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Abstract

First a new notion of the random exponential Hanson-Antczak type

(o, B,y.&E,m,0,h(, ), 0)V-invexity is introduced, which generalizes most of the exist-
ing notions in the literature, second a random function h(, -, -) of the second order is
defined, and finally a class of asymptotically sufficient efficiency conditions in semi-
infinite multi-objective fractional programming is established. Furthermore, several
sets of asymptotic sufficiency results in which various generalized exponential type
HA(a, B, v, &.m, p,h(-, -, -),0)-V-invexity assumptions are imposed on certain vector
functions whose components are the individual as well as some combinations of the
problem functions are examined and proved. To the best of our knowledge, all the
established results on the semi-infinite aspects of the multi-objective fractional pro-
gramming are new, which is a significantly new emerging field of the interdisciplinary
research in nature. We also observed that the investigated results can be modified and
applied to several special classes of nonlinear programming problems.

Keywords: Semi-infinite programming, Multi-objective fractional programming,
Generalized random («, B, v, &, 1, p, h(-, -, ), B)-invex, Infinitely many equality and
inequality constraints, Parametric sufficient efficiency conditions

Mathematics Subject Classification: 90C29, 90C30, 90C32, 90C34, 90C46

Background

Based on the work of Antczak (2005) on the V-r-invex functions, Zalmai (2013a) gen-
eralized and investigated some multi-parameter generalizations of the parametri-
cally sufficient efficiency results under various Hanson—Antczak-type generalized
(a, B,v,§, p,0)-V-invexity assumptions for the semi-infinite multi-objective fractional
programming problems. Recently, Verma (2013a, 2014) has explored and investigated
some results on the multi-objective fractional programming based on new e-optimal-
ity conditions, and second-order (®,n, p, 8)-invexities for parameter-free e-efficiency
conditions. Based on the on-going research advances in several areas of multi-objec-
tive programming, we observe that the field of the semi-infinite nonlinear multi-objec-
tive fractional programming problems seems to be still less explored compared to the
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general area of mathematical programming. For more details, we refer the readers to
Antczak (2005, 2009), Ben-Israel and Mond (1986), Brosowski (1982), Chen and Hu
(2009), Craven (1981), Daum and Werner (2011), Ergenc et al. (2004), Fiacco and Kor-
tanek (1983), Giorgi and Guerraggio (1996), Giorgi and Mititelu (1993), Glashoff and
Gustafson (1983), Goberna and Lépez (1998, 2001), Gribik (1979), Gustafson and Kor-
tanek (1983), Hanson (1981), Hanson and Mond (1982), Henn and Kischka (1976), Het-
tich (1976), Hettich and Kortanek (1993), Hettich and Zencke (1982), Jess et al. (2001),
Jeyakumar and Mond (1992), Kanniappan and Pandian (1996), Lépez and Still (2007),
Martin (1985), Miettinen (1999), Mititelu (2004, 2007), Mititelu and Postolachi (2011),
Mititelu and Stancu-Minasian (1993), Mond and Weir (1981), Nerali¢ and Stein (2004),
Pini and Singh (1997), Reemtsen and Riickmann (1998), Reiland (1990), Sawaragi et al.
(1986), Verma (2013a, b, 2014, 2016), Weber (2002), Weber et al. (2008a, b, 2009), Weber
and Tezel (2007), White (1982), Winterfeld (2008), Yu (1985), Zalmai (1998, 2013a, b, c).

In this paper, we plan to introduce the new notion of the random exponential Han-
son—Antczak type (o, 8,v,§,n, p, h(:, -, -),0)-V-invexity, which generalizes most of the
existing notions in the literature, and then establish some results on random function
h(-,-,-) to the context of a class of asymptotically sufficient efficiency conditions in semi-
infinite multi-objective fractional programming.

Now we consider the following semi-infinite multi-objective fractional programming
problem based on the random exponential type HA(«, 8, v, &, 1, p, h(, -, ), 0)-V-invexity:

J1(x) ﬁa(x)>
a@®)’ " gy

(P) Minimize ¢ (x) = (<p1 (%), ..., 0p (x)) = <

subject to

Gj(x,t) =0 forallt e Tj, jegq, (1)

Hi(x,s) =0 forallseS;, ker,
x € X,

2)

where p, ¢, and r are positive integers, X is a nonempty open convex subset of R”
(n-dimensional Euclidean space) for each j € q= {1,2,...,q} and k € r, Tj and S are
compact subsets of complete metric spaces for each i € p, f; and g; are real-valued func-
tions defined on X, for each j € g, G;(-, ) is a real-valued function defined on X for all
t € Tj, for each k € r, Hi(-,s) is a real-valued function defined on X for all s € S, for
each j € g and k € r, Gj(x,-) and H(x, -) are continuous real-valued functions defined,
respectively, on Tj and S for all x € X, and for each i € p, gi(x) > 0 for all x satisfying
the constraints of (P).

As a matter of fact, all the parametric sufficient efficiency results established in this
paper regarding problem (P) can easily be modified and restated for each one of the fol-
lowing seven special classes of nonlinear programming problems;

(P1)  Minimize (@) ... fp®));

®2)  Minimize 1%,
xeF 21 (x)

(P3) Minimize f; (x),
xelF
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where F (assumed to be nonempty) is the feasible set of (P), that is,

F={xeX:Gjkxt) =0 forall teTjjeq, Hilx,s)=0 forall seS, ker};

3)
(P4)  Minimize (fl ORAC) )
&) &)
subject to
Gi®) £0, jeq, Hix)=0, ker, xeX, “

where f; and g;, i € p, are as defined in the description of (P), Gj, j € ¢, and Hy, ker,
are real-valued functions defined on X;

(P5) Mi;li;(l;ile (f1 ). fp (x));

(P6) Minimize S ;
xeG F41 (x)

(P7) Minimize f; (x),
xeG

where G is the feasible set of (P4), that is,

G={xex:Gw=ojeq Aw=0ker}. )

Furthermore, we introduce the random function 4(., -, -) defined on the probability space
(2, F, P), which is the second order and define some new types of invexities regarding
randomness and provide some asymptotic sufficient efficiency results for problem (P)
under various generalized («, 8, v, &, 1, p, h(:, -, -), 0)-invexity assumptions with the ran-
dom function k(., -, -).

The rest of the paper is organized as follows. Some introductory and basic concepts
are introduced and studied in “Preliminaries” section along with introduction of the
exponential type HA(«a, 8,v,&,n, p, h(-, -, ), 0)-V-invexities under the random function
h(-,-,-), which generalizes HA(e, B8, y,&,n, p, h(:, ), 0)-V-invexities. In “Asymptotic suf-
ficiency conditions” section, we discuss some sufficient efficiency conditions where we
formulate and prove several sets of sufficiency criteria under a variety of the exponen-
tial type HA(«, B, y,&, 1, p, h(-, -, -), 0)-V-invexities with the random function A(-, -, -) that
are placed on certain vector-valued functions whose entries consist of the individual as
well as some combinations of the problem functions. “Concluding remarks” section con-
cludes the paper with final remarks on the obtained results and their future applications
to other fields of research.

