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Weak forms of continuity in I-double gradation
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Abstract

In this paper, we introduce and characterize double fuzzy weakly preopen and double fuzzy weakly preclosed
functions between /-double gradation fuzzy topological spaces and also study these functions in relation to some

other types of already known functions.

Introduction

In the history of science, new theories have always
been necessary in order for existing scientific theories
to progress and this will continue to be true in the
future. Two examples of essentially different mathemati-
cal theories that deal with the concept of uncertainty are
probability theory and the theory of fuzzy sets. Whereas
probability theory has a history of around 360 years,
the theory of fuzzy sets is little more than 50 years old.
Since the 1960s fuzzy methods have entered the scientific
and technological world, good theoretical progress (e.g.,
fuzzy logic, fuzzy probability theory, fuzzy topology, fuzzy
algebra) has been made, and there have been technical
advances in various areas (e.g., fuzzy control, fuzzy expert
systems, fuzzy clustering and data mining).

Chang (1968); Lowen (1976); Sostak (1985); Kubiak
(1985); Samanta and Mondal () and many others con-
tributed a lot to the field of Fuzzy Topology. In recent
years Fuzzy Topology has been found to be very useful
in solving many practical problems. Shihong Du et. al.
(2005) are currently working to fuzzify the 9-intersection
Egenhofer model Egenhofer and Franzosa (1991); Herring
and Egenhofer (1991) for describing topological rela-
tions in Geographic Information Systems (GIS) query. In
El-Naschie (1998, 2000), El-Naschie has shown that the
notion of Fuzzy Topology is applicable to quantum parti-
cle physics and quantum gravity in connection with String
Theory and e Theory. Tang (2004) has used a slightly
changed version of Chang’s fuzzy topological space to
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model spatial objects for GIS databases and Structured
Query Language (SQL) for GIS.

In this paper, we will introduce the concepts of dou-
ble fuzzy weakly preopen and double weakly preclosed
functions in /-double gradation fuzzy topological spaces.
Their properties and the relationships between these
functions and other functions introduced previously are
investigated.

Preliminaries

Throughout this paper, let X be a nonempty set and [ is the
closed unit interval [0,1]. I, = (0,1] and I; =[0,1). The
family of all fuzzy subsets on X denoted by IX. By 0 and 1,
we denote the smallest and the greatest fuzzy subsets on
X. For a fuzzy subset A € IX, 1 — A denotes its comple-
ment. Given a functionf : X — Y, f(A) and f~1 (1) define
the direct image and the inverse image of f, defined by
FOI®) = Vyymy »@) and f71(0)(x) = v(f(x)), for each
L eIX, v eI¥, and x € X, respectively. For fuzzy subsets
A and p in X, we write Agu to mean that A is quasi coinci-
dent (g-coincident) with u, that is, there exists at least one
point x € X such that A(x) + ©(x) > 1. Negation of such
a statement is denoted as Agu. Notions and notations not
described in this paper are standard and usual.

Definition 2.1. [(Samanta and Mondal (1997, 2002);
Garcia and Rodabaugh (2005)] An I-double gradation
fuzzy topology (v, T*) on X is a pair of maps t, t* : IX — I,
which satisfies the following properties:

(01) 7(}) <1—1*(}) foreach x € IX.
(OZ) ‘L'()\l VAN )Q) > 7,'()\.1) A\ ‘L'()Lz) and
(A AA2) < T(M) VT* (o) foreach A1, Ay € IX.
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(03) T(\/iel" Af) = /\iel" 7(A;) and
™ (Vier M) < Vjer 75 (1) for each A; € IX,
iel.

The triplet (X, t,t*) is called an I-double gradation
fuzzy topological spaces (I-dfts, for short). A fuzzy set A is
called an (r, s)-fuzzy open ((r, s)-fo, for short) if t (1) > r
and (L) < s. A fuzzy set A is called an (r,s)-fuzzy
closed ((r, s)-fc, for short) set iff 1 — A is an (7, s)-fo set.
Let (X, 71, 7]) and (Y, 12, 7)) be two I-dfts’s. A function
f : X — Y is said to be a double fuzzy continuous iff
11(f~1(v)) > 1(v) and rl*(f_l(v)) < 7;(v) for each
vell.

There was a question we must ask ourselve before start-
ing to present our results, which was: Is it useful to intro-
duce new concepts to I-double gradation fuzzy topological
spaces?

We could know that double (initially, intuitionistic)
fuzzy sets (and hence double fuzzy topological spaces)
deal with ambiguity in a way better than fuzzy sets. In
addition to that, double fuzzy topological spaces is a gen-
eralization of some other kinds of topological spaces; we
can get fuzzy topological spaces in Chang’s sense (X, 7y,s),
where

Tos = et >r, Q) <s).

Also, when the conditions t*(A\) =1 — 7(A) and T(X) +
7*(A) # 1 achieved in Definition 2.1, we get the defini-
tion of fuzzy topological spaces in Kubiak- Sostak’s sense
Kubiak (1985); Sostak (1985). If we use 2% instead of I,
the resulting topological structure will be called double
gradation fuzzifying topological spaces (A new structure
mentioned for the first time in Bhaumik and Abbas 2008).
Besides, we can also get the general topological spaces.

Theorem 2.1. [(Coker and Demirci 1996; Lee and Im
(2001)] Let (X, T, t*) be an I-dfts. Then for eachr € Iy, s €
I and ) € I, we define an operator Cy + : IX x Iy x I} —
IX as follows:

Cren(or) = N\fwel | A<p, T 2r, (1) <s).

