,(xy), for all xy € Ey. Let
f=goh:Gy — Gs Now,

tas(f () = ta; (g o B)(w) = ta;(g(h(w)))
= ksta; (h(u))
= kskita, (u)
Jas(f () = fa, ((g o ) (w)) = fa,(g(h(u)))
= kafa; (h(u))
= kskifa, (u)
tg; (f (u)f (v)) = B, ((g o W) (u)(g o W) (v)) = tB,(g(h(u))g(h(v)))
= katp, (h(u)h(v))
= kakotp, (uv)
S (f )f (v) = fB;((g 0 W) (u)(g 0 ) (v)) = [, (g (h(u))g(h(v)))
= kaf, (h(w)h(v))
= kakofp, (uv).

Thus there exists (k3kj, kaks) morphism ffrom G; to Gs. Therefore G; =~ G, and hence ~
is transitive. So, the relation h-morphism is an equivalence relation in the collection of

vague graphs. ]

Theorem 10 Let G and Gy be two vague graphs such that Gy is (ky, ky) vague morphism
to Gy for some non-zero ki and ky. The image of strong edge in G is strong edge in G if and
only ifky = ko.

Proof Let (i, v) be strong edge in G; such that /(u), h(v) is also strong edge in Go. Now
as G1 ~ Gy we have

I(ZtBl (MV) = th (h(u)h(v)) = tAz (h(u) N h(V))
= kita, () A kita, (v)
= kitp, (uv), for all u e V.



Rashmanlou et al. SpringerPlus (2016) 5:1234 Page 6 of 12

Hence, kotp, (uv) = kitp, (uv), for allu € V1.

Kofp, (uv) = fg, (h()h(v))) = fa, (h(w) Vv h(v))
= kifa, ) v kifa, (v)
= kifp, (wv), for all u e V1.

Hence kyfp, (uv) = kifp, (uv), for allu € V1.
The equations holds if and only if k1 = k. O

Corollary 11  Let Gy and Gy be two vague graphs. Let Gy be (ky, k2) vague morphism to
Ga. Let Gy be strong. Then Gy is strong if and only if ki = ko.

Theorem 12 If a vague graphs G is co weak isomorphic to Gy and if G is regular then
Gy is regular also.

Proof Asvague graph G is co weak isomorphic to Gy, there exists a co weak isomorphism
h: G1 — Gy which is bijective that satisfies t4, (1) < ta,(h(x)) and fa, (1) > fa, (h(w)),
tg, (uv) = tg,(h(w)h(v)) and fp, (uv) = fp, (h(u)h(v)), for all u,v € V1. As G is regular, for
ucv, Zu#v,vevl tg, (uv) = constant and Zuaﬁv,vevlﬁg1 (uv) = constant.

Now, Zh(u);éh(v) tg, (h(w)h(v)) = Zu#v,vevl tg, (uv) = constant and Zh(u);ﬁh(v)fBZ
(h(w)h)) = Zu;év,vevlfBl (uv) = constant. Therefore G, is regular. O

Corollary 13  If a vague graph G is co weak isomorphic to G and if Gy is strong, then G
need not be strong.

Theorem 14 Let Gy and Gy be two vague graphs. If G1 is weak isomorphic to Gy and if Gy
is strong then Gy is strong also.

Proof As vague graph G; is weak isomorphic with Go, there exists a weak
isomorphism /% : Gy — Gy which 1is bijective that satisfies 4, (1) = ta,(h(n)),
Jay (1) = fa, (h(w)), tg, (uv) < tp,(h(u)h(v)) and fp, (uv) > fp,(h(u)h(v)). As G is strong,
tg, (uv) = min(tq, (1), ta; (v)) and fp, (uv) = max(fa, (#)fa, (v)). Now we have

tg, (h(w)h(v)) = tg, (uv) = min(ta, (1), t4, (v))
= min(ta, (h(w))ta, (h(v))).

By the definition, ¢, (h(u)h(v)) < min(t4, (h(1)), L4, (n(v))). Therefore, tp, (h(u)h(v)) =
min (¢4, (h(u)), ta, (h(v))). Similarly,

S, (HW)h(v)) < f3, (uv) = max(fa, (), fa, (v))
= max(fa, (h(u))fa, (h(v))).

By the definition, max(fs, (7(1)),fa, (h(v))) < fp,(h(u)h(v)). Therefore, fz,(h(u)h(v)) =
max(fa, (h(u)),fa,(h(v))). So, Ga is strong. O

Corollary 15 Let Gy and Gy be two vague graphs. If G is weak isomorphic to Gy and if
G is regular, then Gy need not be regular.
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Theorem 16 If the vague graph G is co weak isomorphic with a strong regular vague
graph Gy, then G is strong regular vague graph.

Proof As vague graph G is co weak isomorphic with a vague graph G, there exists
a co weak isomorphism % : Gi — Gy which is bijective that satisfies £4, (1) < ta, (h(1)),
fa, (1) = fa,(h(w)), tg, (uv) = tg, (h(u)h(v)) and fp, (uv) = fp, (h(w)h(v)), for all u,v € V1.
Now we have
tg, (uv) = tg, (h(w)h(v)) = min(ta, (h(%)), ta, (h(v)))
> min(ta, (1), ta, (v))
S, (uv) = fp, (h(w)h(v)) = max(fa, (h(u)), fa, (h(v)))
< max(fa, (), fa, (v)).

