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Let R be aring and U be a Lie ideal of R. Suppose that o, t are endomorphisms of R. A family D = {d,},en of additive
mappingsd, : R — R is said to be a (o, T)- higher derivation of U into R if dy = /g, the identity map on R and
dn(ab) = Y di(e"~(a))d;(z"~/(b)) holds forall a,b € Uand for each n € N. A family F = {f,},en of additive

mappings f, : R — Ris said to be a generalized (o, T)- higher derivation (resp. generalized Jordan (o, T)-higher
derivation) of Uinto R if there exists a (o, 7)- higher derivation D = {dn}neN'of Uinto R such that, fo = /g and
fo(ab) = Y fi(a"(a)di(z"(b)) (resp. fr@)= Y fi(e"~"(a))d;(z"/(a)) holds for all g,b € U and for each

n € N. It can be easily observed that every generalized (o, t)-higher derivation of U into R is a generalized Jordan
(o, T)-higher derivation of U into R but not conversely. In the present paper we shall obtain the conditions under which
every generalized Jordan (o, T)- higher derivation of U into R is a generalized (o, )-higher derivation of U into R.
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Introduction

Throughout the present paper R will denote an associative
ring with center Z(R). For any x, y € R denote the commu-
tator xy — yx by [ x, y]. Recall that a ring R is prime if aRb =
{0} implies that 2 = 0 or b = 0. An additive subgroup U
of R is said to be a Lie ideal of Rif [ U, R] C U. A Lie ideal
U of R is said to be a square closed Lie ideal of R if u? € U
for all u € U. An additive mapping d : R — R is said to
be a derivation (resp. Jordan derivation) of R if d(xy) =
d(x)y + xd(y) (resp. d(x*) = d(x)x + xd(x)) holds for all
%,y € R.Now let D = {d,,},,en be a family of additive map-
pings d, : R — R. Following Hasse and Schimdt (1937),
D is said to be a higher derivation (resp. Jordan higher
derivation) on R if dy = Ir(the identity map on R) and
du(ab) = Y. di(a)d;(b) (vesp.dy(a®) = Y. di(a)dj(a))

i+j=n i+j=n

holds for all 4,b € R and for each n € N. Several
interesting results on higher derivation can be seen in
Haetinger (2000). Let 0,7 be endomorphisms of R. An
additive mapping d : R — R is said to be a (0,7)-
derivation (resp. Jordan (o, 7)-derivation) of R if d(xy) =

o®)d(y) + dx)T(y) (resp. d(x?) = o (x)d(x) + d(x)7(x))
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holds forallx,y € R.Forafixeda € R,themapd, : R — R
given by d,(x) = at(x) —o(x)a forallx € Risa (o,7)-
derivation which is said to be a (o, t)-inner derivation
determined by a.

Inspired by the notion of (o, 7)- derivation the authors
together with Haetinger (2010) introduced the concept
of a (0, 1)- higher derivation as follows: A family D =
{du}nen of additive mappings d,, : R — R is said to be a
(0, 7)- higher derivation of R if dy = Ig and d,(ab) =

> di(a"_i(a))dj(r”_j(b)) holds for all a,b € R and for
i+j=n
each n € N (If U is a Lie ideal of R, then D is said to be a
(0, 7)- higher derivation of U into R if the corresponding
conditions are satisfied for all ¢, b € U).

Following Bresar (1991), an additive mapping F : R —
R is said to be a generalized derivation if there exists a
derivation d : R — R such that F(xy) = F(x)y + xd(y)
holds for all x,y € R. Motivated by the definition of gener-
alized derivation the notion of generalized higher deriva-
tion was introduced by Cortes and Haetinger (2005). A
family F = {f,;}sen of additive maps f;, : R — R is said
to be a generalized higher derivation of R if there exists
a higher derivation D = {d,}sen of R such that fo = I
and f,(ab) = 3}  fi(a)d;j(b) for all a,b € R and for