Preliminaries

In this section, we first introduce the concepts of the general probability theory and the
exponential type HA(«, 8,v,&,n, p, h(-, -, -),0)-V-invexities under the random function
h(-,-,-), and then recall some other related auxiliary results instrumental to the problem
on hand.
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Random variables and probability theory

In this subsection, we review the fundamental concepts of the probability theory on
which the function /(., -, -) can be defined. We first define here the probability space and
filtered probability space as the followings;

Definition 1 A probability space is a triple (2, F, P), where

(a) Qis a set of all events which is called sample space. Elements of Q2 are denoted by w
and are sometimes called outcomes.

(b) F is a o-algebra (or o-field), i.e., a nonempty collection of subsets of €2 that satisfy
(i) if A € F then A € F,and
(ii) if A; € F is a countable sequence of sets then N;A; € F.

(c) P: F — [0,1]is a function with P(2) = 1 and such that if E1, Ey,... € F are dis-
joint,

PINE | =D PE). (6)
j=1 j=1

Definition 2 Let (2, F, P) be a probability space. A filtration on (£2, F, P) is an increas-
ing family (F;);>0 of o-algebra of F. In other words, for each t, F; is a o-algebra included
in F and if s < ¢, F; < F:. A probability space (2, F, P) endowed with a filtration (F¢)¢>0
is called a filtrated probability space.

Filtration have been a feature of the theory in the literature of the stochastic processes
and mathematical fiance and advanced probability field such as stochastic control the-
ory, martingales, semi-martingales, stopping times or Markov processes. In this paper,
we restrict the concept filtrated probability space to investigate some results regarding
the function h as defined by the martingale processes or Markov chain in the future
work. In the followings, we define the random variables and study the concepts of the

first and second moments of random variables.

Definition 3 A random variable X is a measurable function from a probability space
(2, F, P) to the reals, i.e,, it is a function

X :Q — (—00,00) @)

such that for every Borel set B,

X 'B)={weQ:X(w)eBeF. (8)
Furthermore, we define a function on Borel sets by

jux(B) = P{X € B} = P[X " '(B)]. 9)

Let X be a random variable. We define the expectation of X, denoted by E(X), by

EWX) = /XdP, (10)



Verma and Seol SpringerPlus (2016)5:1476

where the integral is the Lebesgue integral. In particular, the expectation of a random
variable depends only on its distribution and not on the probability space on which it is

defined. If X has a density F, then the measure .y is the same as fix)dx, so we can write

E[X] = / xf (x)dx, (11

where again the expectation exists if and only if

/ |x|f (x)dx < oo. (12)

Furthermore, the second moment is defined by

E[X?%] = /Oo x*f (x)dx, and Var[X]=E[X — EX)] = E[X?] — (E[XD%  (13)

—00

The following are the concepts of independence.

Definition 4 (a) o-algebra Fi,F,...,F, are independent if whenever A; € F; for

i=1,...,nwehave
n n
P(ﬂA,) = [T rcn. (14)
i=1 i=1

(b) Random variables Xi,X»,...,X, are independent if for every Borel sets B; for

i=1,...,nwehave
p(ﬂ{xi eB,}) =[] P& € By. (15)

i=1 i=1

The law of large numbers, which is a theorem proved about the mathematical model
of probability, shows that this model is consistent with the frequency interpretation of
probability and this theorem is the main idea to prove the main theorem in this paper.

Theorem 5 (Law of Large Numbers) Let X1,X,...,X, be a sequence of independ-
ent random variables with common distribution function. Set p = E[X;] < oo and
0% = Var[X;],and for S, = S, X;, we have

(a) Weak law of large numbers
lim P(a) : M —
n—0o0

n
(b) Strong law of large numbers

P<w: lim Sn(@) = u) =1 (17

n—oo n

"

> e) =0, Ve>DO0. (16)

Page 5 of 20
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Deterministic cases

Definition 6 Let f be a differentiable real-valued function defined on R”. Then
fis said to be n-invex (invex with respect to 1) at y € R” if there exists a function
n : R" x R” — R”such that for each x € R”,

f@®) =fO) 2 (VfO), 1), (18)

where Vf(y) = (3f (y)/y1, 0f (%) /3¥2, ..., 0f (¥)/3yx) is the gradient of f at y, and (4, b)
denotes the inner product of the vectors a and b; f is said to be n-invex on R” if the
above inequality holds for all x,y € R".

Hanson (1981) showed (based on the role of the function 7) that for a nonlinear pro-

gramming problem of the form
Minimize f(x) subject to gi(x) £0, ie€m, xeR",

where the differentiable functions f,g; : R” — R, i € m, are invex with respect to the
function n : R” x R” — R”, the Karush—Kuhn-Tucker necessary optimality conditions
are also sufficient.

Let the function F = (F1, F, ..., Fy) : R” — RN be differentiable at x*. The following
generalizations of the notions of invexity, pseudoinvexity, and quasiinvexity for vector-
valued functions were originally proposed in Jeyakumar and Mond (1992).

Definition 7 The function F is said to be (¢, n)-V-invex at x* if there exist functions
a; : R" x R" - R4 \{0} = (0,00), i € N, and n:R” x R” — R” such that for each
x € R"andi € N,

Fi(x) — Fi(x*) 2 (ot;(x,6™) VEi(x™), n(x, 5)). (19)

Definition 8 The function F is said to be (8, n)-V-pseudoinvex at x* if there exist func-
tions B; : R” x R” — R \{0}, i € N, andn : R” x R” — R” such that for each x € R”,

N N N
<Z VE;(x"), n(x, x*)> Z20=> ) PilraEx) =Y Bilx, a)Fi(x*). (20)

i=1 i=1 i=1

Definition 9 The function F is said to be (y, n)-V-quasiinvex at x* if there exist func-
tions y; : R” x R” — R \{0}, i € N, andn : R” x R” — R” such that for each x € R”,

N N N
D vl aHF@) £y xFi(") = <Z VE (%), n(x, x*)> <o. 1)

i=1 i=1 i=1

Recently, Antczak (2005) introduced the following exponential type of the class of

V-invex functions.

