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Abstract

function and Laguerre polynomials is also established.

This paper deals with the study of a generalized function of Mittag-Leffler type. Various properties including usual
differentiation and integration, Euler(Beta) transforms, Laplace transforms, Whittaker transforms, generalized
hypergeometric series form with their several special cases are obtained and relationship with Wright hypergeometric
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Introduction
In 1903, the Swedish mathematician Gosta Mittag-
Leffler (1903) introduced the function

0 n

=
 T(an+1)

where z is a complex variable and I" is a Gamma function
a > 0. The Mittag-Leffler function is a direct generalisa-
tion of exponential function to which it reduces for o = 1.
For 0 < o < 1 it interpolates between the pure exponen-
tial and hypergeometric function iz. Its importance is
realized during the last two decades due to its involvement
in the problems of physics, chemistry, biology, engineer-
ing and applied sciences. Mittag-Leffler function naturally
occurs as the solution of fractional order differential or
fractional order integral equation.

The generalisation of Ey(z) was studied by
Wiman (1905) in 1905 and he defined the function as

Eu(2) (L.1)

0 n

Eqyp(2) = (o, B € C,Re(a) > 0,Re(B) > 0),

= C(an+ B)
(1.2)
which is known as Wiman function.
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In 1971, Prabhakar (1971) introduced the function
EZ’ P (2) in the form of

- (v )nz"
E} 4(z) = ,42:(:) Fan+ By’ (@, B, v, € C,Re(ar) > 0,
Re(B) > 0,Re(y) > 0),
(1.3)

where (), is the Pochhammer symbol (Rainville (1960))

L'y +n)
n = , = 1 ,
) r(y) 7)o

=y +Dly+2)-(y+n—-1,n>1

In 2007, Shukla and Prajapati (2007) introduced the
function EV q(z) which is defined for «, 8, y € C; Re(«) >
0,Re(B) > O Re(y) > 0andg € (0,1) | JNas

o0

Z (V)qnzn
= IM'(an + ﬁ)n!’

In 2009, Tariq O. Salim (2009) introduced the function
the function Egg (z) which is defined for o, 8,y,8 € C;
Re(a) > 0,Re(B) > 0,Re(y) > 0,Re(8) > O as

ENi(2) = (1.4)

¥ )nz"

V5 -
Eapl@) = E%an+ﬁxw/ (1.5)
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In 2012, a new generalization of Mittag-Leffler function
was defined by Salim (2012) as

v.8,q ()/)an"
Eapp@ = Z “ T(@n + B)(O)pn” (1.6)

where «, 8, v, € C; min (Re(«), Re(8), Re(y), Re(8)) > 0
In this paper a new definition of generalized
Mittag-Leffler function is investigated and defined as

e e]

(V)qnzn

V.q _
Eyps(2) = nX:(:) T(an + ﬁ)(s)n,a,ﬁ, y,8e€C, (1.7)

where

min (Re(), Re(B), Re(y),Re(8) > 0) and q € (0,1) U N,

(1.8)

Further the generalization of definition (1.7) is investi-
gated and defined as follows

o0

() pn (Y ) gnz"
P05V 9 _ P q
EO(,BUUSP(Z) _};)F(Oﬂ’l—i—ﬂ)(l))gn(a)pn’ (19)
where,

o, B,7,8uv,0,0 €C; pg>0and qg <Re(x) +p,
(1.10)

and

min(Re(a), Re(B), Re(y), Re(8), Re(n), Re(v), Re(p),Re(0)) >0,

(1.11)

The definition (1.9) is a generalization of all above func-
tions defined by (1.1)-(1.7).

e Setting u = v, p = o, it reduces to Eq. (1.6) defined
by Salim (2012), in addition of that if p = 1, it reduces
to Eq. (1.7).

e Settingu = v, p,=0 and p = g = 1, it reduces to
Eq. (1.5) defined by Salim (2009).

e Settingu = v, p =0 and p = § = 1, it reduces to Eq.
(1.4) defined by Shukla and Prajapati (2007), in
addition of that if g = 1, then we get Eq. (1.3) defined
by Prabhakar (1971).

e Settingu =v,p =0 andp =q =48 =1, it reduces
to Eq. (1.2) defined by Wiman (1905), moreover if
B = 1, Mittag-Leffler function E, (z) will be the result.