But by definition tp, (#v) < min(t4, (1), £, (v)) and fp, (uv) > max(fa, (u),fa,(v)). So,
tg, (uv) = min(ta, (u), t4,(v)) and fp, (uv) = max(fs, (), fa, (V).

Therefore, G; is strong. Also for u € Vj, Zu#wevl tg, (uv) = tp,(h(w)h(v)) =
constant as Gy is regular and Zu;éval (wv) =>_ f3,(h(w)h(v)) = constant as Gy is regu-
lar. Therefore G s regular. O

Theorem 17 Let G1 and Gy be two isomorphic vague graphs, then G is strong regular if
and only if Gy is strong regular.

Proof Asavague graph G s isomorphic with vague graph Go, there exists an isomorphism
h: G1 — Gy which is bijective and satisfies £4, (1) = t4,(h(1)) and fa, (1) = fa, (h(w)),
for all ueVqi and ¢ (wv) =tg,(h(w)h(v)) and fp, (uv) = fp,(h(w)h(v)), for
all uv e Ei. Now, Gi is strong if and only if ¢, (uv) = min(t4, (%), %4,(v)) and
B, (uv) = max(fa, (u),fa, (v)) if and only if £g, (h(u)h(v)) = min(ta, (h(u)), ta,(h(v))) and
B, (h(m)h(v)) = max(fa, (h(u)), fa,(h(v))) if and only if G, is strong. G; is regular if and
only if >°, ., ey, ts, (uv) = constant, for all u € Vi and ), ,, v, f5, (uv) = constant,
for all ueV; if and only if Zh(u);ﬁh(v),h(v)eVz tg,(W(u)h(v)) = constant and
Zh(u);éh(v),h(v)evszz (h(w)h(v)) = constant, for all h(u) € V5 if and only if G, is regular. [J

Theorem 18 A vague graphs G is strong regular if and only if its complement vague
graph G is strong regular vague graph also.

Proof The complement of a vague graph is defines as fa, =Za,, fa, =fa,,
ta(uv) = ta(u) A ta(v) — tg(uv) and jTB(uv) =fp(uv) — fa(u) V f4(v). G is strong
regular if and only if fg(uv) = min(t4(x),24(v)) and fp(uv) = max(fa(u),fa(v))
if and only if fg(uv) = ta(u) A ta(v) — tg(uv) = tp(uv) — tg(uv) =0  and
ng(LtV) = fg(uv) — fa(u) V f4(v) = fa(uv) — fg(uv) = 0 if and only if > #z(uv) = 0 and
3" f3(uv) = 0if and only if G is strong regular vague graph. O

Definition 19 Let G = (A, B) be a connected vague graph. G is said to be a highly
irregular vague graph if every vertex of G is adjacent to vertices with distinct degrees.

Example 20 Consider a vague graph G such that V = {v;,vp,v3,v4} and
E = {vivy,vov3,v3va, vav1}. By routine computations, we have deg(v;) = (0.3,1.5),
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deg(vy) = (0.2,1.3), deg(v3) = (0.4,1.2), deg(va) = (0.5, 1.4). We see that every vertex of G
is adjacent to vertices with distinct degrees. So, G is highly irregular vague graph (see Fig. 3).

Theorem 21 For any two isomorphic highly irregular vague graphs, their order and size

are same.

Proof If h from Gj to G2 be an isomorphism between the highly irregular vague graphs
Gi and Gy with the underlying sets V7 and V5 respectively then,

tAl (M) = tAg(h(M)))fAl (M) =fA2 (h(bl)), for all u V,
tg, (uv) = tp, (h(w)h(v)), fz, (wv) = f3,(h(w)h(v)), for all u,v e V.

So, we have

0G) = | Y tay), Y fa, ) | = D ta,(h(ua)), > fa, (h(u))

ueVy u1eVy u1eVy u1eVq

= Z tAg(u2)) Z fAZ(MQ) = O(GZ)

ureVy useVy
SGy = Y tgGv), Y fa,uv)
uvi€E; uv1€E;

= > tn,(whn), Y f,(h(u1)h(v1))

ul,V1€V1 ul,Vlevl

= Z tg, (uava), Z B, (u2v2) | = S(Go).

Usvy €E2 Usvy EE2

O

Theorem 22 IfG; and Gy are isomorphic highly irregular vague graphs then, the degrees
of the corresponding vertices u and h(u) are preserved.