i+j=n
eachn € N.
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An additive mapping F : R — R is said to be a gen-
eralized (o, t)-inner derivation if F(x) = o (x)b + at(x)
holds for some fixed a,b € R and for all x € R. If F is
a generalized (o, T)-inner derivation , a simple computa-
tion yields that F(xy) = o(x)d_,(y) + F(x)t(y), where
d_pis a (o, 7)-inner derivation. With this point of view an
additive mapping F : R — R is said to be a generalized
(o, T)-derivation on R if there exists a (o, )-derivation
d : R — R such that F(xy) = o(x)d(y) + F(x)7(y) holds
for all x,y € R. For such an example let S be any ring

b
and R = {(g ) |a,b,ce S}. Define an additive map
c

= and endo-
c 0 ¢

a
F:R— RsuchthatF((O

a b
morphisms 0,7 : R — R such that o 0 =
c
0 0 a b a O
and T = . Then it can be
0 ¢ 0 ¢ 0 0

easily seen that F is a generalized (o, v)-derivation on R
with associated (o, 7)- derivation d : R — R such that
(G ()

0c¢ 0c)’

In view of the above definition we introduce the ana-
logue of (o, 7)-higher derivation in a more general setting.

Let 0,7 be endomorphims of R. A family F = {f;},eN
of additive maps f;, R — R is said to be gener-
alized (o, 7)-higher derivation (resp. generalized Jordan
(0, 7)-higher derivation) of R if there exists a (o, T)-higher
derivation D = {d,}uen of R such that fy = Ig and
fuab) = Y fila" @)di(x" (b)) (resp. fula®) =

i+j=n

> ﬁ(a”_i(a))d/(t"_f(a)) holds for all a,b € R and for
i+j=n
eachn € N.

Let U be a Lie ideal of R. Then F is said to be a gen-
eralized (o, 7)-higher derivation (resp. generalized Jordan
(0, 7)-higher derivation) of U into R if the above corre-
sponding conditions are satisfied for alla,b € U.

Example 1.1. Let R be an algebra over the field of ratio-

nals and o, T be the endomorphisms of R. Define F,, = %,
forall m € N, where f is a generalized (o, 7)- derivation on
R with associated (o, 7)-derivation § such that fo = of
and 8t = t©§ (the above example of generalized (o, 7)-
derivation ensures the existence of such f). Consider
the sequence {Fj},eN, this defines a generalized (o, 7)-
higher derivation with associated (o, t)-higher derivation
dy =%

If we choose the underlying f to be a generalized Jordan
(0, T)— derivation on R which is not a generalized (o, 7)—
derivation on R then one can easily construct an exam-
ple of a generalized Jordan (o, v)— higher derivation on R

which is not a generalized (o, 7)— higher derivation on R.
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It is easy to see that every derivation on R is a Jordan
derivation but the converse need not be true in general.
A well-known result due to Herstein (2002) states that
every Jordan derivation on a prime ring of characteristic
different from two is a derivation. This result was further
generalized by many authors in various directions (see
Ashraf et al. 2001; Bresar and Vukman 1991 where further
references can be found). Motivated by these results Fer-
rero and Haetinger (2002) generalized Herstein’s theorem
for higher derivations and proved that every Jordan higher
derivation on a prime ring of characteristic different from
two is a higher derivation. The authors together with
Haetinger (Ashraf et al. 2010) further generalized the
above result in the setting of (o, v)-higher derivation of
R. The main objective of the present paper is to find the
conditions on R under which every generalized Jordan
(0, t)-higher derivation of R is a generalized (o, 7)-higher
derivation of R. In fact our results generalize, extend
and compliment several results obtained earlier in this
direction.

Main results

Recently, Haetinger (2002) proved that if R is a prime ring
of characteristic different from 2 and U a square closed
Lie ideal such that &/ € Z(R). Then every Jordan higher
derivation of U into R is a higher derivation of U into R.
The following theorem shows that the above result still
holds for arbitrary square closed Lie ideal of R that is, U
may be central.

Theorem 2.1. Let R be a prime ring such that char(R) #
2 and U be a square closed Lie ideal of R. Suppose that
0,1 are endomorphisms of R such that 0t = to and t
is one-one & onto. Then every generalized Jordan (o, 7)-
higher derivation of U/ into R is a generalized (o, 7)-higher
derivation of U into R.