Throughout this investigation, we need the following
well-known facts to study the various properties and rela-

tion formulas of the function Eg /[; f f 5p (2).
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e Beta(Euler) transforms (Sneddon (1979)) of the
function f(z) is defined as

1
B{f(Z);a,b}=/ 211 -2 f(@dz  (1.12)
0

e Laplace transforms (Sneddon (1979)) of the function
f(2) is defined as

L{f(z);s} = /000 e *f(2)dz (1.13)

e Mellin- transforms of the function f(z) is defined as

M{f(2);s} =f"(s) = /Oozg_lf(z)dz, Re(s) > 0,
0
(1.14)

and the inverse Mellin-transform is given by

1
f2) = M7 f*(s)2) = ,/f*(s)zfsds (1.15)
2mwi Jg
o Whittaker transform (Whittaker and Watson (1962))

FG+u+nlG—pn+v)
r'd—Ai+v)

’

*©
/ e2 71w, (Hdt =
0
(1.16)

where Re(u £+ v) > _21 and Wj, , (¢) is the Whittaker
confluent hypergeometric function.

e The generalized hypergeometric function
(Rainville (1960)) is defined as

i= 1(“1);/1
1(/3);)n n!
(1.17)

Fq [(a)b ) (a)p; (:8)1) R (IB)q; Z) Z 1_[

e Wright generalized hypergeometric function
(Srivastava and Manocha (1984)) is defined as

v, [(ﬂl;Al)r » (@p, Ap); (b1, B1), ..., (bg, By)i ]
Z I—[L 1 Dai +Ain), 2"
[1L, I (5 + Bm) n!
(1.18)
e Fox’s H-function (Saigo and Kilbas (1998)) is given as

H [20(@1, 1), s (@2 0p); (b2 1), e (b, B
[T F(b +Bis) [1121 T (A — a; — aus)

= omi / ]_[ 1 L(L—bj — Bjs) ]_[f w1 L@+ a,s)

(1.19)

z%ds

e Generalized Laguerre polynomials (Rainville (1960)).
These are also known as Sonine polynomials and are
defined as

1+ a)y,

L x) = ol 1F1[—m 1+ ;4] (1.20)
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e Incomplete Gamma function (Rainville (1960)). This
is denoted by y (@, z) and is defined by

z
y(a,z):/ e “t*7Ldt, Re(a) > 0, (1.21)
0

Basic properties of the function Eg’g’gf 5,p@
As a consequence of definitions (1.1)-(1.9) the following

results hold:

Theorem 2.1. If «,8,y,8,u,v,p,0 € C, Re(w) >
0,Re(B) > 0,Re(y) > 0,Re(8) > 0,Re() > 0,Re(v) >
0,Re(p) > 0,Re(0) > 0 and p,q > 0 and q < Re(a) + p,
then

d
oV _ prioyd oY G
Ea,ﬁ,v,o,é,p (2) = 'BEa,ﬂ+l,u,o,8,p @) +azdzEa,ﬂ+l,u,o,8,p (2)
(2.1.1)
1 (W)
140,Y G . p q pi+py+q
Ea,ﬁ,u,o,&p(z) - 'B) + )e (®)p “+1,/3,v+a,8+p(z)
(2.1.2)
1:05Y Py —lq
Ea,ﬁ—a,v,a,&p (2) - Ea,ﬂ—a,v,o,é,p @)

Caz(Wp o A D@+ P)on(Wgnig-1 2"

o = T@n+ )G +pm)© +0)on @)pn
(2.1.3)
In particular,
d
El3s@ = BELf 5@ +az | ELf 5@, (214)
1 ()
va - q,_rv+aq
E,ps(2) = rg) + 5 ZE, 01 p.511 @) (2.1.5)
> (m+1)(y) 1 2"
EV _grola — qn+q—
eites @ Fapes® qz,;) T(an + B)G + 1) ()
(2.1.6)
Proof.
BEL G (2) +az d ErPYa (2)

o,B+1,v,0,8,p dz o,B+1,v,0,8,p

n

_ ﬂE/J,,p,y,q @) + az d i (M)pn()’)qn z
IR dz g T(@n+ B+ 1) Won ()pn

_ 05 g = an(ﬂ)pn(y)qn z"

