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Korea for the analysis of life testing and reliability data. Also, this distribution is a very flexible
Full list of author information distribution. The inverse Rayleigh distribution and inverse exponential distribution are

is available at the end of the

article a special case of the inverse Weibull distribution. In this paper, we derive the approxi-

mate maximum likelihood estimators (AMLEs) of the scale parameter and the shape
parameter in the inverse Weibull distribution under multiply type-Il censoring. We also
propose a simple graphical method for goodness-on-fit test based on multiply type-Il
censored samples using AMLEs.
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Background
The probability density function (PDF) and the cumulative distribution function (CDF)
of the two-parameter inverse Weibull distribution are given by

gx0,4) = io_;“x_()“ﬂ)exp {—(xa)_;‘}, x>0,0>01>0 (1.1
and
G(x;0,1) = exp {—(xa)fﬂ“}, x> 0,0 >0,1>0, (1.2)

where o and / are scale and shape parameters respectively.

This distribution has been recently proposed as a model in the analysis of life testing
data. Many authors have discussed estimation of the parameters and associated infer-
ence, for example, Calabria and Pulcini (1990, 1994; Maswadah 2003; Mahmoud et al.
2003).

In life testing and reliability experiments, it is well known that the lifetimes of test
units may not be always observed exactly. There are also situations in which the removal
of units prior to failure is pre-planned because of the time or cost limitations associated
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with testing. The type-I and type-II censoring are the most common censoring schemes,
but the typical type-I and type-II censoring do not have flexibility. The type-II censoring
scheme is a special case of the multiply type-II censoring scheme. Multiply type-II cen-
sored sampling arises in a life-testing experiment whenever the experimenter does not
record the failure times of some units placed on a life testing.

The approximated maximum likelihood estimating method for the Rayleigh distribu-
tion was first developed by Balakrishnan (1989). Fei et al. (1995) studied the estimation
for the two-parameter Weibull distribution and extreme-value distribution under mul-
tiply type-1I censoring. They compared the mean squared errors of the maximum likeli-
hood estimators, approximate maximum likelihood estimators (AMLEs), and best linear
unbiased estimators (BLUES) of the parameters in the extreme value distribution.

Goodness-of-fit tests were discussed by several authors. Porter III et al. (1992) devel-
oped three modified Kolmogorov-Smirnov, Anderson-Darling, and Cramer-von Mises
tests for the Pareto distribution based on the complete samples. Shimokawa and Liao
(1999) studied the goodness of fit test for the extreme value and Weibull distribution,
when the population parameters are estimated from a complete sample by graphical
plotting techniques. Puig and Stephens (2000) studied some tests of fit for the Laplace
distribution based on the empirical distribution function (EDF) statistics and the appli-
cation of the Laplace distribution in the least absolute deviations regression. In addition,
Choulakian and Stephens (2001) discussed estimation of parameters and goodness-of-fit
tests for the generalized Pareto distribution.

The objective of the our study is to derive the AMLEs of the scale parameter o and the
shape parameter 4 based on multiply type-II censored samples. We also propose a sim-
ple graphical method for goodness-of-fit test based on multiply type-II censored sam-
ples using AMLEs.

The paper is organized as follows. “Approximate maximum likelihood estimators”
describes estimation of the scale and shape parameter under multiply type-II censored
samples. “Graphical methods in the goodness-of-t tests” describes graphical methods in
the goodness-of-fit tests. In “Illustrative examples’, we apply graphical method using two
example data set. Finally, “Conclusions” concludes the paper and gives some recommen-
dations for future work.

Approximate maximum likelihood estimators
We assume that # items are put on a life test, but only aith, asth, ..., asth failures are
observed, the rest are unobserved or missing, where a1, ay,..., a5 are considered to be
fixed.

If X is an inverse Weibull random variable, then Y = JogX has extreme-value distribu-
tion with location u = log(1/0) and scale parameter § = 1/ with PDF and CDF given
respectively as;

flym0) = ;eXp<—y_9M>eXp [—eXp(—y;Mﬂ 2.1)

and

F(y; u,@) = exp [—exp (—T)] . 2.2)
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Let us assume that the following multiply type-II censored sample from a sample of
size n IS Yayn < Yayn < -+ < Yazmw Where 1 < a; < ay < -+ < a; <mn ay=0,
ast1 =n+1, F(Yao:n) =0, and F(yus+1:n) =1

The likelihood function based on the multiply type-II censored sample is given by

1 n!