Definition 10 A differentiable function f :X — RK is called (strictly) ¢;-r-invex
with respect to n at ue€ X if there exist functions 7n:X xX — R” and
g X x X - Ry\{0}, i € k, such for each x € X,
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S () 2 SO0 4y, (Vi )] for 7 £ 0, )

fiw) = fiw) 2 &i(x, u)(Vfi(u), n(x,u)) for7 =0. (23)

As the exponential type of the class of functions was considered in Antczak (2005) for
establishing some sufficiency and duality results for a nonlinear programming problem
with differentiable functions, and their nonsmooth analogues were discussed in Antc-
zak (2009), recently, Zalmai (2013a) introduced the Hanson—Antczak type generalized
HA(a, B,v,&,1, p,0)-V-invexity, an exponential type framework, and then applied to a
set of problems on fractional programming. As a result, Zalmai further envisioned a vast
array of interesting and significant classes of generalized convex functions. Now we are
ready to present the exponential type HA(«, B, y,&, 1, p, h(-, -), 0)-V-invexities that gen-
eralize and encompass most of the existing notions available in the current literature. Let
the function F = (F1, F», ..., Fp) : X — R be differentiable at x™.

Definition 11 The function Fis said to be (strictly) HA(«, 8, v, &, 1, p, h(-, +), 0)-V-invex
at #* € X if there exist functions @ : X x X > R, B: X xX >R, y;: X x X - Ry,
E: XxX—>Ry\{0}, iepzeR,n: X xX >R, : X xX —> R, ie€pandd: Xx
X — R"such thatforallx € X (x # x*)and i € p,

yi(x, &) <e“(x:x*)[Fi(x)—F,-(x*)] 3 1)
o (x, x%)

1
>
)= B
+ pi(, 20, x> ifa(x,x*) #0and B(x,x*) £ 0 forallx € X,
(24)

<Si(x, XV hi(x*, z), P @A 1>

e Vi, x*) (ea(x,x*)[Fi(x)—Fi(x*)] _ 1) (>) z <§i(x: x*)Vzhi(x*,z), n(x’x*)>

+ i, 20, x> ifa(x,x*) #0and B(x,x*) — 0 forall x € X, (25)

s ) [Ei) — ) ) 2 e

+ i, 20, x> ifalx,x*) — 0and B(x,x") #0 forall x € X, (26)

<$L(x) x*)vzhz (x*, Z)’ eﬁ(x:x*)n(x,x*) _ 1>

Yi(e, %) [Fi(x) — Fi(x™)] (>) 2 (&, 6" Vol (6*, 2), 0 (6, %) ) + (6, 6 10 (x, 2 |2
ifa(x,x*) — 0and B(x,x*) — 0 forallx € X, 27

where|| - || is a norm on R” and
(eﬁoc,x*)mx,x*) _ 1) = (eﬂ(x,x*)m(x,x*) — 1, ePERm ) 1), (28)
with /z : R” x R” — R” differentiable.

Definition 12 The function F is said to be (strictly) HA(e,B,y,§,n,p,h(,-),0)-
V-pseudoinvex at x* € X if there exist functions ¢ : X x X > R, f: X x X - R, y:

Page 7 of 20
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XXxX—>Ry, §: XxX—>Ri\{0}, iep, zeR", n: X xX > R", p: X xX —> R,
and 0 : X x X — R”"such that for all x € X (x # x¥),

1 P -
(Y Vihi(x*,2),ef ) 1> > —p(x,x*) [0 (x, %) >
Blxx%) <i_1
= G x*)y(x, x*)(eaoc,x*) Y7 G [Fi) —Fi(x™)] _ 1)(>) >0
ifa(x,x*) #0and B(x,x*) 20 forallx € X, (29)

p
<Z Vzhi(x*,Z),n(x,x*)> = —p(xx") 0 29|

i=1

=G x*)y(x,x*)(e“<x’x*)27:1 &™) [Fi () —~Fi ()] _ 1)(>) >0
ifa(x,x*) #0and B(x,x*) — 0 forallx € X, (30)
(>
Vahi(x*, 2), e CFNET) 1> 2 —p(oa") 02"
Bx,x*) \ =

)2
= y(x,x%) Zéi(x,x*) [Fi(x) — Fi(x")](>) 20
i=1
ifa(x,x*) — 0and B(x,x*) # 0 forallx € X, (3D

p
<Z Vzhi(x*,Z),n(x,x*)> = —p(a,x)[10Gx, %))

i=1

p
= y@x") Y & a")[Fix) — F@EH)](>) 20
i=1
ifa(x,x*) — 0and B(x,x*) — 0 forallx € X. (32)

with 4 :R"” x R” — R” differentiable. The function F is said to be (strictly)
HA(a, B,v,&,1,p,h(,+),0)-V-pseudoinvex on X if it is (strictly) HA(«,B,v,&, 1, p,
h(-,-),0)-V-pseudoinvex at each point x* € X.

Definition 13 The function F is said to be (prestrictly) HA(«, B8, y,&,n, p, h(-,-),0)-V-
quasiinvex at x* € X if there exist functions ¢ : X XX > R, B: X xX —> R, y:
XxX—> Ry, &: X xX — Ru\{0}, i€p, N:XxXxX—>R" p: XxX—>R, and 6 :
X x X — R"such that forall x € X,

P ¥ (%, 5") (eaoc,x*) P S Fi@) —Fi)] _ 1) (<)<0

1 P -
Vb (x, ,ﬂ(x,x)n(x,x)_l < —o(x, 4|60 (x, x* 2
= ,B(x,x*)<;=1 hi(x7,2), e S —p@xT) 10, 27|

ifo(x,x*) #0and B(x,x*) 20 forallx € X, (33)

Page 8 of 20
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* P . * ’ (¥
e x*)y(x, x*)(e““"‘ ) S & Fi ) —Fi(xh)] _ 1)(<) <0

p

= <Z Vzhi(x*,Z),n(x,x*)> < —p (@, x")[106x, M) |12
i=1

ifa(x,x*) #0and B(x,x*) — 0 forallx € X, (34)

p
y (@, x%) Y &i(x,x") [Filx) — Fi(x™)] (<) £0

i=1

= Blox)

ifa(x,x™) — 0and B(x,x*) #0 forallx € X, (35)

)4
<§ZWMWﬂn&WﬁWM“—1>g—mMﬁMMnﬁwz
i=1

p
y (@, x%) Y Eilx,6%) [Filx) — Fix™)] (<) £0

i=1

r

= <Z Vzhi(x*,z),n(x,x*)> < —p @, x") 106, 2% |12
i=1

ifa(x,x™) — 0and B(x,x*) — 0 forallx e X. (36)

with 7 : R” x R” — R” differentiable.