In order to develop the proof of the theorem, we begin
with the following known lemma:

Lemma 2.1. ((Ferrero and Haetinger 2002), Lemma 2.3)
Assume that R is a 2-torsion free prime ring and U a
square closed Lie ideal of R such that Y € Z(R). Let
G1,Ga, - -+, G, be additive groups, S : G1 X Gy X -+ X
G, > Rand T : G x Gy x --- x G, — R be
the mappings which are additive in each argument. If
Say,a,- -+ ,a,)xT (a1, az,- - ,a,) = 0 for every x € U,
a; € Gy, i = 1,2,---,n then S(ay,as, - ,a,) = 0 for
everya; € G;,i =1,2,--- ,nor T(b1,by,--- ,b,) = 0 for
everyb; € Gj,i=1,2,--- ,n.

Lemma 2.2, Let Rbearing and o, T be endomorphisms

of Rsuch thatot = to and F = {f"}neN be a generalized
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Jordan (o, 7)-higher derivation of U into R with associated
(0, t)-higher derivation D = {d,},cn of U into R. Then
for all 4, v,w € U and each fixed n € N we have

W) fulwv +vu) = 3 (file" " @)d;(x" 7 (v)

i+j=n
+ fi(a" T W) di(t" T (w))) .

If R is a 2-torsion free ring then,

> fila" T w)di(o kT ) dr ("R (u))

i+j+k=n

(i) fu(uvu) =

> filo" w)di(e* T (v)

i+j+k=n

(ili) fr(uvw + wyvu) =
xdp (" kw)+ ¥ fila" (W)
i+j+k=n
xdj(o Xt (v)di (v K ()

forall u,v,w € U.

Proof. (i) Foru,ve U,nec Nwehave, f,u?) = )
i+j=n

fi(@" " w)di(t" T (w)).

By linearizing the above relation on u we obtain

Fal@+ v =Y file" " w+ v)di(" 7 (u +v))

i+j=n

> i@ w) + " ) (x" (w)

i+j=n
+ "7 (1))

=Y fi(o" W) d; (<" (w)

i+j=n

+ Y fi(e" W) d (7T ()

i+j=n

+ Y fi(0" W) d (7 w)

i+j=n

+ 3 fi(e" W) d (7T W),

i+j=n

forall u,v € U.
Again;

Ju ((u + v)z) =fu (u2 + uv +vu + v2)

= fu(U®) + fu(uv + vu) + £,(v%)

Page 3 of 9

=falwv +vi)+ Y file" ()

i+j=n

X dj (r”_j(u)) —+ Z fi (a”_i(v))

i+j=n
x (" ()
forall u,v e U.
Comparing the above expressions and reordering the
indices we obtain the required result.

(ii) Since uv 4+ vu = (u +v)> — u> —v? € U, using (i)
and replacing v by uv + vu we find that,

fu(u(uy + vu) + (uv + vur)v)

= Y [ w)di(x" (uv + vu))

i+j=n

+ Y il v + vyt ()

i+j=n

= Y [T )d (0"t w)ds(x" (1)

i+r+s=n

+2 ) filo" T w)die T m)di(" (W)

i+j+k=n
+ > fle" Fopditol w)dix" T (w)).
k+l+j=n
(2.1)
On the other hand,
Su@(uv + vu) + (uv + vu)u)

=fy (v + vu®) + 2f, (uvi)

= Y file" " @)dix" T ()

i+j=n

+ Y "N W) + 2 (uvw)

i+j=n

= > " w)ds(x o) w)di(x" T (v)

r+s+j=n

+ Y file" W)d(o T w)di (" (w))

i+k+l=n

+ 2 fu(uvn). (2.2)
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Comparing the equations (2.1) and (2.2) and
reordering the indices and using the fact that R is
2-torsion free we get the required result.

(iii) Linearizing the above result, we have

Ja((@ 4+ w)v(u + w))
= > [+ wmdie T W)dir"F uw)
i+j+k=n
= Y file"w)di(o T )di (" w))
i+j+k=n
+ Y file" T w)die T m)d (" (w))
i+j+k=n
+ D [T w0 T ) di (e W)
i+j+k=n
+ Y [ W) T @) (" (W)
i+j+k=n
=fulww)+ Y fio" @)dio T )i (w)
i+j+k=n
+ Y @ w)di(e T ) dr(x" T w))
i+j+k=n
+ fu(wvw). (2.3)
Again,

[u(@4+w)v(u+w)) = f(uvn)+f, (uvw+wvi)+f, (wvw).