[F (2ay:m)]1 1 — F(zgym)]"™%
US HS+1 (“] —dj—-1 — 1)! !

s 2.3)
x Hf(zﬂ,m | J [ECTA R SN Ca e
j=1 j=2
where z;., = (i, — 11)/6, and flz) and F(z) are the pdf and the cdf of the standard
extreme-value distribution, respectively.
Since f'(z)/f (z) = e % — 1, we can obtain the likelihood equations as follows;

dlnL 1 . S zagn)
W = —0|:S+(a1 — De Zal‘nzal:n_(n_ﬂ )I—Fa( an) axn“‘ze v Za n
d s f(zalzn)zav:n _f(zavl:n)za-lzn] 24
— Zan + a —ai_1—1 7 7 7 /
.Z / ;2( / =1 ) F(Zaj:n) _F(Za/_l:n)
=0,
and
olnL _ 1 S f Zagn) . ~Za;n
E {(m —De *" — (n tls)il ~ Flzam +Ze i —s
n (61;' - 1)f(za,-:n) _f(Za/,lzn) :| 2.5)
=2 F(Za,':n) - F(Za,_l:n)
=0.

Since the likelihood equations are very complicated, the equations (2.4) and (2.5) do not
admit explicit solutions for 6 and , respectively.

Let & = F~'(p;) = —In[—Inp;] where p; =i/(n+ 1), q; = 1 — p;. Further, we may
expand the following function in a Taylor series around the points &, and (&, ,, &)
respectively.

We can approximate the following functions by

f(ZaS:n)

——— >~ + 812405
1 — F(zayn) “ s 20
e*Za]-:n ~ e*éal- (1 + %_3/) e S“/ Za, . (27)
S @ajn)
i ~ayj+ ﬂljzaj;n + V1jZaj_y:n> (2.8)

F(Zaj:n) - F(Zaj_l:n)

and
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f(za',lzn) N
F(Za/-:n) _1 F(Za]-,l;n) >~y + ﬂZjZa/-:n + V2iZaj_y:ns 2.9)
where

1 > a 1 / 2 a
K1 = ? |;f(§a5) - gasf/(Sas) _f(wsas],al = — |;f (Eas) _|_f(€:3):| ,
o (4K G~ E)]  fe) [ fe) ]

v Pﬂ/‘ _pﬂj—l ’ v pa,‘ _pﬂ/'71 Pa/ _Pa,-,l ’

FEa) Eay ) (4 K ey ) — 80 ' E )|
e e T Pa; — Pa; ’

{Pa,» _pa/_1:| j i1

2
/(Sd',l) (‘i:ﬂ/',l)
By = —vij, szzf : +[f ]

paj _pﬂj—l paj _pﬂ/'fl
K zf(%-ﬂ})éa] _f(%-llj_l)%-llj_l )
! pﬂ/‘ _pdj,1

By substituting the equations (2.6)—(2.9) into the equation (2.4), we can derive an esti-
mator of 6 as follows;

—B1 + VB1? — 4sC; (2.10)
2s ’ '

0=

where

s s
By = (a1 — 1)e_§al (1 + €a21>ya1:n —(n— as)KlyaS:n + Ze—éa/ a1+ Ejj)yaj:n - Zya/:n
j=1 j=1

S
+D (@) — aj-1 = D(@1Yain — V2¥a 1) — {(m — e g2 — (1 — ag
j=2
S g S
+ Z e Y (l + %'3/) — s+ Z(aj —aj-1 — 1)(0(1}' — )/gj)] i,
j=1 j=2
S
C1 = —(a1 — De ™ Gayn — )2 — 01— 4081 Giagn — ) = Y € (ayon — 1)’
j=1
S
+D @ —ai1-1) [ﬁlj(yaj:n = %+ 214 Oapn — ) Gayyon — )
j=2

- V2j(yaj_1:n - /1)2:| .