For A, n € X, r, ry € Iy and sy1,sy € I, the operator Cy =
satisfies the following statements:

(Cl) Cr,t* (Qr r, S) = Q’

(C2) x < Cror(A1,5),

(C3) Crox(Ar,8) V Crpx(p,1,8) = Coox (A V 1,1, 5),

(C4) Crox(X,r1,81) < Crox(A,12,82) ifr1 < rp and
81 = 82,

(C5) Cr,1x(Crpx(A,1,8),1,8) = Crex(A, 1,5).
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I and A € IX, we define an operator I p+ : IX x I x I —
IX as follows:

Lo Gur,9)=\/{rel* | n<h, () = r, 7)< s).

For v, € IX, ryr1, o € Iy and s,s1,s2 € I, the operator
I 1+ satisfies the following statements:

(11) I‘L’,‘[* A—-rrs)=1— C‘L’,‘[* A, r1,8),
(12) I‘L’,‘[* (lv r, S) = ll
(13) Ir,r*()\; r,8) < A,
(I14) Iy« (A1,8) Alyox(@,1,8) = Ir o (A A 1, 1,8),
(I5) It x(A1r1581) = I o (X, 1, 82) ifrp < rp and sy > s,
(16) I‘E,‘[* (IT,‘L'* ()\-) r, S)’ r, S) = ‘[,‘[* ()‘" r, S)r
(I7) IfI; 1+ (Cy rx(X, 1,8),1,8) = A, then
Cr,r*(lr,r* (l — ATy S), r, S) = l — A

Definition 2.2. Let (X,t,t*) be an I-dfts. For ) € I%,
relyands e 1.

(1) A is called (r, s)-fuzzy preopen ((r, s)-fpo, for short) if
A < Ip +(Crex(A,1,5),1,5). A fuzzy set A is called
(r,s)-fuzzy preclosed ((r,s)-fpc, for short) iff 1 — A is
(r,s)-fpo set. The (r, s)-fuzzy preinterior of A,
denoted by PI; = (A, r,s) is defined by

PI; +(A,1,8) = \/{u el |v<irvis (r,s) — fpo}.

The (r,s)-fuzzy preclosure of A, denoted by
PCy (X, 1,5) is defined by

PCr .+ (A, 1,8) = /\{v e |r<vvis (r,s) — fpc}.

(2) A is called (r, s)-fuzzy regular open ((r, s)-fro, for
short) if A = I 1+ (Cy 1+ (A, 1,8),1,8). A fuzzy set A is
called (r, s)-fuzzy regular closed ((r, s)-frc, for short)
iff1 — A is (r, s)-fro set.

(3) A is called (r,s)-fuzzy a-open ((r, s)-fao, for short) if
A < Ip 1+ (Crox(Iy, o+ (A, 1,8),1,8), 1, 5). A fuzzy seth is
called (r, s)-fuzzy a-closed ((r, s)-fac, for short) iff
1 — Ais(r,s)-fxo set.

Theorem 2.3. Let (X, t,t*) be an I-dfts. For A € X re
Iyands € L.

(1) A is (r,s)-fpo (resp. (r,s)-fpc) iff A = Pl 1+ (A, 1,5)
(resp. . = PCrrx(A,1,5)),

2) I‘E,‘[* A1) < PIr,r* (A, ry8) <A< PCr,r* A, 1,8) <
Crox(A,1,5),

(3) 1 —PI (A, r,8) = PCyx(1 — A, 1,5) and
Pl «(1 — A 1,8) =1 —PCr (A, 1,8).

Definition 2.3. Let f : (X,t1,7f) — (Y, 72, 7)) be a

Theorem 2.2. [(Coker and Demirci 1996; Lee and Im  function from an I-dfts (X, 11, 1]") into an I-dfts (Y, 12, 7).

2001)] Let (X, t,t*) be an I-dfts. Then for eachr € Iy, s €

The function f is called:
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(1) double fuzzy preclosed iff (1) is (r,s)-fpc set in IY for
eachi e X, relyandsel;;Ti(L—1) >r,
-3 <s,

(2) double fuzzy open if ta(f (1)) > 71(1) and
7, (f(A) < 7{'(X) foreach A € IX,relyandsel,

(3) double fuzzy almost open if To(f(A)) > r and
73 (f(})) < s for each (r,s)-fro set A € X, relyand
sel.

Definition 2.4. Let f : (X, 71,7])) — (Y,72, 7)) be a
Sunction from an I-dfts (X, 11, t7) into an I-dfts (Y, 12, T)).
The function fis called:

(1) double fuzzy weakly open if
SfQ) < Iy iy (F(Coy o (A, 1,9)), 7, 5) for each ). € X,
relyands e l;;1i(A) > randt{(A) <s,

(2) double fuzzy a-open iff (1) is (r,s)-fao in IY for each
relX,relyands e l1; 1 (L) > rand (M) <s.

Definition 2.5. Let (X, t,t*) be an I-dfts, u € X x e
P(X), r € Ip and s € I where P(X) is the family of all fuzzy
points in X. ju is called an (r, s)-fuzzy open Q-neighborhood
of x¢ if t(p) = r, () < s and xiq.. We denote the set of
all (r,s)-fuzzy open Q-neighborhood of x; by Qq 1 (x¢, 1, 5).

Definition 2.6. Let (X, 7,7*) be an I-dfts, » € I, x; €
PX), r € Iy and s € 1. x; is called (r,s)-fuzzy 6-
cluster point of A if for every € Q «(%¢,7,5), we have
Cr o+ (U, 1, 8)gh. We denote D+ (A, r,5) = \/{x; € P(X) |
x¢is (r,s)-fuzzy O-cluster point of A}. Where Dy (X, 71,Ss)
is called (r, s)-fuzzy 6-closure of \.