= PEF om0 @+ 2 tan b B4 D0hon O

@) + i (an+ B —B(Wpn(¥Y)gn 2"
n=0

— BEMeTa
Flan+B+DWon  Opn

a,f+1,v,0,8,p
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=Eybras.p@
which is (2.1.1).
The proof of (2.1.2) can easily be followed from the
definition (1.9). Now

0V 0y =14
Eg,ﬂfa,v,a,&p (2) — Eg,ﬁfa,v,a,ép ()
_ i () pn (V) gn z"
2P (@(n—1) + B)W)an Gl
00

_ Z (M)pn(y - l)qn Z"
2 T — 1) + B)Von G

i n(ﬂ)pn()’)qnfl z"
Fa(n—1) + B) (8)pn

n=1
oo

m+ D+ P pn(Vgntqg-1 2"

_ (1) pqz Z
W 2% Tan -+ BY +0)on(s +pn) O)pn

which proves (2.1.3).

e Substitutingu =v,p =0 and p =1in(2.1.1)
immediately leads to (2.1.4).

e Substitutingu =v,p =0 and p =1in (2.1.2)
immediately leads to (2.1.5).

e DPuttingu =v,p =0 andp =1in(2.1.3)
immediately leads to (2.1.6).

Theorem 2.2. If o, 8,y,68, i, v,0,p,w € C, Re(a) >
0,Re(B) > 0,Re(y) > 0,Re(6) > 0,Re() > 0,Re(v) >
0,Re(p) > 0,Re(0) > 0,Re(w) > 0; and q < Re(x) + p
then for m € N

d m
1605V g
(dz) Ea,ﬂ,v,a,é,p(z)
oo

_ Dm0 o (¥ ) gm
B Mom(8)pm Z

n=0

(n~+ pm)pn(y + qm)gn(1 +m), 2"
T(an+ B+ )V + om)on(d + pm)p, n!’

(2.2.1)
d m
(dz) (B sy W) = 2P T E G s W2,
X Re(B —m) > 0,
(2.2.2)

In particular,

a\" v.q _ (l)m()’)qm > (y +qm)qn(1+m)n Z"
(dz) L@ =, 2 T(on + B +a(® +m)y nt’

(2.2.3)
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e mp(wz"‘),

(jz) [ TELE s (we)] =

x Re(B —m) > 0,
(2.2.4)

Proof. From (1.9),

d\" < () pn(¥)gn z"
(dz) nX:(:) C(an+ B)(W)on (8)pn
_ Z (1) pn (Y ) gnn! "
2 T+ B)0)on(8)pn (1 — m)!

(l)m () pm (V)qm
B Wom (S)pm Z

1+ P)pm(y + gm)gn(1 + m), z"
Clan+am+ B)(v + 0)om(8 + pm)p, n!

n=0

which is the proof of (2.2.1).

Again using (1.9) and term by term differentiation under
the sign summation(which is possible in accordance with
the uniform convergence of the series (1.9) in any compact
set C), we have

d m
() & ER s o)

— ( d )Wl i (N—)pn()’)qnwn Zon+p-1
dz n=0 F(Ol}'l + ﬂ)(v)an (5)17,,
= i () pn (V) gn(an + p — DI w" Zan+p—m=1
= ~ Clan+pB)an+B—1—m!Won  Opn
P (W2

which is the proof of (2.2.2).

e Setting u = p,v = 0, in (2.2.1), we get (2.2.3).
e Setting u = p,v = 0, in (2.2.2), we get (2.2.4).

Theorem 2.3. If « = "7, with m,r € N relatively
prime;B,y,8, i, v, p,o € Cand q < Re(a + p), then

am o TO) &
El:;‘vpvqu ) —
azn o sp®) F(M)X_:
DO+ DT+ pm) (g 2070

F(”m + (" —m+ 1D +0on) (8)pn
(2.3.1)
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"
o Eﬁﬂs(zr)—r(s)z

(W)gnl'(n + 1)1“(”:” +1) L=m
FE+mr(™ +pr(” —m+1) nl
(2.3.2)

Proof.
A" _upya r
o i@
_ Z (M)pn(y)qn Z(r’n)n
dzm 2 D" 4+ B) W) G
S Wm0 -0
F(n:n + ﬂ)(”)an(n:n —m)! (8)pn

_Tw i L + DT (1 + pn) (Y )gn LUi=Dm
T(w) = L+ Br("™ —m+ DI +on) (8)pm
which proves (2.3.1). |

Corollary 2.3. For u = v,p = 0,8 = p = 1, (2.3.1)
reduces to the known result of Shukla and Prajapati
Shukla and Prajapati (2007) (2.3.1).