Example 14 The function F is said to be (strictly) HA(«, B,y,§&,n, p,0)-V-invex
at x* € X if there exist functions ¢ : X x X > R, B: X x X > R, y: X x X —> Ry,
E X xX—->R\{0},iep, zeR,n: X xX >R", p;: X xX >R, ie€pandf: X
x X —> R” such that for all x € X (x #x*)and i € p, -

i(x, x™) (e“(x,x*)[F/(x)—Fi(x*)] . 1)

o (x, x%)
(»zﬂ@;ﬂ@m@ﬂwum&WfW“”—Q+mumﬂwmfw2
if o (x,x*) # 0and B(x,x*) #0 forallx € X. (37)

We also noticed that for the proofs of the sufficient efficiency theorems, sometimes
it may be more appropriate to apply certain alternative but equivalent forms of the
above definitions based on considering the contrapositive statements. For example, the
exponential type HA(w,B,y,&,1n, p, h(-,-),0)-V-quasiinvexity (when «(x,x*) # 0 and
B(x,x*) # 0 for all x € X) can be defined in the following equivalent way:

The function F is an exponential type HA(w,B,y,&,n, p,h(-,-),0)-V-quasiinvex
at x* € X if there exist functions ¢ : X x X > R, B: X x X > R, y : X x X —> Ry,
& X x X — R\{0}, i €p, N: XxX—->R", p: XxX—>R, and 6: X x X - R”
such that for all x € X,

p
<§Fww&nJWWW“—Q>—mmemﬁw

i=1

B(x,x*)

) y (x,x%) (ea(x,x*)zjle & (™) [Fi () —F; (x™)] _ 1) >0, (38)
(X, X
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where /1 : R” x R” — R”is differentiable.

In the sequel, we shall also need a consistent notation for vector inequalities. For
a, b € R™, the following order notation will be used: a = b if and only if a; = b; for all
i€m;a>bifand onlyifa; = b;for all i € m, but a # b; a > b if and only if a; > b; for

alli € m;and a }4 b is the negation of a > b.
Consider the multi-objective problem

(P*) MinierIrFlize F(x) = (F1(x), ..., Fy(x)),

where F;, i € b, are real-valued functions defined on R”.

An element x° € F is said to be an efficient (Pareto optimal, non-dominated, non-infe-
rior) solution of (P*) if there exists no x € IF such that F(x) < F(x°). In the area of multi-
objective programming, there exist several versions of the notion of efficiency most of
which are discussed in Miettinen (1999), Verma (2014), White (1982), Yu (1985). How-
ever, throughout this paper, we shall deal exclusively with the efficient solutions of (P) in
the sense defined above.

For the purpose of comparison with the sufficient efficiency conditions that will be
proposed and discussed in this paper, we next recall a set of necessary efficiency condi-
tions for (P).

Theorem 15 (Zalmai 2013a) Let x* € IF, let 1* = ¢(x™), for each i € p, let f; and g
be continuously differentiable at x*, for each j € q, let the function G;(-,t) be continu-
ously differentiable at x* for all t € T}, and for each k € r, let the function Hy(.,s) be
continuously differentiable at x* for all s € Si. If x* is an efficient solution of (P), if the
generalized Guignard constraint qualification holds at x*, and if for each iy € p, the set
cone({VG;(x*,t) : t € f}(x*),j € qJU{Vi(x*)—A7Vgi(x™) i € p,i # io})—I—span({VHk(x*,;) 1s € Sk,
k € r}) is closed, then there exist u* € U and integers v§ and v, with0 < v S v* < n+1,
such that there exist v§ indices jn, with 1=, <q, together with v points
t" e f}m (x*), m € v§, v* — vy indices ky, with 1 < ky, < r, together with v* — vj points
s e S, form e vj@{;, and v* real numbers v}, with v, > 0 for m € v, with the prop-
erty that B B

*

p Yo v
S U [V = Vg + > vi VG, @+ Y v VH, (x%,5™) =0,
i=1 m=1 m=v5+1 (39)

where cone(V) is the conic hull of the set V C R”(i.e., the smallest convex cone con-
taining V), span(V) is the linear hull of V (i.e., the smallest subspace containing V ),
Tj(x*) ={teT:Gxt) =0, U={uecR’ :u>0, Zle u; =1}, and v*\vj is the
complement of the set v relative to the set v*. B

Random cases
Let the function 4(-, z, )

h(x,z, w) = <Vf (x) + ivzf (x)z,z>, (40)
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be defined on the probability space (€2, F, P) where w € Q and z is a direction. We start
with the assumptions we will use throughout the paper.

Assumption 16 (Al) k(- -, ) is an iid. sequence (identically and independently
distributed sequence).
(A2) Efh(,-, )] < oo

Notice that (A1) implies that V, A(, -, w) is i.i.d. and is a function of w and random vari-
able. In the view of (A2), E[V,A(, -, w)] < oo.
The following are the new definitions related with randomness which will be used for

the main results.

Definition 17 Let f be a differentiable real-valued function defined on R”. Then fis
said to be random n-asymptotic invex (invex with respect to 1) at y if there exists a func-
tionn : R” x Q" — R” such that for each w € 2",

f(@) =) 2 (Vf ), Eln(w,»)), (41)

where Vf(y) = (3f (y)/9y1, 0f (¥)/3¥2, ..., 0f (¥)/3yx) is the gradient of f at y, and (a, b)
denotes the inner product of the vectors a and b.

Definition 18 The function F is said to be random(«, n)-V-asymptotic-invex at x* if
there exist functions «; : R” x R” — R, \{0} = (0,00), i € N, and 5 : R" x Q" — R”
such that for eachw € Q"andi € N,

Fi(x) — Fi(x™) 2 (i (x, 6" ) VF;(x"), E[n (0, x")])). (42)

Definition 19 The function F is said to be random (8, n)-V-asymptotic-pseudoinvex at
x* if there exist functions 8; : R” x R” — R4 \{0}, i € N, and 5 : R” x Q" — R” such
that for each w € %,

N N N
<Z VFi<x*>,E[n<w,x*>]>> 0= ) BixaHE® 2> Bilrx"EE").  (43)

i=1 i=1 i=1

Definition 20 The function F is said to be random(y, n)-V-asymptotic-quasiinvex at x*
if there exist functions y; : R” x R” — R, \{0}, i € N, and n : R” x Q" — R” such that
for each w € Q",

N N N
D v aHF@ £ )y xFi(") = <Z VFi(x*),E[n(w,x*)])> S0 44

i=1 i=1 i=1

Next, we define the exponential type Hanson—Antczak type generalized
HA(a, B,v,&,1,p,h(-, -, w),0)-V-asymptotic-invexities under the random function
h(:,-, w). Let the function F = (F1, F», ..., Fp) : X — R” be differentiable at x™.
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Definition21 Thefunction Fissaidtobe (strictly) HA(«, B, ¥, &, n, p, h(-, -, w), 6)-random
V-asymptotic-invex at x* € X if there exist functions ¢ : X x X - R, f: X x X — R,
Vit XXX >Ry, §: XXX >R\[0}, iep zeR,n: XxX >R p: XxX >R, iep, and
0 : X x X — R"such that forallx € X (x #x™)andi € p,

