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Background
The symmetric group as a metric space has been studied with different metrics and for 
different purposes (see, e.g., Deza and Huang 1998; Diaconis 1988; Farahat 1960), and 
the metric that seems to be more used is the Hamming metric. This metric was intro-
duced by Hamming (1950) for the case of binary strings and in connection with digital 
communications. For the case of permutations, it was used by Farahat (1960), who stud-
ied the symmetries of the metric space (Sn,H), where Sn denotes the symmetric group 
on the set {1, . . . , n} and H the Hamming metric between permutations. Also, Goren-
stein et al. (1962) studied a problem about permutations that almost commute, in the 
sense of normalized Hamming metric.

Other problems are showed in the survey of Quistorff (2006), about the packing and 
covering problem, and in the survey of Cameron (2010), about permutation codes. This 
last problem have turned out to be useful in applications to power line communications, 
as was showed in Chu et al. (2004).

In this paper, we introduce and study k-commuting permutations. It seems that this is 
the first time this issued is studied. Shallit (2009) worked in an slightly similar problem 
but with strings. One of our main results is a characterization of the permutations that 
k-commute with a given permutation β. This characterization is given in terms of blocks 
formed by strings of points in cycles in the decomposition of β as a product of disjoint 
cycles.

Our original motivation to study this type of questions was to develop tools to work 
with problems related with the stability of the commutator relator in permutations. 
Recently, Arzhantseva and Păunescu (2015) proved that the equation xy = yx is stable 
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in permutations. The concept of stability of equations in permutations appears recently 
in Glebsky and Rivera (2009), in the context of sofic groups, that is a class of groups of 
growing interest that was defined by Gromov (1999) [details about sofic groups can be 
consulted in the monograph of Ceccherini-Silberstein and Coornaert (2010) or in the 
survey of Pestov (2008)].

The analogous problem about the stability of xy = yx in matrices is a classical prob-
lem in linear algebra and operator theory, and has been widely studied (see, e.g., Friis 
and Rørdam 1996; Hastings 2009; Lin 1997; Voiculescu 1983; Filonov and Safarov 2011; 
Glebsky 2010).

In some cases, we need to know upper bounds for the number of permutations that 
almost commute with a given permutation, as in Păunescu (2016). With this in mind, we 
work in the problem of determine the number c(k ,β) of permutations that k-commute 
with β. In this paper, we present explicit formulas for c(k ,β), when β is any permutation 
and k ≤ 4. The study of this small cases sheds light of how difficult it can be the problem 
of computing c(k ,β) in its generality. So, we have worked with several specific types of 
permutations. Surprisingly, we have found some relations between c(k ,β) and the fol-
lowing integer sequences in the OEIS database of Sloane (2015): A208529, A208528 
and A098916 when β is a transposition, A000757 when β is an n-cycle (this relationship 
allows us to obtain the binomial transform of sequence A000757), and A053871 when β 
is a fixed-point free involution.

The relationship between the number c(k ,β) with some integers sequences in the 
OEIS database have provided another motivation to studied this problem. Using the 
techniques developed in this paper, Rivera (2015) showed more such relationship, and 
also identities between integer sequences in the OEIS database.

We review our results. We present a characterization of permutations that k-commute 
with a given permutation β. This characterization is given in terms of blocks in cycles in 
the decomposition of β as a product of disjoint cycles. Also, we present a formula and a 
bivariate generating function for the number of permutations that k-commute with any 
n-cycle. We present explicit formulas for the number c(k ,β), when β is any permutation 
and k ≤ 4. Finally, we present formulas for the cases when β is either a transposition or 
a fixed-point free involution. In all cases, we present relationship between our formulas 
and sequences in the OEIS database.

