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Abstract

Recently, the study of the fractional formal (operators, polynomials and classes of spe-
cial functions) has been increased. This study not only in mathematics but extended to
another topics. In this effort, we investigate a generalized integro-differential operator
Im(2) defined by a fractional formal (fractional differential operator) and study some its
geometric properties by employing it in new subclasses of analytic univalent functions.

Keywords: Fractional calculus, Unit disk, Analytic functions, Integral operator,
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Background

The subject of fractional calculus (integral and derivative of any arbitrary real or com-
plex order) has acquired significant popularity and major attention from several authors
in various science due mainly to its direct involvement in the problems of differential
equations in mathematics, physics, engineering and others for example Baskonus and
Bulut (2015), Yin et al. (2015) and Bulut (2016). The fractional calculus has gained an
interesting area in mathematical research and generalization of the (derivative and inte-
gral) operators and its useful utility to express the mathematical problems which often
leads to problems to be solved see Yao et al. (2015), Baskonus (2016) and Kumar et al.
(2016). Specifically, it utilized to define new classes and generalized many geometric
properties and inequalities in complex domain. In another words, these operators are
play an important role in geometric function theory to define new generalized sub-
classes of analytic univalent and then study their properties. By using the technique of
convolution or Hadamard product, Saldgean (1981) defined the differential operator D,
of the class of analytic functions and it is well known as Saldgean operator. Followed by
Al-Oboudi differential operator see Al-Oboudi (2004). Several authors have used the Sa
lagean operator to define and consider the properties of certain known and new classes
of analytic univalent functions. We refer here some of them in recent years. Najafzadeh
(2010) investigated a new subclass of analytic univalent functions with negative and fixed
finitely coefficient based on Salagean and Ruscheweyh differential operators. Aouf et al.
(2012) gave some results for certain subclasses of analytic functions based on the defi-
nition for Salagean operator with varying arguments. El-Ashwah (2014) used Salagean
operator to define a new subclass of analytic functions and derived some subordination
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results for this subclass in open unit disk. Breaz et al. (2008) investigated a new general
integral operator for certain holomorphic functions based on the Saldgean differential
operator and studied some properties for this integral operator on some subclasses of
univalent function. Also, Deniz et al. (2012) defined a new general integral operator by
considering the Hadamard product and gave new sufficient conditions for this operator
to be univalent in U. Breaz et al. (2014) defined two general integral operators F;(z) and
G, (z) and investigated some geometric properties for these operators on subclasses of
analytic function in open unit disk.

In this paper, we define a generalized mixed integro-differential operator J,,(z) based
on the concept of Breaz integral operator as well as the fractional differential operator
and study some their geometric properties on some new subclasses in open unit disk.

Preliminaries
Let A denote the class of all functions of the form

f(z)=z+Zanz” (1)

n=2

which are analytic function in the open unit disk U = {z : |z| < 1} and usually normal-
ized by f(0) = f'(0) — 1 = 0. Also, let S be the subclass of A consisting of functions f of
form (1) which are univalent in U. We denote by $*(8) and K(B), 0 < 8 < 1, the classes
of starlike function and convex function in U, respectively. For f € A, Esa et al. (2016a)
introduced the following differential operator 7%° : A — A,

e o]

Fré+1)rn+a
T (2) ==z + "

anz
Fa@+1) I'(n+9)

(z € 1), 2)

for some (0 < @ < 1), (0 <é <1)andn € N\{0,1}. If&« = § in (2), then we get

T*f(2) =f(z) (zeU)

for more details see Esa et al. (2016b). Now, let define a new fractional differential opera-
tor D/;f : A — Aas follows

DIf(2) =f(2)
Dif() = (1 - HTf (2) + 22(T**f (),
Dkf@) =D, (DS @) (keNzel),

In general, we write

Dif@)=z+Y Oui(a,8,Nays" ke=1{0,12,...) 3)

n=2

where

k

re+1) F(n+a)(1+(n_m) ‘

MNa+1)I'(n+9)

Dy i, 8,4) = {
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When o =6, A =1 and k = 1, we get Salagean operator see Saligean (1981) and when
a = 3, we have Al-Oboudi differential operator see Al-Oboudi (2004). Afterwards, we
introduce some new subclasses of A as follows.