Remark 2.3. Setting u = v,p =0 and p = 1in (2.3.1),
we get (2.3.2).

Special Properties: Setting putting u = v, p = o and
p=¢q=238=1in(2.3.1), we have

am m o0 r +1 (' =1m
Beh=3y  OFTED
dzm P — (" +pr(? —m+1
(2.3.3)
Forp =y =8 =g =1in(2.3.2), we have
dam > 2 —bm
Em = 2.34
a1 @) = ;F(”;"—mﬂ) (2.34)

Theorem 2.4. If o, B, 1, p, v, ¥, A,0,8,n € C;Re(xr) >
0,Re(B) > 0,Re(y) > 0,Re(u) > 0,Re(p) > 0,Re(v) >
0,Re(8) > 0,Re(0) > 0,Re(r) > 0 andq < Re(®) + p
then

1 Lo
F(’?)/ w11 — )™ lEggffap(zu“)du

05V 9
Eaﬂ+r]v05p

(2.4.1)
(2)du,



Khan and Ahmed SpringerPlus 2013, 2:337
http://www.springerplus.com/content/2/1/337

1 [ _ 1 ooy,
e /t @—9)" s — P T EZETS s — )] du

— (x _ t)VH‘ﬂ*lEV«vvalq (Z),

o,f+n,0,p
(2.4.2)
‘ 1
[ v = PELG, 0,
(2.4.3)

In particular,

1 o i ’
F(’I),/o W A—w) T BN s (udu = ELG L s (2)du,

(2.4.4)
1 * 1 B—1rpY4
x—8)"" (s—t)PEE [Ms —)*] du
T'(n) /t o.p:8 (2.4.5)
=@ -0, @)
z
/0 tPTENE swiyde = 2PELE L (w2, (2.4.6)

1 1
p—1 1— U—lE}’ o — Ey ’
F(n)/o WA wp@udu =E, g (2)du
(2.4.7)

z
/ P E, p(wt*)dt = 2P Ey g (w2%), (2.4.8)
0

Proof.
1 1 51 e

uP (L= w) " E, g s p (2 )du
F(n)/o A=) Ey g5 (@%)

_ 1 Z (M)pn()’)qnzn /1
() C(an + B)Y(V)on(8)pn Jo

n=0
% uan+ﬂ71(1 _ u)”’ldu

o0

_ 1 Z (M)pn(y)qnzn
I'(n) I(an + B)(V)on(8)pn

n=0

B(an + B, 1)

_ plpsyq
- Eoz,ﬁJrn,v,mé,p @)

which proves (2.4.1).
Now change the variable from s to u = ;:tt Then the
L.H.S. of (2.4.2) becomes

1
F(ln) fy om0t
0

% i (M)pn()’)qnzn

(e + B W)on @)y T
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_ -yt i (1) pn(¥ gnlA = H)°]" /1
L) 4 Ten+ B Wen@pn Jo

% uan+ﬂ71(1 _ u)”’ldu

_ +p—1 _ pan
— (x =" Z (V)qn[)\(x £)*] Blan + B,n)

INE)) — T(an+ B)(S)pn
=@ — TP s = D)"
which proves (2.4.2).