(2.4)

Comparing (2.3) & (2.4) and using the fact that R is
2-torsion free we get the required result.
O

For every fixed n € N and for each u,v € U we
denote by ®, (1, v) the element of R such that ®,(u,v) =
fa(uv)y — ﬁ(a”_i(u))dj(T”_/(v)). It is straight forward

i+j=n
to see that if ®,(u,v) = 0, then F = {f;}ueN is a gen-
eralized (o, v)-higher derivation of U into R. Trivially, by
using Lemma 2.2(i) we get ®,(u,v) = —&,(v,u), forall
u,vel.

It can also be seen that the function ®,, is additive in
both the arguments.

Lemma 2.3. Let R be a 2-torsion free ring and o, t be
endomorphisms of R such that o7 = t0. Let F = {f;}yen
be a generalized Jordan (o, 7)-higher derivation of U into
R with associated (o, 7)-higher derivation D = {d,},eN
of U into R. If ®,,(u,v) = 0, for each m < n and for all
u,v € U, then

(i) ©,(u, )t [u,v]=0,forallu,ve U
(i) ©,u,v)T"(W)t"[u,v]=0,forall u,v,w € U.
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Proof. (i) Since forany u,v € U, uv+vu € U and
uv — vu € U, we find that 2uv € U. Suppose
B = 4(uv(uv) + (uv)vu) € U. Using Lemma 2.2(iif)
we have,

fBy =4 (" W) T i )

i+j+k=n

+ fi@" )y T )i W)

=4| Y 0" @)dix" T )T (uv)

i+j=n
+ o (uv)d, (uv) + Z fi(0" " (w))
i+j+k=n
0<i+jk<n—1

X dj(akti(v))dk(r"_k(uv)) + Z o (uv)
jt+k=n

x di(a" T )i (" K W) + fu(uv) " (vir)

+ > file" wv)dieF T v))
i+j+k=n
0<ij+k<n—1

x di (2" F ).

Using the fact that ®,,(u,v) = 0 forall m < n we
have,

LB =4 Y file w)dic" T v)" )

i+j=n

+o"@)dy )+ Y fila" T W)

i+j+k=n
0<i+jk<n—1

X dj(okri(v))dk(r”_k(uv)) + o (uv) Z
jt+k=n

X di(o" T W) di (" * W) + fu(uv) " (via)
+ )

I+t+j+k=n
0<ltt,j+k<n—1

fitoe" w))d,(z'aT TR (v))

x di(o* T ) dp (" K wy) | (2.5)
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On the other hand,

F1(B) =fu(A((uv)? + (uv*u)))

=4 ( > A" ) di(c" (uv))

i+j=n

+ > fi(Uni(”))dj(akfi(Vz))dk(Tnk(u)))

i+jtk=n

=4 | fuu)t"(wv) + o" (uv)d, (uv)

+ > fle" T uw))di(r" T (uv))
i+j=n
0<ij<n—1

+ Y ST W) + dy(e T )

i+p+q+k=n

x dg(t P ok W)dr(t" K (w))

Sn(B) =4 | fu@v)t" (wv) + 0" (uv)dy (uv)

+ Y. A"t ()
str+j=n
O0<s+rj<n—1

x di(@" T @)+ Y filo" T w)dy(t" P (v)

i+p=n

x " (vu) + 0" (uv) Y dg(a" (W)

q+k=n

xdi(o" )+
i+p+q+k=n
O0<i+p,g+k<n—1

fi(@" " (w))

x dp(@ T W) dy(t Pk () d (" K (w)) |

(2.6)

Comparing (2.5) with (2.6) for f,(8) we get @, (u, v)
x[t"(u),T"(v)]=0forall u,v € U.