Definitions and notation
We first give some definitions and notation used throughout the work. The elements in 
the set [n] := {1, . . . , n} are called points. We write π = p1p2 . . . pn for the one-line nota-
tion of π ∈ Sn, i.e., π(i) = pi for every i ∈ [n]. We compute the product αβ of permuta-
tions α and β by first applying β and then α. It is a known fact that any permutation can 
be written in essentially one way as a product of disjoint cycles, called its cycle decom-
position (Dummit and Foote 2004, Sec. 1.3, p. 29). We say that π has cycle π ′ or that π ′ 
is a cycle of π if π ′ is a cycle in the disjoint cycle factorization of π. Let π ′ = (a1 . . . am) 
be a cycle of π, we use set(π ′) to denote the set {a1, . . . , am}. We say that a is a point 
in cycle π ′ if a ∈ set(π ′). The cycle type of a permutation β is a vector (c1, . . . , cn) such 
that β has exactly ci cycles of length i in its cycle decomposition. The Hamming metric 
between permutations α,β ∈ Sn, denoted H(α,β), is |{a ∈ [n] : α(a) �= β(a)}| [see the 
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survey of Deza and Huang (1998) for more details about this metric]. It is well-known 
that this metric is bi-invariant, that not two permutations have Hamming metric equal 
to 1, and that H(α,β) = 2 if and only if αβ−1 is a transposition. We say that a ∈ [n] is a 
good commuting point (resp. bad commuting point) of α and β if αβ(a) = βα(a) (resp. 
αβ(a) �= βα(a)). Usually, we abbreviate good commuting points (resp. bad commuting 
points) with g.c.p. (resp. b.c.p.). In this work, we use the convention m mod m = m for 
any positive integer m.

Blocks in cycles

Our definition of blocks was motivated by the definitions presented in the work 
of Christie (1996) and in the work of Bóna and Flynn (2009). A block A in a cycle 
π ′ = (a1a2 . . . am) of π ∈ Sn is a consecutive nonempty substring aiai+1 . . . ai+l, of 
ai . . . ai−1 where (ai . . . ai−1) is one of the m equivalent expressions of π ′ (the sums 
are taken modulo m). The length |A| of block A = ai . . . ai+l is the number of ele-
ments in the string A, and the points ai and ai+l are the first and the last element of 
the block, respectively. A proper block (resp. improper block) of an m-cycle is a block of 
length l < m (resp. l = m). Two blocks A and B are disjoint if they do not have points 
in common. The product AB of two disjoint blocks, A and B, not necessarily from the 
same cycle of π, is defined as the usual concatenation of strings (AB is not necessar-
ily a block in a cycle of π). If (a1 . . . am) is a cycle of π we write (A1 . . .Ak) to mean that 
A1 . . .Ak = ai . . . ai−1, where (ai . . . ai−1) = (a1 . . . am). A block partition of cycle π ′ is 
a set {A1, . . . ,Al} of pairwise disjoint blocks in π ′ such that there exist a block product 
Ai1 . . .Ail of these blocks such that π ′ = (Ai1 . . .Ail ). Let p = J1J2 . . . Jk be a block prod-
uct of k pairwise disjoint blocks, not necessarily from the same cycle of π, and let τ be 
a permutation in Sk. The block permutation φτ (P) of P, induced by τ, is defined as the 
block product Jτ(1)Jτ(2) . . . Jτ(k).

Example 1 Let π = (1 2 3 4)(5 6 7 8 9) ∈ S9. Some blocks in cycles of π are P1 = 2 3 4 1 
and P2 = 1 2, B1 = 5 6 7, B2 = 8, B3 = 9. The set {B1,B2,B3} is a block partition of 
(5 6 7 8 9). The product B1B2 is a block in (5 6 7 8 9). The product P2B2 = 128 is not a 
block in any cycle of π. Let τ = (3 1 2) ∈ S3, then φτ (B1B2B3) = B2B3B1 = 8 9 5 6 7 .

The restriction function of π ∈ Sn to set X ⊆ [n] is denoted by π |X. Let α,β ∈ Sn . 
Let β ′ = (b1 . . . bm) be a cycle of β. It is well known (Dummit and Foote 2004, 
Prop. 10, p. 125) that αβ ′α−1 = (α(b1) . . . α(bm)). From this, we use the following matrix 
notation for α|set(β ′)

Notice that for a given cycle β ′, there are m ways to write α|set(β ′) in this matrix notation. 
If α|set(β ′) is written as in (1), we write

(1)α|set(β ′) =
(

b1 . . . bm
α(b1) . . . α(bm)

)

.

α|set(β ′),k =
(
B1 . . .Bk

J1 . . . Jk

)

,



Page 4 of 18Moreno and Rivera  SpringerPlus  (2016) 5:1949 

to mean that B1 . . .Bk = b1 . . . bm, and J1, . . . , Jk are blocks in cycles of β, where 
J1 . . . Jk = α(b1) . . . α(bm) and |Ji| = |Bi|, for 1 ≤ i ≤ k. This notation is called a block 
notation (with respect to β) of α|set(β ′). This notation depends on the particular selec-
tion of one of the m equivalent cyclic expressions of β. Sometimes we omit k in α|set(β ′),k , 
when k is clear.