Vi, &) (ea(x,x*)[Fi(x)—F,-(x*)] B 1)
a(x, x*)

1
>
)= B

+ i, 20, x> ifa(x,x*) #0and B(x,x*) £0 forallx € X, (45)

<Ei(x, XNE[Vohi(a*, z, )], P @XM 1>

) #y (oo (™) [Fi () —F; (x™)] _ > (&, * (™ *
e (e 1)) 2 (6 5E Vo, 2,0, 1(02%)

+ pi(x%, x)10(x, x> ifa(x,x*) # 0and B(x,x*) — 0 forallx € X, (46)

yile,x®) [Fix) — Fi(x)] () 2 ﬁ@xx, KB [Voi (", 2,0)], P 03105 1)

+ i, 20, x> ifa(x,x*) — 0and B(x,x*) #0 forallx € X, 47

Vi, &) [Fi(x) — Fi(x")] (=) 2 (&0, xME [V hi(x*, 2, 0) ], n (6, 5%) ) 4 03 (6, 6) 10 Gx, x%) ||
if a(x,x*) — 0and B(x,x*) — 0 forallx € X, 48)

where|| - ||is a norm on R” and

(eﬁ(x,x*)n(x,x*) _ 1) — (eﬁ(x,x*)m(xyx*) 1, ePER ) 1>’ (49)

with /1 : R” x R” x Q" — R” differentiable and random function. The function F is said
to be (strictly) HA(w, B8, y,&,n, p, h(:, -, w),0)-random V-invex x* € X if the expectation
is dropped in the above definition.

Definition 22 The function F is said to be (strictly) HA(«, B,y,&,n, p, h(:, -, w),0)
-random V-asymptotic-pseudoinvex at x* € X if there exist functions @ : X x X — R,
B XXX >R, y: XxX—->Ry, &: X xX — R\ {0}, ieg,ze]R”, n:XxX—)R”,p;XX

X —-> R,and 0 : X x X — R"such that for all x € X (x # x¥),

p
1 * *
E [V hi(x*, 2, )], ef ©FED 1) > — p(x, 2) 10 (x, 57) |2
Blx,x*) \ =
V(% x%) (eaoc,x*) Sy &) [F)~Fi")] _ 1) (>)>0
o (x, x*) -
ifo(x,x*) #0and B(x,x*) 20 forallx € X, (50)

p
<ZE[vzhi<x*,z, w>],n<x,x*>> Z —p(xx)]06x, x|

i=1

ey e x*)<ea<x,x*>2’;1 £ (e [Fi@)—Fi(")] _ 1)(>) >0

ifa(x,x*) #0and B(x,x*) — 0 forallx € X, (51)



Verma and Seol SpringerPlus (2016)5:1476

1

14
s <ZE[Vzhi(x*,Z, )], PEFIMED 1> > —p(x,x") 10 x|
’ i=1

p
=y @) ) &) [Fx) — F@EH](>) 20
i=1
ifa(x,x*) — 0and B(x,x*) #0 forallx € X, (52)

b
<ZE[Vzhi(x*:Z» w)],n(x,x*)> Z —p(x,x*)06x, x|

i=1

p
= y(xa") Y & x") [F®) — FE](>) 20
i=1
if a(x,x*) = Oand B(x,x*) — 0 forallx € X. (53)

with 4 : R” x R” x Q" — R” differentiable and random function. The function F is

said to be (strictly) HA(e, B, y, &, 1, p, h(:, -, ®),0)-random V-pseudoinvex x* € X if the
expectation is dropped in the above definition.

Definition 23 The function F is said to be (prestrictly) HA(e, B, y, &, 0, p, h(, -, w),6)
-random V-asymptotic-quasiinvex at x* € X if there exist functions a : X x X — R,
B: XXX >R, y: XxX = Ry, §: XxX - Ry \{0}, i € p, n:XxX =R p: XxX >R, and
0 : X x X — R"such that for all x € X,

Y (x,x%) (ea<x,x*> SFy &) [F0)—Fi")] _ 1) (<)<0

o (x, x*)
L * *
= s <Z]E[Vzhi(x*,2, )], eP AT 1> < —p(x, x50 (x, 5%) |1
’ i=1
ifa(x,x™) #0and B(x,x™) #0 forallx € X, (54)

P ¥ (%, 5") (ea(x,x*) Y S Fi@) —Fia)] _ 1)(<) <0

p
= <ZE[VZhi(x*,z, w)},n(x,x*)> < —p@,x™))10 (x, x%)||*
i—1

ifo(x,2*) #£ 0and B(x,x*) — 0 forall x € X, (55)

14
y (%, %) ZE:’(M x*)[Fix) = F;(x")](<) £0
i=1

1 < * *
= W<;E[Vzhi(x>k,z, w)]’eﬁ(x,x nx*) _ 1> < —,o(x,x*)||9(x,x*)||2

ifa(x,x™) — 0and B(x,x*) #0 forallx € X, (56)

Page 13 of 20
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p
y x> Eixa) [Filx) — Fi(x")](<) £0

i=1

p

= <ZE[Vzhi(x*,z, w)],n(x,x*)> < —p(xxM)[16(x, 2|12
i=1

if a(x,4*) — 0and B(x,x*) — 0 forallx € X. (57)

with 2 : R” x R” x Q" — R” differentiable and random function. The function F is said
to be (strictly) HA(«, B, v, &, 0, p, h(:, -, w),0)-random V-quasiinvex x* € X if the expec-
tation is dropped in the above definition.

Asymptotic sufficiency conditions
In this section, we present several sets of asymptotic sufficiency results in which vari-
ous generalized exponential type HA(«, B,y,&,n, p, h(, -, -),0)-V-invexity assumptions
are imposed on certain vector functions whose components are the individual as well as
some combinations of the problem functions.