Theorem 2.4. Let (X, t,t*) an I-dfts. For A, u € X and
r, s € Iy, we have the following:

(1) Deos(hyrs) = N eI | i <
It,‘r*(,u’ rs), T(l—p) =, T*(l - = s},
(2) x4 is (r,s)-fuzzy 0 -cluster point of A iff
Xt € Dy x(X,1,58).
(3) Crox(A,1,8) < Dy x(A,1,8),
(4) Ift()) > randt*(A) <s, then
Crox(A,1,8) = Do+ (A, 1,8),
(5) IfA is (r,s)-fpo, then Cr,rx(A, 1,8) = D+ (A, 1,5),
(6) IfAis (r,s)-fpoand & = Cy+(I;, (A, 1,5),1,5), then
Dy (A, 1,8) = A

The complement of (r,s)-fuzzy 0-closed set is called
(r,s)-fuzzy 6-open and the (r,s)-fuzzy 6-interior opera-
tor denoted by T7 +(A,7,s) is defined by Tr =« (A, 7r,s) =
VivelX | Cor(u,rs) <A t(v) =r1%() <s).

Remark 2.1. From Theorem 2.4 It is easy to see that:

(1) Iy x(A1,8) < Teox(A,1,8) forany A € IX, r € Iy and
s € ]1,
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(2) Trp+(A7,8) = I o+(A,1,5) foreach A e X, r € Iy
ands € I;;t(A) > rand t*(1) <s.

Double Fuzzy weakly preopen functions
Definition 3.7. A function f : (X,11,7{) = (¥, 12, 7))
is said to be double fuzzy weakly preopen if

F) < Play oz (F(Coy 2 (1, 7,5)), 755)
foreach ) e IX, r € Iyand s € I;; 11 (A) > r and (W) <s.
Remark 3.2. Every double fuzzy weakly open function
is double fuzzy preopen and every double fuzzy preopen

function is double fuzzy weakly preopen, but the converse
need not be true in general.

Example 3.1. Let X = {a,b,c} and Y = {x,y,z} . Fuzzy
sets L1, Ao and A3 are defined as:

M(a) = 0.5, r(b) =0.3, M) =02,
Ao(x) = 0.9, Ay =1, M(2) = 0.7,
A3(x) =02,  A3() =02,  As(z) =0.3.
Define 11 and v, as follows:
1 l_f A= Q’ l; 0 %f A= Qr l;
1
n)= g lf A=2A1; Tl*()‘): E lf A=Ay
0 otherwise. 1 otherwise.
1 if A=0,1 0 if »x=0,1
1 1
3 if A=Ay N if A=k
niy=1{> =11
— if A=2As3; — if A=A3;
3 7 3 3 7 3
0 otherwise. 1 otherwise.

Then the mapping f : (X, 11,7y) — (Y, 12, 7)) defined
by f(a) =z, f(b) = x and f(c) = y is double fuzzy weakly
preopen but not double fuzzy preopen. Where t1(A) > %,
(W) < % and f(A) is not (%, %)—fpo.

Example 3.2. Let X = {a,b,c} and Y = {x,y,z}. Fuzzy
sets L1, Ao and A3 are defined as:

M@ =05 Aa(b)=03, i) =02
MA@ =09, i) =1, Aa2(2) = 0.7;
A3(x) =02,  A3(») =09,  As(z) =0.3.

Let (11, 1{") and (12, 1) defined as follows:

1 if »=0,1 0 if A=0,1
1 1
n@=\g i A=, W=\ ff A=hy
0 otherwise. 1 otherwise.
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1 if »=0,1 0 if »=0,1

1 1

5 l,f A —)\27 5 l,f A =)\12;
ne)=12 , goy={3

— if A=A3; — if A=Agz;

3 7 3 3 7 3

0 otherwise. 1 otherwise.

Then the mapping f : (X, t1,7y) — (Y, 1, 7)) defined by
f(a) = z, f(b) = x and f(c) = y is double fuzzy weakly
preopen but not double fuzzy weakly open. Since f(r1) %
112,12* (f(Crl,rf (A1,7,8)),7,8).

Theorem 3.5. For a function f:(X,t1,7)— (¥,
72, Ty). The following statements are equivalent:

(1) fis double fuzzy weakly preopen,

(2) f(Te,e3(A,1,5)) < Plyy o5 (f(A), 7, 5) for each i € IX,
relyands e I,

(3) Tn,rl* (f_l(v), 7, ) §f_1(PITM2* (v, r,s)) for each
vel¥,relyandsel,

(4) f7HPCry 13 (1,1,5)) < Dyy o2 (f 1 (1), 1,5) for each
vel¥,relyandsel.

Proof (1) = (2) Let A € IX and xp € Ty (A1)
Then there exists y € Qq o Kps 7, 9) such that y <

C‘rl,‘rf (y,r,8) < A Thusf()/) =< f(Cn,tl* (Y)n 5)) < f()")
and hence

Plrz,r;‘ (f()’)’ r,s) < Plrz,rz* (f(crl,rl* (y:7,8)),1,9)

= PIrz,rz* (f(A),r,s).

Since f is double fuzzy weakly preopen,

f(J/) = PITQ,IZ* (f(crl,l'l* ()/, 7,8)),1,8) < PITz,‘r; (f()‘)i r,8).

and hence f(x,) € P, 3 (f(r),7,s). This shows that
xp € fTNPL,(f (), 7,9)). Thus Tr, (0, 1,5) < [Py
(f(A),r,s)) and so,f(T,l,,l* A, 1,8) < Plrz,rz* ), r,9).