Next, equation (2.5) does not admit an explicit solution for . But we can expand the fol-
lowing function as follows;

f(zai:n) _f(za/,l:n)
F(Zaj:n) - F(za/_l:n)

~oazi+ ,BSjZaj:n + V3jZa;_1:n (2.11)
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where aszj = o1 — ), B3j = B1j — By and V3i = Vij — V2.
By substituting the equations (2.6), (2.7), and (2.11) into the equation (2.5), we can

derive an estimator of u as follows;

1= 2.12
=5 (2.12)

where
D =A,Cy—AsC,, E=A,By—AyB,,

s s
Ap=(@—De (1 +8) — n—adkr+Y e “A+8) —s+ > (@ —aj1— Das,
j=1 j=2

s
BM =—(a1 — l)eigulyalzn —(n— ﬂs)(slyus:n - Ze_sajya/:n
=1

S
+ Z(ﬂj —aj—1 — D(B3iYan + V3iYa_:n)»
j=2

S S
Cy=—(a1 — De 51 — (n — ag)é; — Ze_‘?“f + Z(ﬂj —aj—1 — (B3 + v3),
j=1 j=2

S S
Ay =s+ (a1 — e *m %’31 — (n—as)ky + Z 6_5”"53/ + Z(ﬂj —aj—1 — Dayj,
j=1 j=2

s
By = (a1 — l)eiéal 1- Eal)yal:n —(n— as)SZyaS:n + Z e_sﬂi 1- Sa,'))’ai:n
=1

s s
+ Zyaj:n + Z(aj —a4j-1— 1)(/34jyaj:n + )’4jyaj_1:n)r
=1 =2

Cr=(a1—De (1—&)—(n—a)by+ Y e “(1—5y) —s
j=1

+ Z("i —aj—1 — 1)(Baj + vaj),

j=2
2 2 1 2
Ky = _E& l;f/(éfas) +f(ﬁ:|, 8 = qf l;f(éas) + Saj/(gas) +f (§a5)5u5:| ’
, EfE) &2 [ ) (1= Kf 60 + &0 (6]
oy = K7 — » Baj= )
Pa; — Paj_, Pa; — Paj_,
(1= K ) + o Gy
Yaj = — .
pa,‘ _Pa,-,l

Since # = 1/Aand u = log(1/0), we can obtain the AMLEs of the shape parameter 1 and

the scale parameter o as follows; A= l/é and & = 1/e™.

Graphical methods in the goodness-of-fit tests
In this section, we consider a graphical method for goodness on fit test in the inverse
Weibull distribution based on multiply type-II censored samples using AMLEs.
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Modified normalized sample Lorenz curve
The Lorenz curve is extensively used in the study of income distribution and used to be a
powerful tool for the analysis of a variety of scientific problems.

Cho et al. (1999) proposed the transformed Lorenz curve that can be used in the study
of symmetric distribution. The transformed Lorenz curve is defined by

le—l)(j:n i
TL(r)) = =———, ri=—, i=12,...,n 3.1)
LD S P (

Kang and Cho (2001) proposed the normalized sample Lorenz curve (NSLC) for the
complete sample as follows;

NSLC(r)—M r‘—i i=1,2 n
1 _TSLF(}"Z), l_ni - P B ) ) (3,2)
where
i
i— (X _X: )
TSL(ri) = Z’,,‘l Ui )
ijl(Xj:n _Xlzn)
L [FYp) - F )
TSLp(rp) = =221 e wo] _ i+ 1.

Sty [F71 ) — F~ ()]

Now, we propose modified NSLC based on multiply type-II censored samples.
The modified NSLC based on multiply type-1I censored samples is given by

MNSLC(r:) MTSL(r;) % . 19
i) = a7 . =) =L4...5S
= MTSLE(ry)” T ! § (3.3)
where
i
 Xayon — Xayn)
MTSL(r;) 222_1 aj:n apn) i1,
,‘:1(Xaj:n - Xm:n)
Z;:l |:F_1(p(l1; OA—; j‘-) - F_l(pal; OA—, ju):|
MTSLg(r;) = —ri+ 1.