Let the function &;(, 4, u) : X — R be defined, for fixed 1 and #, on X by

Ei(z, 2 u) = uilfi(z) — Ligi(2)], i€ p. (58)

Theorem 24 Let x* € F, let 1* = o(x*), let the functions f;, g, i€p, Gj(,b), and
Hi(-,5) be differentiable at x* for all t € Tj and s € S, j € q, k € r, and assume that
Assumption 16 is satisfied and that there exist u* € U and integers vy and v, with
0= vy Sv < n+1, such that there exist vg indices ju, with 1 < j, < q, together with
vo points t" € T,m (x*), m € vo, v —vg indices ky, with 1< ky S, together with
v — vg points s € S, m € v\vo, and v real numbers v;, with v}, > 0 for m € vy, with
d = min{u}, v}, }, and with the property that

d- [E[Vohi',z,0)] = JE[Vaia',2,0)] | +d - E[Vapy, (0,07, 2, 0)]

(59
+d B[V, oy, " ", z,0)] = 0.
or

p vo

Z u [E[Vhi(x*,z,0)| — AT E[Voki (6, 2, 0) || + Z v B[V, %, 17, 2, 0)]

=1 =1

l ) m
+ Z V;,E[Vzwkm (x*, 8", z, a))] =0. (60)

m=vp+1

Assume, furthermore, that either one of the following three sets of conditions holds under
the random function h:

(a) (i) f;is exponential type HA(«, B,7,&,n, p, h(:, -, w),0)-random V-invex at x*, g;
is exponential type HA(o, B,v,&, 0, p,k (-, -, w),0)-random V-invex at x*, and
y(x,x*) > 0forallx € F;
(i) ]Gj (s th,. .., Vi Gj,, (- t"0)) is exponential type HA(a,B,7,7,n,0, ¥
(-, -, w),0)-random V-invex at x*;
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(iii) (v:joﬂl'-lkv()+1 (,swthy, viHy, (-, s")) is exponential type HA(a, B, ¥, 8,1, p, @
G, -, w),0)-random V-invex at x*;

(iv) & =mp =68, =0 foralliep, k € vg,and ! € v\vp;

(v) Z‘?:l U} i (%, %) + 3,1 P, 5%) + an:vOH Pm(x,x*) Z 0forall x € F;

(b) (i) f; is exponential type HA(«,B,7,&,1n, 0, h(-, -, w),0)-random V-asymptotic-
invex at x*, g; is exponential type HA(w,B,y,&,n, p,k (- w),0)-random
V-asymptotic-invex at x*, and y (x,x*) > 0 for all x € F;

(i) 1Gj (s th,. .., Vi Gj,, (> t"0)) is exponential type HA(a,B,7,7,n,0, ¥
(-, -, w), 0)-random V-asymptotic-invex at x*;

(iii) (V:0+1Hkv0+1 (,sthy, ., ViHy, (,5")) is exponential type HA(a, B, ¥, 8,1, p, @
(-, w), 0)-random V-asymptotic-invex at x*;

(iv) & =mr =8, =0 foralli € p, k € vo,andl € v\vp;

(v) le u; p; (%, %) + Zf,(,’zl O (%, x%) + Zrn:%ﬂ Pm(x,x*) 2 Oforall x € F;

(c) the function (L1(-,u*,v*,i*,z,§),...,Lp(~, u*,v¥, A%, t,5)) is exponential type
HA(a, B, 7,60, 0, h(, 5 @), k(55 0), Y (5 ), @ (-, ),0) -random V-asymptotic-
pseudoinvex at x* and y (x,x*) > 0 for all x € F, where

Then x* is an efficient solution of (P).
Li(z) u*x V*, ;L*; Z) g)
%

Vo
=u} |fi2) = 2ig@ + Y VG, @t™ + > ViHi, (28|, i€p.  (61)

m=1 m=vp+1
Proof (a) In view of our assumptions in (i)—(iv), we have

1 ) (ea(x,x*){ﬂm—/t;‘gi<x)—[ﬂ(x*)—xz‘gi<x*)1} _ 1)

o (x, x*)
1 * *
2 Bl ) <o(x,x*) [IE [Vzhi(x*,z, a))] - Z;‘E[Vz/q(x*,z, a))]],eﬂ(""‘ ") _ 1>
+ pi( a0, 22 i€ p, (62)
ﬁm(x’ x*) (ea(x,x*)[v*mG,»m (x,t"™) =V}, Gj,, (™)) _ 1)
o (x, x%)
1 * £
2 o (0608 WE[Vous, (5,27, 2, )], 1650 1)
X, x
+ D (@ 216 Ge, xM)|P, € vy, (63)
1 i, %) ( o @A)V} Hi (68™) =iy Hyyy (6*,5™)] 1)
o (x, x*)
1 * k
2 B ) <a(x,x*)van[Vzwkm(x*,sm,z, a))],eﬂ(x”‘ meEaT) _ 1>
X, X
+ B, 606, 6|17, m € v\vo. (64)

Multiplying (61) by u} and then summing over i € p, summing (62) over m € vy, and

summing (63) over m € v\, and finally adding the resulting inequalities, we get
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1 { z * = 0y (L0 (ex ™) {fi (0)— A5 g (o) —[fi () — Af g (™
. ) f AT ACI R [ I |
; E u; yi(%, x )(e )
axx®) | =

V
+ Z );m(x,x*) (ea(x,x*)[vj;G,'m @, t™) =V, Gjy (58] 1)

m=1

v
4 Z D, x*)(ea(x,x*)[v;;Hkm(x,sm)—v;Hkm(x*,sm)] _1)

m=vp+1

z

ﬂ(x o(x,x )<Zu [Vohi(x*, 2, )| — HE|Vki(x*, 2, 0)] |

+ Z v E [Vzl/fjm (x*,t" z, w)]

m=1

m=vo+1

v
+ Z anE[Vzwkm (x*, 8", z, w)],eﬂ(x’x*)"(x’x*) — 1>

Z uf pi (%, %) + Z P, )+ m = v + 1" o, 2" )] 16 e 511,
(65)
Let £ = min{p, v}. Then the last term of above inequality

1 i} p . . ) »
B % )<§ uf [E[Vohi(x*, 2, 0)] — AE[ Vi (6", 2, 0)] |

Vo
+ Z Vi E[ Vo, (%, £, 2, 0)]

m=vp+1

v
+ Z V;’ki’l]E [Vzwkm (x*,sm,z, w)]’eﬂ(x,x*)n(x,x*) - 1>

V4 Vo v

Yo upitex) £y pnnx+ Y B | 106N

i=1 m=1 m=vp+1

(66)

> ﬁ(%o‘(x,x )< Zu [Vohi(x*,2,0) ] — AFE[Voki(x*, 2, 0) ]

Vo

1
+ i viE [Vzwjm x*, ", z, a))}
m=1

v

1 k *
+- E v;"nE[Vzwkm (x*, 8", z, a))],eﬁ("'x @A) _ 1>
l

m=vp+1

)4 Vo v
Do wbi@x) + Y pu@x) Y Bl a) | 1066 x")

i=1 m=1 m=vp+1
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Let d = min{u}, v;,} and by using the law of large number, we get