(2) = (1) Let u € IX; 11(1) > rand 77 (1) < s. Since
w = Ty (Coy i (1575 9), 75 9), then

f(/’L) ff(Trl,rl* (C'r],‘[l* (/’Lr r, S)’ r, 5))

S PI‘L’z,T; (f(C‘rl,tl* (lu‘) r, S))’ r, S)'

Hence f is double fuzzy weakly preopen.
(2) = (3) Let v € I". By using (2), f(Tyy, .+ (f (V)
1,8) < Pl (v,1,5). Therefore, T .+ (flw),rs <

f_l(PIrz,tz* (v, 1,9)).
(3) = (2) Trivial.
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(3) = (4) Letv e IY. Using (3), we have
1=Doyr (1), 1,8) = Ty rr L= f 1), 7,9)
= Tt (1A= v),7,8)
<N Pl (L= v,1,5))
=fT 0 = PCryry(v,1,5)

=1— (1 (PCoy 3 (v,7,5)).

Therefore, we obtain f 1 (PCryz5(v,1,8)) < Doy pr 1),
7,5).

(4) = (3) Similarly we obtain, 1 —f~! (Ply1x (v, 7,9)) <
1-To (f~1(v),r,s), foreveryv e I, r € [y and s € I,
ie., Trl,r;* (f_l(v), r,s) §f_1(P1t2,t2* (v,71,5)). O

Theorem 3.6. For the function [ : (X,11,7{) — (¥,
T3, T3 ). The following statements are equivalent:

(1) fis double fuzzy weakly preopen,

(2) For each x; € P(X) and each u € I; t1() > r and
71 (u) < s withx; < u, there exists (r,s)-fpo set y
such thatf(x;) <y and y §f(C,M1* (u,7,9)).

Proof. (1) = (2) Letx; € P(X) and u € X such that
T1(un) > r, 7y (u) < sand x; < . Since f is double fuzzy
weakly preopen, then f(u) < PIrz,rz* (f(crl,rl* (1> 7,8)),1,8)-
Lety = PIT2,T2* (f(crl,rl* (1, 1,8)),r,s). Hence y Sf(crl,rf
(u,r,8)), with f(x) < y.

2 = (1) Letu € 51 > r () < sand
ys < f(w). It follows from (2) that y < f(cn,rl* (w,1,5))
for some (r,s)-fpo y € I' and y; < y. Hence we have,
Y <y < Plrz,rz* (f(cn,rl* (u,r,8)),7,5). This shows that
flp) < PI, . (_f(C,MI* (U, 1,8)),1,8), i.e. f is double fuzzy
weakly preopen function. O

Theorem 3.7. Letf : (X, 11,1{) — (Y, 12, 1)) be a bijec-
tive function. Then the following statements are equivalent:

(1) fis double fuzzy weakly preopen;

(2) PCryrs(f(3),1,8) < f(Cyyex (A, 7,5)) for each . € X,
relpandselj;t1i(A) > rand 7y (A) <s;

(3) PCryqs (f Iy cx (v,7,9)),1,5) < f(v) for eachv € X,
relyandsel;;1i(1 —v) > rand (1 —v) <s.

Proof (1) = (2) Letv € IX; r1(v) > rand 7(v) <s.
Then we have,

f(l_ U) = l_f(v) S PI‘Q,‘[Z* (f(c‘[l,rl* (l_ v, 7, S))’ r,S),

andsol—f(v) <1-— PCryrs (f(I,l,,l* (v,1,9)),1,5). Hence
PCTN; (f(I,Ml* ,r,8),1,8) <f).

(2) = 3) Let » € IX; 1;(0) > r and (M) <s. Since
Coyrp (As159) s (r,s)-fc set and A < Iy, (Cry rr (M1, 9),
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r,s) by (3) we have PCq, ox(f(A),1,8) = PCryrx(f ()1
(A, 1,8)),1,8) §f(Cfl,Tl* (A, 1,5)).

(3) = (2) Trivial.

(2) = (1) Trivial. O

Theorem 3.8. For a function f : (X,71,7}) — (¥,
T2, 73). The following statements are equivalent:

(1) fis double fuzzy weakly preopen;

2) f(ln,rl* (v,1,8)) < Pl (f(v),1,5s) for eachv € I,
relpands e l;;11(v) > rand t{(v) <s;

(3) f(lrl,rl* (Crl,rl* (A 7,8),1,8)) <
PIQ,,; (f(Crhr;f (A, 1,9),1,8) foreach € IX, r € I
ands € I;; 1(A) = randt{ (1) <s;

(4) f(A) = Plyy 3 (f (Cry e (A, 1,9)), 7, 8), for each
(r,5)-fpo set A € I;

(5) f(A) < Plyy o5 (f (Cry op (A, 7,9)), 7, 9), for each
(r,s)-foo set A € IX.

Proof. (1) = (2) Letv € K relyands € I1; 11 (1—v) >
rand 77(1 — v) <s.By (1),

f(I‘rl,rl* w,1,8) < P1T2,‘L'2* (f(C‘L'l,ri" (1'[1,1'1* (v,1,8),1,5)),1,5)
= PIIz,TZ* (f(crl,rf (v,1,9)),1,5)
= PI‘L’z,tz* (f(v)) V, S)

(2) = (3) Itis clear.

(3) = (4) Let A be (r, s)-fpo set. Hence by (3),

f) ff(ltl,rf (Crl,rf (A, 1,8),7,5))

=< P]rz,rz* (f(crl,rl* (A, 1,8)),1,5).
(4) = (5) and (5) = (1) are clear. O

Definition 3.8. A function f: (X,11,77) — (Y, 12, 7))
is said to be double fuzzy strongly continuous, if
f(Cn,rl* (A, 7,8) < f(\) foreach A € I, r € Iy and s € 1.