Now
‘ B—1 b0,y q
- 125) 5 o
[) t Ea,ﬂ,v,a,a,S,p(Wt )dt

_ /Z HB-1 Z (1) o (Y Ygnw" £*" dt
0 =0 I'an + ﬁ)(v)zm((s)pn

= i (1) pn (Y gnw" /z poen+B=1,
= Tlan+ B)W)on(8)pn Jo

=P i (M)pn(y)qn (wz*)"
=0 Clan+ B + 1)(V)an(5)pn
= ZﬁEZ,’/g:O)—/l,?v,c,S,p

which proves (2.4.3).
Puttingg =8 = landy = ¢ = 3§ = 1in (2.4.1) and
(2.4.3) yields (2.4.4) and (2.4.5) respectively. [

(wz)

Generalized hypergeometric function

H w0559
representation ofEa’ﬂ,v’a’a’p(z)

Using (1.9) with « = k,p =l,0 = m e Nand g € N, we
have

PV _ = Win (V) gn "
Fapnarsn® = ; L (kn + B) (V) () pn
_ 1 i (Wi () gn(Dn 2"
T(B) = (B)ion (V) mn(S)pn !
1 & ARG M0 ) FY Gy MC O

T I >

o l—[/r;l(m;—l)n 521(5+;—1)n l_[;n:1(v+yifl)n”!
Iqlz "
X
mmppkk

1
= 1) g+1+1Fktpem [A(l: ), Ag; y), (1, 1); Ak, B),

Lo
. ). CTF
A, A L, kk]
n+1 u+i-1,

R

whereA(; u) is a I-tupple /, Algy)

is a g-tupple 7 V+1,...y+g_1;A(k,/3) is a k-tupple

’ 4q
i, ﬁ;(rl, v ’3+,l:_1 and so on, which is the required hyper-

geometric representation.
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Convergence criterion of generalized Mittag-leffler
function q+l+le+p+m:

(i) fg+1+1 < k+ p+ m, the function ;1111 Fxypim
converges for all finite z.

(ii) Ifg+I+1 = k+p+m+1, the function ;111 Frypim
converges for |z| < 1 and diverges for |z| > 1

(i) fg+74+1 > k+ p+ m+ 1, the function
g+1+1Fk4p1m+1 is divergent for |z] # 0

(iv) Ifg+I+1 = k+p+m+1, the function g4 41 Fxtpymt1
is absolutely convergent on the circle for |z] = 1, if

k p m
B+r—16+s—1v+et—1
Re| D 2> :
r=1 s=1 t=1 k p m
q . ,
u+i—ly+j—1
_Z ! >0
i=1 j=1 1

i, 0,¥ 94
Integral transforms ofEa’ﬂ’v,a,a’p(z)
In this section we discuss some useful integral transforms
like Euler transform, laplace transform and Whittaker
1:05Y
transform Oonz,ﬁ,v,a,(S,p (2).

Theorem 4.1. Mellin-Barnes integral representation of

Vs
Let
B,v,o,u,p,7,8 € C and g < Re(x) + p. Then the
function Eg,’g’ 5 (2) is represented by Mellin-Barnes integral
as:

10,Y g _ rerew)
Faprosr® = onirprow I,
FEIA —s)'u— ps)I'(y —gs) s
(_Z) dS,
B —as)I'(6 — ps)I'(v — ps)
(4.1.1)

where |arg(z)| < 1; the contour of integration beginning
at —ioco and ending at +ioco, and indented to separate the
poles of the integrand at s = —n,V n € Ny (to the left)
from those at s = V;“”, n € Ny (to the right).

Proof. We shall evaluate the integral on R.H.S. of (4.1.1)
as the sum of the residues at the poles s = 0, —1, -2, ..., we
have
1 / FOrA—9T'(w— ps)I'(y — gs) —s

. (—2)"%ds
2ni Jp T(B—as)T'(v —os)I'(§ — ps)

o FOIA -9 —p)T(y —qs),
=D Rese— (-2)
= ' —as)l'(6 —ps)I'(v —os)

_ iLim (s 4 n) T — ps)T(y — gs)
part ST dins F(ﬁ —as)I'(§ — ps)T'(v — o)

x (—2)7*
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(=D"T'(u + pmI(y + qn)

- g r'e+am)l'(6 +pm)I'(v 4+ on)

(—2)"

o0

_rmrw
T T Z

() pn (Y gn o
= T(an+ B))pn(Von
_TOTW) Lupyag
N T (v) Eot,ﬂ,u,a,a,p(l)
which completes the proof. ¥

Remark 4.1. Setting u = p, v = 0 and p = 1, we get

the Melin Barne’s integral of the function EZ’; 5

Theorem 4.2. (Mellin transform) of E’271 . (z)

o,B,v,0,8,p
wovd L r@re)
M{Ea,ﬁ,v,a,(s,p( wz); s} = 2T () ()
FEra—-9rp — el — gs) —s
(wz)~°ds,
PGB —as)r'(v —os)I'6 — ps)
(4.2.1)