)4 Yo
ﬁa(x,x*)<z U} [B[Vohi(6*2,0)] — ZE[Vakia®, z,0)]] + Y v E[Vat, @5, 17, 2,0)]

i=1 m=1

v
+ Z an]E[VZwkm(x*,sm,z,a))},eﬁ(’c"‘*)n(""‘*)—1>

m=vy+1

» Vo v
+ {Z DCE R P MCED R 5m(x,x*>} 16 e, %)

i=1 m=1 m=vp+1

14 Vo
2 ﬁo(x,x*)<% > w [B[Vihi(x*,2,0)] - SE[Vo(x*, z,0)]] + % D VnE[Vav, G517, 2,0)]
! i=1 m=1

1 5 % * *
+- Z V:ﬂE[Vzwkm (x*,sm,z,a))], BEATINEx™) 1>
m=vo+1

)4 Vo v
+ {Zu;‘ﬁxx,x*wzfsmu,x*u > ﬁm@c,x*)} 16, %11
m=1

i=1 m=vp+1

> 7ﬁ(;x*)a(x,x*)<d- [E[vzhi(x*,z, )] - Z]E[Vzki(x*yzyw)ﬂ +d -E[Vay, (", 17,2, 0)]

+d -E[V.wy, (", 5",z w)},eﬁ(""‘*)"(""‘*) — 1>
)4 Yo v
D wmi e x) + D b x) + Y x| 10T (67)
i=1 m=1 m=vo+1
Now using (59) and the condition (v), and noticing that o(x,x*) > 0, p(x*) =
¥ x, x* € F,and Gj,, (x*,t"") = Ofor all m € v, the above inequality reduces to

p
1 _ KV () — 1 ¥ s
. > u?‘yi(x,x*)(e"‘("'x W@ =Aa@l _ 1) > 0. (68)
’ i=1

Since y (x,x™) > 0, even if we consider the both cases a(x,x*) > 0 and o (x,x*) < 0, it
follows from the above inequality

p
D uilfi@) — Zg@] = 0. (69)

i=1

Therefore, we conclude that x* is an efficient solution of (P).
(b) Using the same idea in (a) and assumption (60), the proof follows.
(c) Let x be an arbitrary feasible solution of (P). From (60) we observe that

1 P Vo
B <Z uf [E[Vi(x")] — FE[Vg(x")]] + Z viE[VG), (x*,t™)]
’ i=1

m=1
v
S e 1) o o
m=vp+1
which in view of our HA(«, 8, v,&, 0, 0, h(-, -, w), k-, -, 0), ¥ (-, -, w), @ (-, -, w), O)-random

V-asymptotic-pseudoinvexity assumption implies that

o Y (x,x") ( @) S0 &) Lo v 2058 — Lt v 20 ES)] 1) > 0. 71
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We need to consider two cases: a(x,x*) >0 and a(x,x*) < 0. If we assume that
a(x,x*) > 0and recall that y (x,x*) > 0, then the above inequality becomes

ea(x,x*)Zle £ (o™ ) [Li (e, v* A5, 8,5) —Li (6% ,u* v, % 15) ] z 1, (72)
which implies that
p ) p )
D & a L ut, v 20 E5) 2 ) Ei x) Lt u, v, A, 15). (73)
i=1 i=1

Because x* ¢ F, t" ¢ T,m (x*),m € vy, and 2] = @;(x"), i €p, the right-hand side of
the above inequality is equal to zero, and hence we have L(x, u*, v*, 1*, £,5) = 0. Next, as
x € F,and v}, > 0, m € vy, this inequality simplifies to

p
D uri x)fix) — Agi®)] Z 0. (74)

i=1
Since u* > 0 and &;(x,x*) > 0, i € p, the above inequality implies that
(A = 2@, - fp®) = 2pgy®)) £ (0,....,0), (75)

which in turn implies that

(fl (%) Jp(®)
a@’ g

) L U5 = p("). (76)

Since x € F was arbitrary, we conclude from this inequality that x* is an efficient solu-
tion of (P). On the other hand, we arrive at the same conclusion if we assume that
a(x,x*) < 0. O

Concluding remarks

In this paper, we have introduced several notions of random exponential type
HA(a, B,v,&,1n,p,h(,-,+),0)-V-asymptotic invexities (which generalize the Hanson-
Antczak type («, 8,v,&,1, p, h(:, ), 0)-V-invexity (Zalmai 2013a), while this generalizes
most of the existing notions in the literature), and then applied to establish some results
to the context of a class of asymptotically sufficient efficiency conditions in semi-infi-
nite multi-objective fractional programming. Furthermore, the obtained results can be
applied to generalize the related duality models and theorems in Zalmai (2013b, c), and
more. Our results also indicate a wide range of future applications to other problems
arising from higher order random invexities and its variants.

Authors’ contributions
The authors have contributed equally to this research work, and approved the revised version. Both authors read and
approved the final manuscript.

Author details
! Department of Mathematics, University of North Texas, Denton, TX 76201, USA. 2 Department of Mathematics and Sta-
tistics, University of South Florida, Tampa, FL 33260, USA.

Acknowledgements
Authors are greatly indebted to the Reviewers for all valuable suggestions leading to the revised.



Verma and Seol SpringerPlus (2016)5:1476 Page 19 of 20

Competing interests
Both authors declare that they have no competing interests.

Received: 9 June 2016 Accepted: 25 August 2016
Published online: 02 September 2016

References

Antczak T (2005) The notion of V-r-invexity in differentiable multiobjective programming. J Appl Anal 11:63-79

Antczak T (2009) Optimality and duality for nonsmooth multiobjective programming problems with V-r-invexity. J Glob
Optim 45:319-334

Ben-Israel A, Mond B (1986) What is invexity? J Aust Math Soc Ser B 28:1-9

Brosowski B (1982) Parametric semiinfinite optimization. Peter Lang, Frankfurt am Main

Chen H, Hu CF (2009) On the resolution of the Vasicek-type interest rate model. Optimization 58:809-822

Craven BD (1981) Invex functions and constrained local minima. Bull Aust Math Soc 24:357-366

Daum S, Werner R (2011) A novel feasible discretization method for linear semi-infinite programming applied to basket
option pricing. Optimization 60:1379-1398

Ergeng T, Pickl SW, Radde N, Weber G-W (2004) Generalized semi-infinite optimization and anticipatory systems. Int J
Comput Anticip Syst 15:3-30

Fiacco AV, Kortanek KO (eds) (1983) Semi-infinite programming and applications. Lecture notes in economics and math-
ematical systems, vol 215. Springer, Berlin

Giorgi G, Mititelu St (1993) Convexités généralisées et propriétés. Rev Roum Math Pures Appl 38:125-172

Giorgi G, Guerraggio A (1996) Various types of nonsmooth invex functions. J Inf Optim Sci 17:137-150