Theorem 3.9. If f : (X,11,7{) — (Y, 12,75) is double
fuzzy weakly preopen and double fuzzy strongly continuous
function, then f is double fuzzy preopen.

Proof Let A € IX such that 7;(A) > r and (A < s
Since f is double fuzzy weakly preopen

f()") S P[‘Ez,r; (f(crl,rl* ()"r r: S)), r; S)'

However, since f is double fuzzy strongly continuous,
then f(A) < PI, (f()),r,s) and therefore f(}) is (r,s)-
fpo. O

Definition 3.9. A function f : (X,11,77) — (Y, 72, 7))
is said to be double fuzzy contra-preclosed if f (1) is (r,s)-
fvo foreach » € IX,r € Iyand s € I;; 1(1 — A) > r and
Tf(1-3) <s.
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Theorem 3.10. If f : (X,71,7]) — (Y, 12,75) is dou-
ble fuzzy contra-preclosed, then f is double fuzzy weakly
preopen function.

Proof Let » € IX; 11(A) > r and (M) < s. Then, we
have

f) §f(CrM1* (A, 1,8)) = PITNEF (f(Crwl* (A, 1,8)),1,8).
O

The converse of the above theorem need not be true in
general as in the following Example.

Example 3.3. Let X = {a,b,c} and Y = {x,y,z}. Define
Sfuzzy sets A1, Ly as follows:

A1(a) =0,
A2 (x) =0,

A1) =0.2,
A2(y) = 0.2,

A1(c) =0.7;
Aa(x) = 0.2.

Let (11, 1]") and (12, T}) defined as follows:

1 lf A=10; 0 éf A=10
1 ¥ 1 .

T1(A)= g lf A=A, » T )= g lf A=A
0 otherwise. 1 otherwise.
1 l_f A=10; 0 éf A=10
1 # 1

(M) = 3 if A=Xy, A= 3 if X=Xy
0 otherwise. 1 otherwise.

Then the function f : (X, 11, 7)) — (Y, T2, 7)) defined as
f(a) = x, f(b) = y and f(c) = z is double fuzzy weakly
preopen but it isn’t double fuzzy contra-preclosed.

Definition 3.10. An I-dfts (X, t,t*) is said to be (r,s)-
fuzzy regular space if for each . € I'; t(\) > r and
T (A) < s is a union of (r,s)-fo sets j; € I such that
Crox((ir1r,8) < Aforeachi e J.

Theorem 3.11. Let (X,t,t*) be (r,s)-regular fuzzy
topological space. Then, f : (X,11,77) — (Y, 12, 7)) is
double fuzzy weakly preopen if and only if fis double fuzzy
preopen.

Proof. The sufficiency is clear. For the necessity, let A €
X, relysel;r#0 1R >rand 7(A) < s. For
eachx; < A, letx; < puy, < Cry,rp (s 7,8) < A Hence we
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obtain that A = \/{uy, | % < A} = \/{Crljrf(,u.x[,r,s) |
x; < A}and,

SO =\ (1) | % < 2)
= \/{P[rz,rz* (f(Crl,rf (/'pr r, S))’ r, S) | X < )‘-}
< Ployos (FO\/{Cry ety 79) | 221),7,)

= PIrN; f),r,s).
Thus f is double fuzzy preopen. O

Theorem 3.12. If f : (X, 11,17) = (¥, 12, 7)) is double
fuzzy almost open function, then it is double fuzzy weakly
preopen.

Proof Let » € IX; 11 (L) > r and 77(A) < s. Since f is
double fuzzy almost open and Irl,rf (Crl,rl* (A, r,8),1,8) is
(r, s)-fro, then

112,12* (f(lrl,rf (Crl,rf ()" r, S)’ r, S)): r, S) Zf(ln,rl* (Crl,rl*

x (A, 1,8),1,8))

and hence

f()") Sf(ln,fl* (C‘rl,rl* ()": r, S)r r, S)
S I‘L’z,‘f; (f(C‘[l,Tl* ()"} r, S)), r, S)

< Plrz,rz* (f(crl,rf ()" r, S)): v, 5)~
This shows that f is double fuzzy weakly preopen. O

Definition 3.11. Let (X, t,7t*) be an I-dfts, r € Iy and
s € 1. The two fuzzy sets A, i € I are said to be (r,s)-
fuzzy separated iff \qCr (1, 1,8) and ugCr (A, 1,s). A
fuzzy set which cannot be expressed as a union of two (r, s)-
fuzzy separated sets is said to be (r, s)-fuzzy connected.

Definition 3.12. Let (X, t,t*) an I-dfts. The fuzzy sets
A € IX such that & # 0, 1 # 0, are said to be fuzzy (1, s)-
pre-separated if \GPCy 1+ (i, 1,s) and pugPCr (A, 1,s) or
equivalently if there exist two (r,s)-fpo sets v, y such that
A<y u <y, Aqy and pqv. An I-dfts which can not be
expressed as a union of two fuzzy (r,s)-pre-separated sets
is said to be fuzzy (r,s)-pre-connected space.

Theorem 3.13. If f : (X,11,7{) — (Y, 72, 7)) is an
injective double fuzzy weakly preopen and strongly dou-
ble fuzzy continuous function from the space (X,t1,1])
onto an (r,s)-fuzzy pre-connected space (Y, 1,1;), then
X, 11, 7)) is (r,5)-fuzzy connected.