S [F e 6,7 — ey 6,0

Also, we propose the modified NSLC plot for multiply type-II censored samples using
X)Y) =1 —r;, 1 — MNSLC)). If data come from the inverse Weibull distribution, the
modified NSLC plot is y = 0 (see, Figs. 1, 2). The value of 1 — MNSLC; increases and
then decreases as 1 — r; increases when the alternative is Pareto and Weibull distribu-
tions. But the value of 1 — MNSLC; decreases and then increases as 1 — r; increases when

the alternative is beta, lognormal and normal distributions.

Test based on spacing of EDF
We have an idea for plot and test statistics based on the spacing of the EDF.
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Fig. 2 Modified NSLC plot: multiply type-Il censored data (n = 30, a; =1, 5-13, 17-25, 28-30)

0.

97

F(x4;:n) has a different spacing of order statistics at all the distribution. We use the

range F(X4;.n) — F(%4,.n) between a;th point and the aith point. So we propose the plot

for multiply Type-II censored samples by

a; R,’

@ ) = <I’l+ 1’ P;
where

< Sty Fapons 65 4) — F a0 6, 1)
i = = —=
F(xagzn» 6,4) — F(xm:n: 6,4)

1>, i=12.s,

+1,

(3.4)

(3.5)
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i
ijl Aj:n — Al:n

As:n — Al:n

b = (3.6)

If data come from inverse Weibull distribution, the above plot is y = 0 (see, Figs. 3, 4).
The value of (R;/P;) — 1 increases and then decreases as a;/(n + 1) increases when the
alternative is normal and lognormal distributions. But the value of (R;/P;) — 1 decreases
and then increases as a;/(n + 1) increases when the alternative is Weibull and beta dis-
tributions. The normal alternative distribution and the lognormal alternative distribu-

tion are similar.
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Fig. 3 Plot based on the spacing of the EDF: complete data (n = 30)
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Fig. 4 Plot based on the spacing of the EDF: multiply type-ll censored data (n = 30,g;= 1,5-13,17-25,
28-30)
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lllustrative examples
In this section, we show some illustrative examples using real data sets and discuss the

results of examples.

Example 1: the ball bearings in the life test

The data given here arose in tests on the endurance of deep groove ball bearings. They
were originally discussed by Lieblein and Zelen (1956), who assumed that the data came
from a Weibull distribution. The data are the number of million revolutions before fail-
ure for each of the 23 ball bearings in the life test:

17.88, 28.92, 33.00, 41.52, 42.12, 45.60, 48.40, 51.84, 51.96, 54.12, 55.56, 67.80, 68.64,
68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

To work with the inverse Weibull distribution, the 23 failure times are converted to
inverse failure times:

0.006, 0.008, 0.008, 0.009, 0.010, 0.010, 0.011, 0.012, 0.015, 0.015, 0.015, 0.015, 0.018,
0.018, 0.019, 0.019, 0.021, 0.022, 0.024, 0.024, 0.030, 0.035, 0.056.

For complete data, we can obtain the AMLEs 7 = 2.121929 and & = 81.450162. For
this example of n = 23, s = 16(¢; = 1,2,5—14,18—21), and the multiply Type-II cen-
sored samples are 0.006, 0.008, —, —, 0.010, 0.010, 0.011, 0.012, 0.015, 0.015, 0.015,
0.015, 0.018, 0.018, —, —, —, 0.022, 0.024, 0.024, 0.030, —, —, we can obtain the AMLEs
7 = 2.062999 and & = 80.986041.

We can picture the proposed plots for multiply Type-II censored samples using the
AMLEs / and 6 (see Figs. 5, 6, 7, 8). It is easy to see that the modified NSLC plot has
good performance for complete data or multiply Type-II censored samples. The modi-
fied NSLC plot is more sensitive than the plot based on spacing of EDFE.