Page 5 of 9

(i) Let x = 4(uvwvu + vuwuv) for u,v,w € U. Then by
Lemma 2.2(ii) we obtain

Ja GO = fuu(@vwv)u) + f (v(duwu)v)

=4 Y filo" @)di(o" T vw)di (" (w))

i+j+k=n

+4 Y file"w)dio T wwu)di (r" K (v)

i+jtk=n

=4 Y filo" w)die T w)
i+l+t+st+k=n
x dt(o_s+k_ri+l(w))ds(Ti+l+to_k(v))dk(.’:}’l7k (M))
+4 > [ wdie T R )
i+l+t+s+k=n
x d (R e (w))dg (7 oK () di (K ().
(2.7)

Again consider,

Ja(0) = fu( Quv)wQvu) + 2vu)w(2uv)).

Applying Lemma 2.2(iii), we have

L00=4 > (f" Pw)dy(o’t’ (w))

pt+q+s=n
x ds (7" (vu)) + fp (0" 7P (vu))dg (o’ (w))

x dy(t" " (uv)) .
(2.8)

Equating (2.7) & (2.8) and using the fact that R is 2
torsion free we find that

0= Z Jo(@" P (uv))dy (o’ P (w)ds(t"° (vir))

pra+s=n

- Y S wdi e T )
i+l+t+s+k=n

x dy (e (w))dg (K () dr (2K (w))

+ Y S0P () dg(o TP (w))ds(x" (uv))

pt+q+s=n
— > AT W) R )
i+l+t+s+k=n

x d (0T (w))dg (T oK () di (K ().
(2.9)



Ashraf and Khan SpringerPlus 2012, 1:31
http://www.springerplus.com/content/1/1/31

Initially calculating the first term we have

Y L@ P @v)dy (o TP (w)ds(t" (vu))

ptqts=n

= fu@)t" (w)t" (vu) + " (wv)o " (w)d, (vir)

+ Y @ P @) (0 TP (w))ds(7" 5 (vu))
pts=n
ps<n—1

+ Y S0P @v))di (0T (w)ds(t" (vir))

pts=n—1
+ -+ fil0" T W) dy—1 (T W) T (Vi) + 0" (uv)

X dp_1(c(W)d1 (" L))+ (uv)d,(w) " (vu).

Using the hypothesis that ®,, (%, v) = 0 forall m <n.

= fu(u)t" (wvu) + o” (uvw)d,, (vir)

+ Y A" @)di e R W) 0 (w))

i+j+t+k=n
i+j<n—1
u+k<n—1

X (e T "R )+ Y file" T w)

i+j+ttk=n—1
x di(t'a TR ) dy (0 (W) d (oK T (v))
X di (") + -+ il @) (T ()
X dp_1 (t(W) " (vit) +0" (w)d1 (0" (V) dy—1 (T (W)
x ' (vu) +0" (uv)dy—1 (0 W)d1 (7" W) ot ()
+ 0" @)dy-1(c W) t" )i (T )

+ o (uv)d,,(w)t" (vu).
(2.10)

Similarly the second term reduces to

Y e @)die T ) dy (o R w))

i+l+-t+s+k=n

x ds(t oK ()dp (" (w))
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= Y o ww)dy(o* v)di(z* ()

s+k=n

+ Y file @)di(x' v)T" (wvu)

i+l=n

+ Y S w)di e W)

i+l+s+k=n

x o Rt () d, (tH oK ) di (2" (w))

+ Y A" w)fie TR W)

i+l+s+k=n—1
x dy (0" w))dy, (T H K ) di (2K ()
+ o+ AT W) T T Wy (T(w))T (i)
+ 0" wd1 (06" (V)1 (t(W))T" (vie)
+ 0" (ab)dy—1(oc (W) "o (di (7" (w)
+ 0" (uv)dy—1 (o (W))d1 (7" o (v)T" (u)

+ " (u)d,(w)t" (vu).
(2.11)

Now, subtracting the equation (2.11) from (2.10) and
using the hypothesis that 07 = o we obtain

Fa@)T" )" (vu) — Y filo" w)dy(" 7 (v)
i+l=n

x " (w)t" (vu) = f,(uv)t" (w)t" (vur)

- Y flet @)dic vy T w)T" (v
i+l=n

= O, (u, V) T"(W)t" (v).