Proof. Let (X, 11, 7{") be not (r, s)-fuzzy connected. Then
there exist (r,s)-fuzzy separated sets 8, y € I* such
that B v y = 1. Since B and y are (r,s)-fuzzy sepa-
rated, there exists A, u € I; 1(A) > r,(n) > r
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and 77(A) < s, 77 (n) < ssuchthat B < A, ¥y < u,
Bqun and ygh. Hence we have f(B) < f(L), f(y) <
fw), f(B)gf (n) and f(y)gf(A). Since f is double fuzzy

weakly preopen and double fuzzy strongly continuous
function, from Theorem 3.10 we have f(A) and f(u) are
(r,s)-fpo sets. Therefore, f(B) and f(y) are (r,s)-fuzzy
pre-separated and

1=fQO=fBVvy)=fB V)

which is contradiction with (Y, 13, 73) is (r,s)-fuzzy pre-
connected. Thus (X, 71, 7{°) is (1, s)-fuzzy connected. ]

Double Fuzzy weakly preclosed functions
Definition 4.13. A function f : (X, 11,7{) = (¥, 12, 7))
is said to be double fuzzy weakly preclosed function if

PCrz,rz* (f(Irl,rl* (A, 1,8)),1,8) Sf()\)

foreach » € IX, r € Iyand s € I; 1(1 — ) > r and
(1) <s.

Remark 4.3. Clearly, every double fuzzy preclosed
function is double fuzzy weakly preclosed, but the con-
verse need not be true in general, as the next example
shows.

Example 4.4. Let X = {a,b} and Y = {x,y}. Fuzzy sets
A1 and Ay are defined as:

A(x) =04, A1(y) = 0.3;
Mo(a) = 0.5, Ao (b) = 0.6.
Let
1 if »=1,0 0 if A=1,0
1 1
(M) = 5 lf A=Ay 7.'1*()»)2 5 lf A= A;
0 otherwise. 1 otherwise.
1 U( A=1,0 0 %f r=1,0
1 * 1 .
nM={> i A=in o, BO={ i A=y
0 otherwise. 1 otherwise.

Then the function f : (X, 11, 1{) = (Y, 12, 7)) defined by
f(a) = x, f(b) =y is double fuzzy weakly preclosed but is
not double fuzzy preclosed.

Theorem 4.14. For a function f X, 1) —
(Y, 13, 73). The following statements are equivalent.

(1) fis double fuzzy weakly preclosed;

(2) PCrypz(f(1),1,5) < f(Cry (A, 1,9)) for each i € 1%,
relpands € I;;11(A) > rand 7 (A) <s;

(3) PCoy s (fUry o (A1, 8),1,8) < f(A) for each & € X,
relpandselj;;ti(l—A) >randty(1—1) <s;
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(4) PC‘Q,‘L’Z* (f(I‘fl,‘L'l* ()"} r, S), r, S) Sf()") fOf eaCh (r} S)_fpc
setr € IX,relyands € Iy;

(5) PCINZ* (f(lrml* (A, 1,8),1,8) < f(A) for each (r,s)-foc
reX, relyands e I.

Proof. Straightforward. O

Theorem 4.15. For a function f : (X,11,7{) — (¥,
T2, 73). The following statements are equivalent.

(1) fis double fuzzy weakly preclosed;

(2) PC‘[Q,‘EZ* (f(}‘)7 rr S) Sf(cfl,‘rl* (}‘r r: S)) fO[’ eaCh
(r,s)-froseth € IX,r € Iy and s € I};

(3) Foreachvel¥,uelX,relyandsel;ti(n) >r
and t{ () <'s with f~1(v) < u, there exists (r, s)-fpo
sety € IV withv <y andf~1(y) < Cry o (s 759);

(4) For each fuzzy pointys € P(Y) and each u € X,

r € Iy ands € I such that t1 () > rand t{'(u) <s
with f~1(y5) < u, there exists (r,s)-fpo set y € I¥;
ys <y andf 1 (y) < Coper (W7, 9);

(5) PCrz,rz* (f(lrl,rl*(crl,rl* (A, 1,8),71,8)),1,8) <
f(C,l,,l* (A 1,5)) foreach . € IX, r € Iy and s € I;;

(6) PC‘Q,‘[Z* (f(I‘[l,‘L’l* (D‘L'l,‘[ik ()‘-1 r; S)) rr S))r I", S) S
f(Dtl,Tl* (A, 1,9)) foreach . € IX,r € Iy and s € I};

(7) PCrz,rz* (f()h): r,5) Sf(crl,rl* (A, 1,5)) for each
(r,s)-fposetr € IX,r € Iy and s € I.

Proof. We will prove (2) = (3) and (1) = (6).

2 = () : Letv € IV, r € Ip,s € I and let
w e IX; 11(n) > rand () <s with f~1(v) < u. Then
f_l(v)éCer* A — Cy (1, 9),1,5) and consequently,
vEZf(Cn,Tl* (L = Crp,ep (,1,8),1,9). Since 1 — Cry o2 (1, 1, 5)
is (r,8)-fro, vgPCry x (f (1 — Cyy o2 (1, 7,)), 7, 8) by (2). Let
y = 1- PC‘L’Z,T;(f(l - Crl,ri“(,uw 7,8)),1,5). Then y is
(r,s)-fpo with v < y and

F7H @) S L—fTHPCrye; L= Crypex (1, 7,5),7,9))
<1-fYQA-Cphr(,r9)

= Crl,tl* (1,1, 9).