Let SK(4,¢) denote the class of functions f € A which satisfies the following
condition:

% { 2Di Y (@)

W}>¢ (zel) 4)

for some 0 < ¢ <1, 2> 0and k € {0,1,...}. Let K (4, ¢) denote the class of functions
f € A which satisfies the following condition

k42
9%{1 + D, f@

U
Dﬁ?w}>¢ e ®

forsome0<¢ <1, A >0and k € {0,1,...}. It is clear that, when k = 0 in (4) and (5),
then we have the well known function classes

8%, ¢) =S*(¢) and K°(4,¢) = K(¢).

Further, let N*(J, ) the subclass of A, consisting of the functions f, which satisfies the
following

- {1 2D f ()

U
D?V@}<w (zel) (6)

and let M¥X(J, ) be subclass of A consisting of the functions f which satisfies the
following

- { 2Di Y (@)

for some ¢ > 1, A >0and k € {0,1,...}. It is obvious that, when k = 0 in (6) and (7),
then we obtain the following classes

MU, ¥) = M@y) and NO°(L ) = N(¥)

were interested by Owa and Srivastava (2002), Dixit and Chandra (2008) and recently
studied by Porwal (2011). Let a function fis said to be in the class KkL(p, @), if

2D 21 (2)
RI1 + __ 4t L7
{ Dyt f (2) =7

for some p, 4 > 0 and for all z € U. When k = 0 in (8), we have the function class stud-

sz{ +2f (2)

— |t 0 1
D | 7Y 0= ®

ied in Shams and Kulkarni (2004). For f, gi € A and v, B; be positive real numbers,
j=1{1,2,...,m}, we define the integral operator J,,(z) : A™ — Aby
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M (ke Bj N
I (2) =/0 H (Aé”) (Dlj“gj(f)) ’dt. 9)
j=1

Note that, this integral operator is generalization of the integral operator recently
defined by Stanciu and Breaz (2014). Also, the integral operator J;,(z) is generalizes the
following operators defined and investigated by several researchers:

Remark 1 For k = 0and fj’ = gj’, j=1{1,2,...,m}, we have integral operator defined as
follows:

z m . Bj :
Fopf (@) = /0 H(@) (F@) ae
j=1

studied and considered by Frasin (2011).

Remark 2 For k=0 and v; =0,j={1,2,...,m}, we have the following integral

operator

z M . B
Lo = | H(ﬁm) 't
0o g\t

was considered by Breaz and Breaz (2002).

Remark 3 Fork =0,and 8; =0, j = {1,2,...,m}, we have the integral operator

o (2) = /H g,(t)

which studied by Breaz et al. (2009). In particular, for m = 1,v; = v, =0and g1 = g,
we have the integral operator

Tf(2) = /0 (¢)"dt

which was considered by Pascu and Pescar (1990).

Remark4 Fork =0, m=1,v; =0,8; = Band fi =f, we have the following operator

z B
Iﬁf(z):/o <f(tt)> dt. (10)
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investigated by Miller et al. (1978). In particular, for 8 = 1, we have the Alexander’s inte-

gral operator

If (z) = ; @ (11)

which was studied by Alexander (1915).

Main results
We start our first result.

Theorem 1 Letv;, fjbe positive real numbers, j = {1,2,...,m}.If f; € MK, i), ¥ > 1
and gj € Nk, n;), nj > 1,j =1{1,2,...,m), then the integral operator J,,(z) given by (9)
is in the class N* (1, p), where

p =1+ 1B — D+l — Dl

j=1

Proof On successive differentiation of J,,(z) defined in (9), we obtain

m Dk . B Vi
In@=]] ((g@) (Pg) ') (12)

j=1
and
k+1 ¢ _ pkr,
In@) = Z [ﬂ,(pf( )> (ZDJ. ﬁ(zz)z DAﬁ(Z))(Dﬁ"rlgj(z))v/}
j=1
m k
I1 ((Dﬂf(z)> (DHg(e ))W) +Z Kpf(z)> v (D @)
=1
L#j
- Difi(2)
=1
L#j
By a calculation, we have
2@ _ |, (DY@ 2D g (@)
S =2 B — 1)+ (14)
I (2) st Dj(z) D; " gi(2)