Glashoff K, Gustafson SA (1983) Linear optimization and approximation. Springer, Berlin

Goberna MA, Lépez MA (1998) Linear semi-infinite optimization. Wiley, New York

Goberna MA, Lopez MA (eds) (2001) Semi-infinite programming-recent advances. Kluwer, Dordrecht

Gribik PR (1979) Selected applications of semi-infinite programming. In: Coffman CV, Fix GJ (eds) Constructive
approaches to mathematical models. Academic Press, New York, pp 171-187

Gustafson SA, Kortanek KO (1983) Semi-infinite programming and applications. In: Bachem A et al (eds) Mathematical
programming: the state of the art. Springer, Berlin, pp 132-157

Hanson MA (1981) On sufficiency of the Kuhn-Tucker conditions. J Math Anal Appl 80:545-550

Hanson MA, Mond B (1982) Further generalizations of convexity in mathematical programming. J Inf Optim Sci 3:25-32

Henn R, Kischka P (1976) Uber einige Anwendungen der semi-infiniten Optimierung. Z Oper Res 20:39-58

Hettich R (ed) (1976) Semi-infinite programming. Lecture notes in control and information sciences, vol 7. Springer, Berlin

Hettich R, Zencke P (1982) Numerische Methoden der Approximation und semi-infinite Optimierung. Teubner, Stuttgart

Hettich R, Kortanek KO (1993) Semi-infinite programming: theory, methods, and applications. SIAM Rev 35:380-429

Jess A, Jongen HTh, Nerali¢ L, Stein O (2001) A semi-infinite programming model in data envelopment analysis. Optimi-
zation 49:369-385

JeyakumarV, Mond B (1992) On generalised convex mathematical programming. J Aust Math Soc Ser B 34:43-53

Kanniappan P, Pandian P (1996) On generalized convex functions in optimization theory—a survey. Opsearch
33:174-185

Lopez M, Still G (2007) Semi-infinite programming. Eur J Oper Res 180:491-518

Martin DH (1985) The essence of invexity. J Optim Theory Appl 47:65-76

Miettinen KM (1999) Nonlinear multiobjective optimization. Kluwer, Boston

Mititelu St (2004) Invex functions. Rev Roum Math Pures Appl 49:529-544

Mititelu St (2007) Invex sets and nonsmooth invex functions. Rev Roum Math Pures Appl 52:665-672

Mititelu St, Postolachi M (2011) Nonsmooth invex functions via upper directional derivative of Dini. J Adv Math Stud
4:57-76

Mititelu St, Stancu-Minasian IM (1993) Invexity at a point: generalizations and classification. Bull Austral Math Soc
48117-126

Mond B, Weir T (1981) Generalized concavity and duality. In: Schaible S, Ziemba WT (eds) Generalized concavity in opti-
mization and economics. Academic Press, New York, pp 263-279

Nerali¢ L, Stein O (2004) On regular and parametric data envelopment analysis. Math Methods Oper Res 60:15-28

Pini R, Singh C (1997) A survey of recent [1985-1995] advances in generalized convexity with applications to duality
theory and optimality conditions. Optimization 39(1997):311-360

Reemtsen R, Riickmann JJ (eds) (1998) Semi-Infinite programming. Kluwer, Boston

Reiland TW (1990) Nonsmooth invexity. Bull Aust Math Soc 42:437-446

Sawaragi Y, Nakayama H, Tanino T (1986) Theory of multiobjective optimization. Academic Press, New York

Verma RU (2013a) Weak e-efficiency conditions for multiobjective fractional programming. Appl Math Comput
219:6819-6827

Verma RU (2013b) New e-optimality conditions for multiobjective fractional subset programming problems. Trans Math
Program Appl 1(1):69-89

Verma RU (2014) Second-order (®, n, p, 8)—invexities and parameter-free e —efficiency conditions for multiobjective
discrete minmax fractional programming problems. Adv Nonlinear Var Inequal 17(1):27-46

Verma RU (2016) Higher order hybrid (¢, n, @, 7, p, 6, m)-invexity and parametric optimality conditions in discrete min-
max fractional programming. PanAm Math J 26(2):80-94

Weber G-W (2002) Generalized semi-infinite optimization: theory and applications in optimal control and discrete opti-
mization. J Stat Manag Syst 5:359-388



Verma and Seol SpringerPlus (2016)5:1476 Page 20 of 20

Weber G-W, Tezel A (2007) On generalized semi-infinite optimization of genetic networks. TOP 15:65-77

Weber G-W, Taylan P, Alparslan-Gok Z, Ozdgiir-Akyiiz S, Akteke-Oztirk B (2008a) Optimization of gene-environment
networks in the presence of errors and uncertainty with Chebyshev approximation. TOP 16:284-318

Weber G-W, Tezel A, Taylan P, Soyler A, Cetin M (2008b) Mathematical contributions to dynamics and optimization of
gene—environment networks. Optimization 57:353-377

Weber G-W, Alparslan-Gok SZ, Soyler A (2009) A new mathematical approach in environmental and life sciences: gene—
environment networks and their dynamics. Environ Model Assess 14:267-288

White DJ (1982) Optimality and efficiency. Wiley, New York

Winterfeld A (2008) Application of general semi-infinite programming to lapidary cutting problems. Eur J Oper Res
191:838-854

Yu PL (1985) Multiple-criteria decision making: concepts, techniques, and extensions. Plenum Press, New York

Zalmai GJ (1998) Proper efficiency principles and duality models for a class of continuous-time multiobjective fractional
programming problems with operator constraints. J Stat Manag Syst 1:11-59

Zalmai GJ (2013a) Hanson-Antczak-type generalized (¢, 8, v, &, n, p, 0)-V-invex functions in semiinfinite multiobjective
fractional programming, Part I: Sufficient efficiency conditions. Adv Nonlinear Var Inequal 16(1):91-114

Zalmai GJ (2013b) Hanson-Antczak-type generalized (¢, B, v, &, n, p, 0)-V-invex functions in semiinfinite multiobjective
fractional programming. Part II: First-order parametric duality models. Adv Nonlinear Var Inequal 16(2):61-90

Zalmai GJ (2013c) Hanson-Antczak-type generalized (¢, 8, v, &, 0, p, 0)-V-invex functions in semiinfinite multiobjective
fractional programming. Part Ill: Second-order parametric duality models. Adv Nonlinear Var Inequal 16(2):91-126

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Role of exponential type random invexities for asymptotically sufficient efficiency conditions in semi-infinite multi-objective fractional programming
	Abstract 
	Background
	Preliminaries
	Random variables and probability theory
	Deterministic cases
	Random cases

	Asymptotic sufficiency conditions
	Concluding remarks
	Authors’ contributions
	References