1) = ®6):Letvel,relyandsel;; n(l —v) > r,
;1 —-v) < sandy; < 1— f(v). Sincef’l(ys) <
1 — v, there exists (r,s)-fpo y € I' with y, < y
and f_l(J/) = Cn,tf(l —vns) = 1-— Irl,rl*(‘)rr:s)
by (6). Therefore yizf(lrl,fl*(v, r)), so that y < 1 —

PC‘L’z,‘[; (]“(I‘L'l,‘[ik (U) r, S))r r, S)' D

Theorem 4.16. If f : (X, 11,7;) — (Y, 12, 15) is double
fuzzy weakly preclosed, then for each y; € P(Y) and each
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u € Qfllff (f~1(95),1,5), there exists (r,s)-fpo set y € I';
Y € Quy s 95, 7,9), such that f = (y) < Cyy 2+ (i, 1,5).

Proof. Let u € Qq,rl*(f_l()/s; r,s). Then u(x) +s > 1
and hence there exists ¢t € (0,1) such that u(x) > t >
1 —s. Then u € QTLTT (f’l(yt),r, s). By Theorem 3.7-
6 there exists (r,s)-fpo set y € I¥; y¢ < y such
that f~1(y) < Cryrp(usmy8). Now, y(y) > ¢ and
hence y(y) > 1 — 5. Thus y is (,s)-fpo neighborhood
of y;. O

Definition 4.14. Let (X, t,7t*) be an I-dfts. A fuzzy set
A € IX is called (r,s)-fuzzy pre-Q-neighborhood of x; if
there exists (r,s)-fpo set i € IX such that xequ < A We
denote the set of all (r,s)-fuzzy pre-Q-neighborhood of x;
by PQ, .« (x¢,1,9).

Theorem 4.17. In an I-dfts (X, t, t*). A fuzzy point x; €
PCr v (A, 1) if and only if for every u € PQ_ ,«(x¢,1,5), Agh
is hold.

Proof. Straightforward. O

Theorem 4.18. If f : (X, 11,1y) — (¥, 12, 7)) is double
fuzzy weakly preclosed and if for each v € IX, r € Iy and
selyni(l—v) =1y (1—v) < sand eachf~(ys) <1—v
there exists |L € Qi (F~1s), 1, 8) such that f~1(y;) <
uw =< Crl,rl* (1, 7,8) < 1—v. Then fis double fuzzy preclosed.

Proof Let v € IX, r € Ipyand s € I; i(1 —
vy > r 10 —v) =< soand let y, < 1 —
f(). Then f~1(ys) < 1 — v, and hence there exists
n € QTI,Tf(f_l(yS),r,s) such that f~1(y,) < u <
Coprp(parss) < 1 — v Since f is double fuzzy weakly
preclosed by using Theorem 3.12, there exists (r, s)-fuzzy
pre-Q-neighborhood y € I' with y; < y and f~1(y) <
CH,,{« (i, 1,s). Therefore, we obtain f~1(y)gzv and hence
yqf (v), this shows that y; & PCryr; (f(v),r,s). There-
fore, f(v) is (r,s)-fpc and f is double fuzzy preclosed
function. O

Definition 4.15. A function f : (X, 11, 7]) — (¥, 12, 7))
is said to be double fuzzy contra-open (resp. double fuzzy
contra-closed ) if ta(1—f (X)) = r and v (1—f (1)) < s(resp.
T (f(A) = rand t;(f(X)) < s) for each A € X, relyand
selyti() > rand 1 (L) < s(resp. 1(1 — ) > r and
A —2) <s)

Theorem 4.19. If f : (X, 11,17) — (¥, 12, 7)) is double
fuzzy contra-open, then f is double fuzzy weakly preclosed.

Proof Let » € I, r € Iyand s € I such that 71 (1 — 1) >
rand 7{'(1 — 1) < s. Then,
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PC‘Q,TZ* (f(lfl,‘rl* (}‘v r, S))! r S) ff(lrl,rl* ()"! r, S))
=f.

O

Theorem 4.20. If f : (X, 11,17) — (Y, 12, 7)) is double

fuzzy weakly preclosed, then for every v € 1Y and every

relX, relys el suchthat ty(L) > r and (L) <s

with f~1(v) < A, there exists (r,s)-fpc set y € IV such that
vy andfil(y) = C‘cl,‘[l* (A, 7,8).

Proof. Let v € IYandletr e X, r e pands €
such that 17 (A) > r and 7 (A) < s with ) <
Ao Put y = PCps (f(ln,rl* (Crprp (As7,8),1,9)), 1, 9),
then y is (r,s)-fpc set in IY such that v < y
since v < f()‘) = f(l‘tl,ri" (C‘cl,‘[l* ()\: r, S)? r, S)) =
PCryx (f(ln,rf (Coprp (M 1,8),758)),1,8) = y. And since f
is double fuzzy weakly preclosed, f~1(y) < Coyrr (s, Sé.]

Corollary 4.21. If f : (X, 711, 7]) — (Y, 72, 7}) is double
fuzzy weakly preclosed, then for every ys € P(Y) and every
relX relyands € I, such that t(\) > r and (M) <s
with f~Y(ys) < A, there exists (r,s)-fpcsety € IV; 95 < y
such that f~1(y) < C,Ml* A, 1,9).

Definition 4.16. A fuzzy set . € IX is called (r,s)-
fuzzy 6-compact if for each family {u; | i € J} in {n €
K € Quor(hr,9)) satisfy (\iep ) ®) = Ax) for
each x € X, there exist a finite subset Jo of ] such that
A =< Ir,r* (\/{Cr,t* (:u/l" T,S) | ie ]()},T,S).