Example 2 Let α,β ∈ S6, where α = (1 3 4)(2 5 6) and β = (1 2 4 5)(3 6). If 
β ′ = (1 2 4 5), then α(1 2 4 5)α−1 = (3 5 1 6), and α|set(β ′) can be written as

Two ways of written α|set(β ′) in block notation are

where the vertical lines denote the limits of the blocks.

Permutations that k‑commute with a cycle
In this section, we show the relation between blocks in cycles of β and the permutations 
that k-commute with β.

Let β ′ be a cycle of β. Let α be a permutation. If αβ ′α−1 is also a cycle of β, then we 
say that α transforms the cycle β ′ into the cycle αβ ′α−1. Let B = b1 . . . bl be a block in 
β ′. We say that permutation α commutes with β on the block B if αβ(bi) = βα(bi), for 
every i ∈ {1, . . . , l}. We say that α commutes (resp. do not commute) with β on β ′, if 
αβ(b) = βα(b), for every b ∈ set(β ′) (resp. αβ(b) �= βα(b), for some b ∈ set(β ′)).

The following result is the key to relate commutation and blocks in cycles.

Proposition 1 Let α,β ∈ Sn. Let ℓ,m be integers, with 1 ≤ ℓ < m. Let β ′ = (b1 . . . bm) 
be a cycle of β. If α commutes with β on the block b1 . . . bℓ, then α(b1) . . . α(bℓ)α(bℓ+1) is a 
block in a cycle of β.

Proof It is enough to prove that α(bi) = β i−1(α(b1)), for i ∈ {1, . . . , ℓ+ 1} . 
The proof is by induction on i. The base case i = 1 is trivial. Assume as induc-
tive hypothesis that the statement is true for every k < ℓ+ 1. As α and β com-
mute on bk, then α(bk+1) = α(β(bk)) = β(α(bk)), and by the inductive hypothesis, 
β(α(bk)) = β(βk−1(α(b1))) = βk(α(b1)) as desired.  �

The following result is an easy exercise.

Proposition 2 Let β ′ be an m-cycle of β. Then α commutes with β on β ′ if and only if α 
transforms β ′ into an m-cycle of β.

Let β ′ be a cycle of β. We say that α(r,β)-commutes with β ′ if there exists exactly r 
points in β ′ on which α and β do not commute.

We now present one of our main results.

α|set(β ′) =
(
1 2 4 5
3 5 1 6

)

.

α|set(β ′),3 =
(
1 2 4 5
3 5 1 6

)

, α|set(β ′),4 =
(
1 2 4 5
3 5 1 6

)

,



Page 5 of 18Moreno and Rivera  SpringerPlus  (2016) 5:1949 

Theorem 1 Let β ′ be an m-cycle of β and k an integer such that k ≥ 1. Then α (k ,β)
-commutes with β ′ if and only if αβ ′α−1 = (P1 . . .Pk), where the blocks P1, . . . ,Pk satisfy 
the following:

1 if k = 1, then P1 is a proper block in a cycle of β;
2 if k > 1, then P1, . . . ,Pk are k pairwise disjoint blocks, from one or more cycles of β, 

such that the string PiPi+1 mod k is not a block in any cycle of β, for every i ∈ [k].

Proof (1) Suppose that αβ ′α−1 = (P1) where P1 is a proper block in a cycle of β. With-
out lost of generality assume that β ′ = (b1 . . . bm) and P1 = α(b1) . . . α(bm). As P1 is a 
block in a cycle of β, then β(α(bi)) = α(bi+1), for i ∈ {1, . . . ,m− 1}, which implies that 
β(α(bi)) = α(β(bi)), for i ∈ {1, . . . ,m− 1}. Finally, as P1 is an improper block in a cycle 
of β, then β(α(bm)) �= α(b1), which implies that β(α(bm)) �= α(β(bm)). Therefore α (1,β)
-commutes with β ′.

Conversely, we can assume, without lost of generality, that α commutes with β on 
block b1 . . . bm−1 of β ′ = (b1 . . . bm−1bm) and that does not commute on bm. By Proposi-
tion 1, α(b1) . . . α(bm−1)α(bm) is a block in a cycle of β and it is a proper block due to 
Proposition 2.