Similarly, the difference of the last two terms of
equation (2.9) yields

> K@ P w)dy (o TP (W))ds (7" (uv))

prq+s=n

— > AT R )

i+l+t+s+k=n
x dt(UH_ktH_l(W))ds(‘L’H_H_tO'k(u))
x dr(t" K (W)) = @, (v, u)t" (W)t ().
Thus, (2.9) becomes @, (u, v)T"(w)t"[u,v] = 0 for

allu,v e U.
O

We are now well equipped to prove our main theorem.



Ashraf and Khan SpringerPlus 2012, 1:31
http://www.springerplus.com/content/1/1/31

Proof of Theorem 2.1. Suppose that U is commuta-
tive. If UJ is commutative then U is also central(see the
proof of Lemma 1.3 of (Herstein 1969)). We'll proceed by
induction on n. For n = 1, every generalized Jordan (o, 7)-
higher derivation reduces to generalized Jordan (o, 7)-
derivation and hence using Lemma 2.2(iii) of (Ashraf et al.
2001), we have

fuvw + wvu) = f(w)T(vw) + f (W)t (vir) + o (uv)d(w)
+ o (wv)d(u) + o (u)d(v)t(w)
+ o (W)d(v) T (u) (2.12)

As U is commutative, in view of Lemma 2.2(i) of (Ashraf
et al. 2001) we have

fuvw + wvu) = f((uv)w + w(uv)) = f(uv)t(w)
+ o (uv)yd(w) +f(w)t(uv)
+ o (w)d(uv).

Since, d(uv) = d(vu) = o (v)d(u) + d(v)T (1), the above
equation can be rewritten as

fuvw 4+ wvu) = f(uv)t(w) + o (uv)d(w) + f(w)t(uv)

+ o (W)o (v)du) + o W)d ()t (u).
(2.13)

Comparing the equations (2.12) and (2.13) we obtain
0=®(u,v)t(w) for all u,v,w € U.

As w is central and since t is one-one and onto hence
7(w) is central but the center of a prime ring is free from
zero divisors, the above equation implies that ®; (%, v) = 0
forall u,v € U. Let ®,,(i,v) = 0 for all u,v € U and each
m < n then from Lemma 2.2(iii), we have

fuwvw+wvy) = Z ﬁ'(G"*i(u))d/’(UkTi(V))

i+j+k=n

x di ("KW + Y fite" T w)
i+j+k=n
x di(c* T ) di ("R wy)  (214)

forall u,v,w e U.
Again by using Lemma 2.2(i) and commutativity of U,
we get

fu(wvw + wvu) = f,(uv)w + w(uv))

= Y (o™ @)di(" 7 (w))

i+j=n

+ fila" " W) di (" () .
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Since U is commutative we find that dj(‘c”’j (uv)) =
di(t"/(vu)) and as d; is a (o, 7)-higher derivation the
above equation can be written as

Suuvw + wvn) = Z fi@" (u))di(z" 7 (w))

i+j=n
+ > file" w)di(e T ()
i+lt+k=n

x di(x" K (w)).
(2.15)
Comparing equations (2.15) and (2.14) we find that

0= filc" )" Tw)— > filc" W)

i+j=n i+j+k=n
x di(o Xt () di (" K (w))

= 0" un)dy (W) + f )T W) + Y filoe" (uv))
i+j=n
0<ij<n

x di(7"7 (W) — 0" (uv)d, (w)

— Y filo" @vydi(x" (w))T" (w)

i+j=n

- > fle" ) die T )" (w))
i+j+k=n
0<i+j,k<n
Since ®,,(u,v) = 0 for all u,v € U,m < n, the above
equation reduces to

®,(u,v)t"(w) =0forall u,v € U and each n € N.
(2.16)

Since w is central and as 7 is one-one and onto, t”(w) is
also central. But the center of a prime ring is free from the
zero divisors, equation (2.16) implies that ®, (u,v) = 0 for
allu,v € U and each n € N.

Now consider the possibility that U is non-
commutative hence U ¢ Z(R). Using Lemma 2.3(if)
we have @, (u,v)t"(W)t"[u,v]= 0 for all u,v,w € U.
Since t is one-one and onto, the relation yields that
(D, (u,v))wlu,v]= O for all u,v,w € U. Hence by
Lemma2.1, 77" (®,(u,v)) = 0forallu,v € Uor[u,v]=0
for all u,v € U. But since U is non-commutative, we find
that ®,(u,v) = 0, for all u,v € U and each n € N. This
completes the proof of our theorem.