Proof If h: Gy — Gy is an isomorphism between the highly irregular vague graphs G;
and G with the underlying sets V; and V5 respectively then, g, (u1v1) = ¢, (h(11)h(v1))
and fg, (u1v1) = f, (h(u1)h(v1)) for all uy,vi € Vi. Therefore,

1(0.3,0.4) 2(0.2,0.5)

(0.2,0.8) (0.1,0.6)

04(0.4,0.3) 03(0.5,0.5)
Fig. 3 A highly irregular vague graph
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diw) = Y tguv))= > tg,(hw)h(w) = di(h(u))

u,v1€Vy uy, 1 eVy
drw) = Y fa )= > fo,(h@)h(v1) = dy(h(uy))
up,v1€Vy ui, 1 €Vy

for all u; € V1. That is, the degrees of the corresponding vertices of G; and Gy are the
same. O

Definition 23 A vague graph G is said to be
1. self complementary if G = G,
2. self weak complementary if G is weak isomorphic with G.

Example 24 Let us consider, a vague graph G = (A, B) where, the vertex set be
V = {v1,v2, 12} and edge set is {vivy, vav3}. Obviously, the graph is self complemen-
tary (see Fig. 4). If identity bijective mapping is assumed, then G and G are weak
isomorphism.

Theorem 25 Let G be a self weak complementary highly irregular vague graph then,

S tptan) = 3 3 min(e4 0, ta )

u#v u#v
MZ#VfB(uv) > % ; max (£ (1), fu ().

Proof Let G = (A, B) be a self weak complementary highly irregular vague graph of
G* = (V, E). Then, there exists a weak isomorphism /2 : G — G such that for allz,v € V
we have t4 (u) = ta(h(w)) = ta(h(w)), fa(u) = fa(h(@)) = fa(h@w)ts(uv) < tg(h(wh(V)),
fov) = fa(hWh)).

Using the definition of complement in the above inequality, for all ,v € V' we have

tp(uv) < tp(h(uw)h(v)) = min(ta(h(u)), tah(v)) — tp(h(u)h(v))
fav) = fa(h(wh(v)) = fe(h(w)h(v)) — max(f4 (h(u)),f4(h(v))
tg(uv) + tg(h(w)h(v)) < min(ts (h(w)), ta(h(v)))
Je(uv) + fp(h(w)h(v)) > max(fy (h(u)),fa(h(v))).

5(0.3,0.4) 1(0.2,0.3)

1)3(0.37 05)
Fig. 4 An example of vague graph with self complementary and weak complementary
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80, 3 sy tBV) + 32,4, tp(h(Wh(V) < 37, min(ta(h(w)), ta(h(v)) and >, ., fp(uv)+
YouznBR@A W) = 37, ., max(fa (b)), fa(h(v))). Hence, 237, ., ts(uv) <3, .,
min(¢4 (1), t4a(v)) and ZZM#VfB(uv) > ZM#V max(fa (u),fa(v)). Now we have
Sy tBY) < 53,2, min(ta(w), ta(v)) and Y, f3(uv) = 5 37, max(fa(u), fa()).

Definition 26 Let G = (A4, B) be a vague graph. The p-complement of G is defined as
G* = (A, B*) where B* = (tg,fB”) and

th (uv) = { ta(w) NEa(v) — tp(uv) i Lp(uv) >0

0 if tg(uv) =0
— if 0
[ uv) = {fB(W) fAO(M) vV fav) ifﬁ% =0

Example 27 Let us consider a vague graph G = (A,B) where the vertex set is
V = {v1,v2,v3}and edge set is E = {v1vo, vav3, viv3} (see Fig. 5).

Theorem 28 The u-complement of a highly irregular vague graph need not be highly

irregular.

Proof To every vertex, the adjacent vertices with distinct degrees or the non-adjacent
vertices with distinct degrees may happen to be adjacent vertices with same degrees.

This contradicts the definition of highly irregular vague graph. O

02(02,0.3) (91 0.g) 1(0.2,0.4)

v5(0.3,0.4)
a

22(0.2,0.3) 1(0.2,0.4)

(0.1,0.4)

(0.1,0.5)

v5(0.3,0.4)
b

Fig. 5 u-Complement of vague graphs. a Vague graph G. b y-Complement of G
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Theorem 29 Let G and Gy be two highly irregular vague graphs. If Gi and G are iso-
morphic, then p-complement of G1 and Gy are isomorphic also and vice versa.

Proof Assume that G; and Gy are isomorphic, there exists a bijective map
h: Vi — Vo satisfying 4, (u) = ta,(h(w)), fa,(u) =fa,(h(n)), for all ue Vi and
tg, (uv) = tg, (h(w)h(v)), fp,(uv) = fp,(h(u)h(v)), for all uv € E;. By the definition of u-
complement we have tgl (uv) = min(ta, (u), ta, (v)) — tp, (wv) = min(ts, (h(u)), ta, (h(v)))

_th (h(u)h(v))¢ fBMI (MV) =fBl (MV) - max(fAl (u)tf;ﬁl (V)) =fBz (h(u)h(l/)) - max(fA2 (h(l,{)),
fa,(h(v))), for all uv € E;. Hence, Gf = Gg . The proof of the converse part is straight
forward. O

Conclusion

It is well known that graphs are among the most ubiquitous models of both natural and
human-made structures. They can be used to model many types of relations and process
dynamics in computer science, physical, biological and social systems. In this paper, we
introduced the notion of vague h-morphism on vague graphs and studied the action of
vague h-morphism on vague strong regular graphs. We defined pt-complement of highly
irregular vague graphs and investigated its properties.
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