0-v0‘$‘|‘||“‘¢¢00vvvi.—ﬁ_ﬂ
0.00 0.13 0.26 0.39 0.52 0.25 ] .0.’8 0.91

]
-0.5 =

m # Real Data
-1.5 4 - m |LN(Real Data) |

3 J
Fig. 5 Modified NSLC plot [Example 1: complete data (n = 30)]
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& Real Data
22 = | LN(Real Data)|

_3 J
Fig.6 Modified NSLC plot [example 1: multiply type-Il censored data (n = 30, a; =1, 5-13, 17-25, 28-30)]

0.8 4
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n
02| = * .,
[ |
L . e,
0 = * * T * > L 4 d T * T L] l, ! '—.ﬁ—I—.—l
0.04 0.17 0.29 0.42 0.54 0.67 0.79 0.92
-0.2
0.4 -
-0.6 -

Fig. 7 Plot based on the spacing of the EDF [example 1: complete data (n = 30)]

Example 2: maximum flood levels of the susquehenna river

Data given by Dumonceaux and Antle (1963), represents the maximum flood levels (in
million of cubic feet per second) of the Susquehenna River at Harrisburg, Pennsylvenia
over 20 four-year periods (1890-1969) as follows;

0.654, 0.613, 0.315, 0.449, 0.297, 0.402, 0.379, 0.423, 0.379, 0.324, 0.269, 0.740, 0.418,
0.412, 0.494, 0.416, 0.338, 0.392, 0.484, 0.265.

This data had been utilized earlier by Maswadah (2003). He showed a rough indica-
tion of the goodness-of-fit for the model, due to the smallness of the sample seize, by
plotting the empirical CDF and the CDF of the inverse Weibull distribution using the
maximum likelihood estimators of the parameters. Maswadah (2003) showed that the
inverse Weibull distribution provides a good fit to these data, which demonstrated the
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0.8 -

0.6 - « Real Data

B |LN(Real Data)|
0.4 -

0.2 -+ n

0.04 0.25 0.38 0.50 0.75 0.88

0.4

-0.6 -
Fig. 8 Plot based on the spacing of the EDF (example 1: multiply type-ll censored data [n = 30,q; =1,5-13,
17-25, 28-30)]

usefulness of the inverse Weibull distribution in modeling extreme value data, as well as
its applicability in the analysis of natural phenomena (flood, drought, rainfall, etc.).

We now apply the proposed estimators to these data, and assess their goodness of-fit.
For complete data, we can obtain the AMLEs ) = 4.335915 and & = 2.783092. For this
example of n = 20, s = 15(a; = 1-7,11—18), and the multiply Type-II censored samples
are 0.265, 0.269, 0.297, 0.315, 0.324, 0.338, 0.379, —, —, —, 0.412, 0.416, 0.418, 0.423, 0.449,
0.484, 0.494, 0.613, —, —, we can obtain the AMLEs J= 4.132622, and 6 = 2.770161.

We can picture the proposed plots for multiply Type-II censored samples using the
AMLEs /. and 6 (see Figs. 9, 10, 11, 12). It is easy to see that the plot based on spacing of

0.6 -
¢ Real Data

0.4 - = (Real Data)*(s-ai)

0.2 -

0 I I T I
0.00 0.15 0.30 0.45 060 , ®0%s 0.90
| |

-0.2 - .
-0.4 - " "
-0.6 -

-0.8 -

1 -
Fig. 9 Modified NSLC plot (example 2: complete data (n = 30))
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010 = 0.25 0.40 s 050 " 0.85
[]
-0.2 A = - - - u
-0.4 -
-0.6 A
-0.8 A
1 A
Fig. 10 Modified NSLC plot [example 2: multiply type-Il censored data (n = 30,a;= 1, 5-13, 17-25, 28-30)]

0.8 -
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u ]
| u -
04 - . .
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LN "
.
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-0.2 ~
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-0.6 -
-0.8 -
Fig. 11 Plot based on the spacing of the EDF (example 2: complete data (n = 30))

EDF has good performance for complete data or multiply Type-1I censored samples. The
plot based on spacing of EDF is more sensitive than the modified NSLC plot.

Conclusions

In most cases of censored and truncated samples, the maximum likelihood method does
not provide explicit estimators. So we discussed another method for obtaining explicit
estimators. We also proposed a simple graphical method for goodness on fit assessment
based on multiply type-II censored samples using AMLEs.
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Fig. 12 Plot based on the spacing of the EDF [example 2: multiply type-Il censored data (n = 30, ;= 1,5-13,
17-25, 28-30)]

We demonstrated that the proposed graphical method is a simple and fairly good
approach for assessment of goodness of fit. We will need further study of the test statis-
tics and the critical regions for testing distributions based on multiply type-II censored
samples.
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