As a consequence of the above result we find the fol-
lowing corollaries. Corollary 2.1 settle the conjecture
given in (Ashraf et al. 2004) for a square closed Lie
ideal while Corollary 2.2 improves the main Theorems
of (Ashraf et al. (2010), Bresar and Vukman (1988);
Haetinger (2002)). O



Ashraf and Khan SpringerPlus 2012, 1:31
http://www.springerplus.com/content/1/1/31

Corollary 2.1. Let R be 2 torsion free prime ring and U
a square closed Lie ideal of R. Suppose that 9, ¢ are endo-
morphisms of R such that ¢ is one-one, onto. If F : R — R
is a generalized Jordan (6, ¢) derivation on U then F is a
generalized (0, ¢) derivation on U.

Corollary 2.2. Let R be a prime ring such that
char(R) # 2 and U a square closed Lie ideal of R . Then
every Jordan higher derivation of U into R is a higher
derivation of U into R.

In the above theorem if the underlying ring is arbitrary,
then we can prove the following:

Theorem 2.2. Let R be a 2- torsion free ring and U be
a square closed Lie ideal of R. Suppose that ¢, T are endo-
morphisms of R such that 67 = 7o and t is one-one &
onto. If I/ has a commutator which is not a right zero divi-
sor, then every generalized Jordan (o, t)-higher derivation
of U into R is a generalized (o, t)-higher derivation of U
into R.

Proof. Let x,y € U be the fixed elements such that
c[x,y] = 0= ¢ = 0 for every c € R. We'll prove the result
by induction on #.

We know that for n = 0, ®y(, v) = 0. Hence proceed-
ing by induction we can assume that ®,,(u,v) = 0 for all

m < n. Using Lemma 2.3(i) we have
D, (u,v)[t" (1), " (v)]=0forall u,v € U. (2.17)

The above equation implies that t7"(®, (i, v))[u,v] =

0 for all uv € U. Hence in particular,
77Dy, (x, %)) [, y] = 0. This implies that,
,(x,y) = 0. (2.18)
Replacing u by u 4 x in (2.17) we get
@y, 7" W), T" W]+ P, [ 7" (), T (V)]
(2.19)

=0forallu, vel.

Again replacing v by y in (2.19) and using (2.18) we
get @, (u,y)[t"(x),T"(y)]= O, for every u € U, ie,
"D, (u, y))[x,y] = 0. This yields that

®,(u,y) =Oforallu € U. (2.20)
Replace v by v+ y in (2.19), to get
@, (u, v)[ T (), T ()] + Py, Y) [ 7" (), T (V)]
+ @u () [ 7" (), T )]+ Dy (x, V) [ T (1), T (V)]

=O0forallu,v € U. (2.21)
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Replacing u by x in (2.21) and using (2.18) we obtain
D, (x,v)[t"(x), 7" (y)] = O for all v € U. This yields that

®,(x,v) =0forallv € U. (2.22)

Combining (2.20), (2.21) and (2.22) we find that
,(u,v)[t"(x), T"(]= 0 ie, 7" (P,(u,v))[x,y]= O.
Hence, we conclude that ®,(x,v) = Oforall u,v € U.
This completes the proof of our theorem. O

Some special cases of the above theorem are already
known and are of great interest.

Corollary 2.3. ((Ashraf et al. 2004), Theorem 2.3) Let
R be a 2 torsion free prime ring and U a square closed
Lie ideal of R . Suppose that ¢, T are endomorphisms of R
such that 7 is one-one, onto . Suppose further that U has
a commutator which is not a zero divisor. If F : R — Risa
generalized Jordan (o, t) derivation of U into R then F is
a generalized (o, ) derivation of U into R.

Corollary 2.4. ((Cortes and Haetinger 2005), Theorem
1.3) Let R be a 2 torsion free ring such that R has a commu-
tator which is not a right divisor and U a square closed Lie
ideal of R. Then every generalized Jordan higher deriva-
tion of U into R is a generalized higher derivation of U
into R.
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