Proof. From Theorem 4.1, we have

By 0 (—W2)
_ T@®rmw FEOrA -9 — ey —qs)
2T (W) Ji T(B—as)T(v —os)I'(8 — ps)
x (wz)"*ds
_ rerw " s
= 2l ()M () /Lf ()@ "ds
where
FHs) = LI =)' — p)I'(y —gs) ()

r'—as)l'(v —os)I'(§ — ps)

is in the form of inverse Mellin-Transform (1.15). So
applying the Mellin-transform (1.14) yields directly the
required result. [

Theorem 4.3. (Euler(Beta)transform) of E": ,’g,’f’ ’;I, 5,p (z)

1
/ 2711 — g Lprera
0

Ul
a,B,v,0,8,p (xz")dz

F(b)F(V)F(S) |:(/,L, P)(V:Q): (a,n),(1,1) ; i|
= X
Fwro) (@), (@+b,n), (v,0), (5,p) ;
4.3.1)
Proof.
1
/0 2711 - z)b_lEZ”g,’Kf,&p(xz”)dz

v i (W () gn(xzM”
/0 =2 2 L+ B)V)an(@)pn
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. > (H)pn(y)qnxn /1 nmta=11 _ »b=14
—gr(anw)(wm(a)pn , o G

= (M)pn(y)qnxn
- B + )b
2 Can + B0 @
_TOTOIE) «
~ TWry) Xz;)
F'(w+ pm)T(gn+y)La+nmTmn+1) %"
C(an+ B)T(mn+a+b)I'(v+on)(pn + 5) n!

from which the result follows. [

’

Corollary 4.3.
1
/0 271 - )b~ IEV qa(xz”)dz

NONO) {(%q),(a,n),a,n ;}

F) B, ), (@+b,n), (5, 1) ;
(4.3.2)

Special properties: (i) For ¢ = 1, (4.3.2) reduces to
Tariq O Salim (2009)(4.1).

1
/0 2711 - )P EL G (27 )dz

INOINE) |:()/, 1), (a,0),(1,1) ; :|

Fe) (B, @), (3, 1)@+ b,0) ;
(4.3.3)
(ii) For § = g = 1in (4.3.2), we have
1
/ 271 = )b~ 1Eyﬂ(xz )dz
0
Crey  [0D@o. (4-3.4)
F \IJQ X |,
W LB, @+bo) ;
Ifa = B, = o, then (4.3.2) reduces to
1
_ b r'(b)
/0 P72 B e = B
(4.3.5)
Puttinga = =y = § = q = 11in (4.3.2), we have
1
/ 22711 — 7)1 exp(xz°)dz
0
(a,0), ; (4.3.6)
= F(b)l \111 X
(a+b,0);
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Theorem 4.4. (Laplace transform)

00
/ P 1 —SZEHPV‘I (xz”)dz
0

o,B,v,0,0,p

romre) ., (1, ), ), (1, 1) )
= N 3\1’3 a ,
F(M)F(y) (,3,0[), (U,O’)((S,p) ;

(4.4.1)

Proof.

00
/ o 1 —szEMPVq (xzn)dz
0

o,B,v,0,0,p

_ / sz Z (N—)pn()’)qn(xz ) dz
0 0 Clan+ BYW)on(8)pn

_ TrE)s™ i T'(w+pmT(y +gmT A +n) (5)"
T TWr(y) ZT@B+amTw+oml@+pn)

from which the result follows. [

Corollary 4.4.

00
/ Zﬂ7
0

_Te) 0,
“ro’

1,—szpvd
e S"'Emﬁ,(S (xzMdz

{(y,q), (L1 ; }
X
sh ’
B,2), (S, 1) ;
Remark 4.4. For ¢ = 1, (4.4.2) reduces to Tariq O
Salim (2009)(4.2).