Theorem 4.22. If f : (X, 11,17) = (Y, 12, 7)) is double
fuzzy weakly preclosed with all fibers (r, s)-fuzzy 6-closed,
then f (1) is (r, s)-fpc for each (r, s)-fuzzy 6-compact A € I,
relyands € .

Proof. Let A be (r,s)-fuzzy 6-compact and let y; < 1 —
f(). Then f~1(ys)gh and for each x; < A there is 11y, €
Qo (%, 7, 8) with w < puy, and Coy ox (e, 759~ (95)-
Clearly {py, | * < Ay, € Qqy o (A1, 9)} satisfy
(\/ie] i) (x) > A(x) for each x € X and since A is (7, s)-
fuzzy 0-compact, there is {{tx,, ays tuss -r hx,} S {1, |
Xt < Ay My, € Qfl,,f« (A, r,8)} such that A < Iy o (&,1,9),
where § = \/{Ctl,rf(uxi,r,s) | i = 1,2,...,n}. Since f
is double fuzzy weakly preclosed, by using Theorem 3.12
there exists y € PQq o+ (95,1 5) with

F7090 <f7 @) S Cr—&r,5) =11 1 (5,1,9)
<1l-xr

Therefore y; < y and ygf(A). Thus y, < 1 —

PCryx (f(A),r,s). Thus f(1) is (r, s)-fpc set. O
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Definition 4.17. Let (X, t,t*) be an I-dfts. The fuzzy
sets A, u € I are (r,s)-fuzzy strongly separated if there
existv, y € IX such that t(W)>randt*(v) <s t(y)>r
withh < v, u <y and C; 1+ (v,7,8)qCr (Y, 1,5).

Definition 4.18. An I-dfts (X, T, t*) is called (r, s)-fuzzy
pre Ty if for each x,, x;, with different supports there exists
(r,8)-fpo sets A, 1 € X such that Xt <A< Xiepyy Xy <
U < x1_p and Aqu.

Theorem 4.23. If f : (X, 11, 7]) — (Y, 12, 7)) is double
fuzzy weakly preclosed surjection and all fibers are (r,s)-
Sfuzzy strongly separated, then (Y, 11, 1]) is (v, s)-fuzzy pre-
T.

Proof. Let ys,, 55, € P(Y) and let y,v € IX,r €
Iy and s € I;; i(y) = r, if(y) = s uv) =
r and 171(v) < s such that f_l(ysl) < vy and
f1(95,) < v respectively with Coprr (75158 Cry 13 (0, 1, ).
By using Theorem 3.12-4 there are (r,s)-fpo sets A, . €
I¥ such that ¥, < X and y, < pu, oy <
Coprp (v5759) and f~1(u) < Cryrp (0,1,5). Therefore Aqu,
because Coprp (V1,9 Cry 3 (0,7, 8) and f is surjective.
Thus (Y, 13, 75) is (1, s)-fuzzy pre-T». O

Definition 4.19. an I-dfts (X, t,t*) is said to be (r,s)-
extremally disconnected if t(Cyx(A,1,8)) > r and
T*(Cr o+ (A, 1,8)) < s for each A € I; t(A) > r and
*(A) <s.

Definition 4.20. an I-dfts (X, t,t*) is said to be (r,s)-
fuzzy almost compact if for each (r,s)-fuzzy open cover
{Xi | i € ]} of X, there is a finite subset Jo of ] such that
v{cr,r*(kir rs) i€} =1

Definition 4.21. A fuzzy set A in an I-dfts (X,t,7%) is
said to be (1, s)-fuzzy p-compact iff for each family of (r, s)-
fpo sets {w; | i € J} satisfies (\/;; i) (x) = A(x) for
each x € X. There exists finite subfamily Jo of ] such that
(\/ie]o PCy (i, 1,8))(x) > A(x) for each x € X.

Theorem 4.24. Let (X, 11, 7;) be (r,s)-extremally dis-
connected I-dfts. Let f : (X, 11,77) = (¥, 12, 7)) be double
fuzzy open and double fuzzy preclosed injective function
such that f~1(ys) is (r,s)-fuzzy almost compact for each
ys € P(Y). If A € 1Y is (r,s)-fuzzy P-compact. Then f~1())
is (r,8)-fuzzy almost compact.

Proof. Let {vj | = €]} be (r,s)-fuzzy open cover of
f71(1). Then for each y; < A A f(X), f~l(ys) <
\/{Crl,fl*(uj,r,s) | & € J@s)} = vy, for some
finite subfamily J(ys) of J. Since (X,71,7)) is (7,5)-
extremally disconnected each Tl(Crl,rl*(‘)ﬁ r,s)) > r and
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‘L'I*(C-[l,rl*(l)j, r,s8)) < s, hence 71(yy,) > rand 7{(y),) < s.
So by Corollary 4.21 there exists (r, s)-fpc set ;s < py,
such thatf_l(uys) < Crl,rl* (ys»758). Then, {py, | ys < A A
fO}VA{L—f(X)}is (r,s)-fuzzy preclosed cover of A, 1 <

\/{CTZ,TI (H’ys’ r, S) | yS S A /\f(X)} \% {C‘Ez,‘[* (l _f(X)r r, S)}
for some finite fuzzy subset K of A A f(X). Hence,

f—l(k) < \/ySEKf—l(Ct 3 (Hy 75 5))
VA (Cor A= f OO, 7,9)))
= \/yseK Ctl,rl* (f_l(ﬂys)» r,s)
VACq = (F 1A = f (X)), 7, 9))

—1
=V ek Caat 7 o)

soft(n) < \/aee](ys),yseK Crpor (Vs 1, 9). Therefore f~1(1)
is (r,s)-fuzzy almost compact. O
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