The Eq. (14) is equivalent to

D@ ¥ | (D@ 2Dk 2)
W@ ; F’( Dif2) DTy ) (15)

Page 5 of 9



Abdulnaby et al. SpringerPlus (2016) 5:893

By calculating the real part of both expressions in (15), we have

Z3(2) S P ) 2D} 2gi(2)
R 1p = iy A AT e M e R ¢
{3;n<z> " } Zlﬂ’ Do DT D | T

j=1

m ZD/(+1f(Z) k+2g](z)

; [ TR Dﬁ“g,»(z) '
Since f; € MX(J, ¥), ¥; > land g € N*(Z, ), mj > 1, j = {L,2,...,m}, we have

‘R{Z:J/m(z) + 1} < Z[,le/fj —Bj+vmj—vil+1
Im(2) st
< IBW — D+ v — DI+1

j=1

Therefore, J,,(z) € NkQ, 0), where p =1+ eril[ﬂj(wj -1 +vi(m — D] O

Let k = 0,m = 1in Theorem 1, we have

Corollary 1 Let B,v be positive real numbers. If fe M), ¥ >1 and
geN®m,n > 1, then

3@ = /0 (f m) (@ (t)"dt (16)

is in the class N'(p), wherep =1+ B( — 1) +v(n — 1).

Theorem 2 Let f, v; be positive real numbers, j— {1,2,...,m}. We assume that
firj =1{1,2,...,m)} are starlike functions by order + B and that is f; € Sk, ,) and
g € ICkL'(p,', n»pi=1,0=<n <1,j={12,...,mpIf

D —n)+pl—m<1 (17)

j=1

then J,,(z) given by (9) is in the class KK (), ) where

w=1+m+> [y —1) - Bl

j=1

Proof By following same methods as in Theorem 1, we have

23 (2) 2Dk (2) ) Df2g(2)
-1 A
T l ( D¥f(2) ke

j=1 gl(z)
m Dk+lf (Z) ZD/”<+2gj(Z)

= ,6+v - 18
gl D T D "
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we can see that, (18) is equivalent to

zJ/,; (z) i DkJrl fi(2) le;‘ ng (2)
=315 — B+ | +1 19
TR DI A b= e 4
then by taking the real part of (19), we have
ER{ 20 (2) + 1}
m(2)
(20)

k+1 k42
- Z [,3} 2D, @ —ﬂ,+vj9%<w+1) —vi| +1,

Difi(2) DEtlgi(z)

Dﬁﬂﬁ(z)
Dffi(2)
0<n <1, j={1,2,...,m}, from (20), we have

but f; € Sk, ﬂ%), that means 9%{ } > é and g € ICkE(,Oj, nj), pj >0 and

k+2

zy, (Z) “ (2)
9{{ = }>Zl1_ﬁ7+vj<p‘k+1& +nj>—v; +1
j=1 D l()
2gi(2)
>1+m— Zﬁ]+21pl k+11 +ZVJ(771_1)
j=1 j=1 D l() j=1
. 12D g2
Since, vj p; ’W‘ > 0, we have
23, (@) = “
S)‘i{ S/m(z) —i—l} > l—i—m—Zﬁj—i—Zw(m—l),
m

j=1 j=1

>1+m+ Yy [y —1) - Bl
j=1

By using the condition in (17), we have that J,,(z) € KK (2, w), where

m
w=1+m+> [y —1) - Bl
j=1
By setting k = 0 and 1 = 1in Theorem 2, we have the following result.

Corollary 2 Let B,v be positive real numbers, We assume that f € S*(%),
geL(p,n),p>0and0 <n<LIf

B+v(l—n) <2

then the integral operator

3@ = /0 (f m) (¢ (@)"ds

is in the class K(w) where w =2 +v(n — 1) — B.
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Conclusion

In geometric function theory, we defined and studied a new integro -differential opera-
tor J,(z), with a new classes of analytic and univalent functions. This operator is gener-
alized and modified recent various fractional differential operators.
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