(4.4.2)

Theorem 4.5. (Whittaker transform)

S rowre) _
P ETIWy (OOELET S (wt)dt = v
./0 e iy BDE 0,50 (@) r(u)F(y)q> o

|:(M,,0)(V,q),(§+1//+5,77),(§—1//+$,n),(1,1); }
X w
¢V7

B,a),(v,0),(1 —A+§&,n),(p) ;

(4.5.1)

Proof. Substituting ¢t = v in L.H.S. of Theorem 4.5, we
have

© (v () on (V@)™ (v\" 1

/o (¢> ¢ W“”(V)Zr(an+ﬁ><8)n(> 6%
T TOTO)
 T(Wr(y) 2

L(u+ pm)I'(y +qn)

o Man+ HI'(v +om)['(6 + pn

X (;;) / (v)mtE=1ey Wi,y (V)dv

_ ¢TI ) P(u+ pmT(y +qn)
F(wr(y) = Tlan+ BT +oml(©+ pn)

( )F(2+1//+$+V”7)F(2 V4§ +mn)
"

Mg

O

IA—i+&+nn
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_ ¢TI ) i FG) ) (P (vs ), (1L, 1), 5
- TWr(y) = = 3 z|, (5.1.1)
SR PO (6,00, 0,00, 6
N L+ omT(y +qgml(; £ +& + )+ 1)
FA—A+§+nn) Relationship with Fox H-function
()" Using (4.1.1), we have from
o 105V 4
from which the result follows. aposp®
_ F@OrE) [ TEOIA—=9T'w —p)l'(y —gs) (—2)=%ds
Corollary 4.5. 2mil'(y) ' —as)l'(v—o0s)I'(§ — ps)
r@re) 1,3
o - e = Hy
/ e s ts_lWA,¢(¢t)EZZS(wt’7)dt = F(( ))¢—54x113 27l ()M () >3
’ i’ 0,1, =, p),A—v,9 ; (5.2.1)
D GV +EM,G—Y+En, LD ; x z|,
X (Z; 3 (0,1)(1—ﬁ,0{),(1 _V!G)r(l _5,17) 5
(13705)7(1_)‘_{'5)77)7(8)1) H
(4.52)  Relationship with generalized Laguerre polynomials

Special properties :

(i) Puttingg = § = 1in (4.5.2), we have

o0
/ exp 3 £5- "Wy (1)E, 4 (eot")dt
0

g V@, (GEP+Em);
v, A (4.5.3)
oy’ ¢
(ﬂra)r (1 - )‘ +‘?>:’77) 5
(ii) Forq =y = 8 = 1in (4.5.2), we have
/ - exp gl Wi,y (¢1)E g (wt")dt
0
GEP+Em, (LD, ;
= ¢ 530, - (4.5.4)

Bya),1—A+&,0);
(iii) Now puttingg = =a =y = § = 1in (4.5.2), we
have

00 —
/ e 2 tP"1W, (1) exp(wt”)dt
0

GEo+En);
=¢ 5 o1
(1—r+E&0) ;

(4.5.5)

Relationship with some known special functions
Relationship with Wright hypergeometric function
If the condition (1.10) be satisfied, then (1.9) can be
written as

oo

() pn (Y ) gnz”

05 9 _ P q

Eura50® = 2 Nan 4 B)Whn @

_ T@rw i P(u+pmI(y +qml(n+1) 2"

T T(wI(y) = T(an+ BT +oml(§ + pn) n!

Puttinga = k,8 =+ 1,y = —m,q € N with g|m and
replacing z by z¥ in (1.6), we get
1
(z k) _ Xq: (_m)qnzkn
kwl 8 = Dkn + i+ 1)(8)n
(7] &
(=) m! Zkn
a XE, (m — qm)! T (kn + 1+ 1) (8)n
(—D)?"T(km+pu +1) 2

C(m+1) !
Z m—gqn)!Tkn+ u+1) (),

- I'tkm+p+1) =

Fm+1)
= 5z k)
C(km+ pu+1) [ )
where Z 18 (z, k) is a generalization of Z ](z, k) given by
q
Shukla et al (2007).
Note that
ZELM] (z, k) is a polynomial of degree [ Z‘] in 2.
q

Further for g = k = 1,2, ,(z,1) = Lj,(2), where Ly, ()
is a generalized Laguerre polynom1a1 So that
@ = C(m+1)
’w“l [(km+ pu+1)

which is the required relationship.

L}, (2)
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