(2) Suppose that αβ ′α−1 = (P1 . . .Pk), where every Pi = pi1pi2 . . . piℓi is a block in a 
cycle of β and that for every i ∈ [k], PiPi+1 mod k is not a block in any cycle of β. Without 
lost of generality we can write the cycle β ′ as

with α(bir) = pir, for every i ∈ [k] and 1 ≤ r ≤ ℓi. As Pi is a block in a cycle of β, then 
β(pir) = pi(r+1), for every r ∈ {1, . . . , ℓi − 1}. Therefore, we have, for one side that 
pi(r+1) = β(pir) = β(α(bir)), and for the other side pi(r+1) = α(bi(r+1)) = α(β(bir)) 
which means that α and β commute on bir, for every r ∈ {1, . . . , ℓi − 1}. We now prove 
that β(α(biℓi)) �= α(β(biℓi)). Suppose that β(α(biℓi)) = α(β(biℓi )), as β(piℓi ) = β(α(biℓi)) , 
then β(piℓi ) = α(β(biℓi)) = α(b(i+1 mod k)1) = p(i+1 mod k)1, which implies that 
PiPi+1 mod k is a block in a cycle of β, a contradiction.

Conversely, if α does not commute with β on exactly k points in set(β ′), then we 
can write β ′ as (B1 . . .Bk), where Bi = bi1bi2 . . . biℓi is a block in a cycle of β, for every 
i ∈ {1, . . . , k}, and in this block, α and β commute on bij, for 1 ≤ j < ℓi, and does not 
commute on biℓi. By Proposition 1, we have that Pi := α(bi1)α(bi2) . . . α(biℓi) is a block 
in a cycle of β. Now, suppose that for some i, PiPi+1 mod k is a block in a cycle of β, then 
β(α(biℓi)) = α(b(i+1 mod k)1) = α(β(biℓi)), contradicting the assumption that α does not 
commute with β on biℓi.  �

Remark 1 The function α|set(β ′),k, using the notation from above, can be written as

with β ′ = (B1 . . .Bk), αβ ′α−1 = (P1 . . .Pk). Where, for every i ∈ {1, . . . , k}, 
|Bi| = |Pi| = ℓi, Bi = bi1bi2 . . . biℓi, Pi = pi1pi2 . . . piℓi, i.e., α(bir) = pir, with 1 ≤ r ≤ ℓi; 

β ′ = (b11 . . . b1ℓ1b21 . . . b2ℓ2 . . . bk1 . . . bkℓk ),

α|set(β ′),k =
(
B1 . . .Bk

P1 . . .Pk

)

,
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and α and β commute on bi1bi2 . . . bi(ℓi−1) and do not commute on biℓi = α−1(piℓi) (the 
last point of Bi).

Using Theorem 1 we can characterize permutations that k-commute with β.

Corollary 1 Let α,β ∈ Sn. Then α k-commutes with β if and only if there exist h cycles 
of β, say β1, . . . ,βh, such that α commutes with β on each cycle of β not in {β1, . . . ,βh} and 
for every i ∈ {1, . . . , h}, αβiα−1 = (P

(i)
1 . . .P

(i)
ki
), with ki ≥ 1, k = k1 + · · · + kh, where the 

blocks P(i)
1 , . . . ,P

(i)
ki

 satisfy the following:

1 if ki = 1, then P(i)
1  is a proper block in a cycle of β,

2 if ki > 1, then P(i)
1 , . . . ,P

(i)
ki

 are ki pairwise disjoint blocks, from one or more cycles of 
β, such that P(i)

r P
(i)
r+1 mod ki

 is not a block in any cycle of β, for any r ∈ [ki].
3 {P(1)

1 , . . . ,P
(1)
k1

, . . . ,P
(h)
1 , . . . ,P

(h)
kh

} is a set of pairwise disjoints blocks from one or 
more cycles of β.

Example 3 Let α,β ∈ S7, where β = (1 2 4 5 3)(7 6) and α = (2 7)(3 6 4 5). By direct 
calculations we can check that α (4,β)-commutes with β1 = (1 2 4 5 3) (the b.c.p. are 
1,  2,  3 and 5) and (1,β)-commutes with β2 = (7 6) (the b.c.p. is 6). In block notation, 
α|set(β1) and α|set(β2) can be written as

As a first application of Theorem 1, we obtain the following result, that is used in the 
proof of Theorem 8

Proposition 3 Let β be a permutation whose maximum cycle length in its cycle decom-
position is m. If α commutes with β on m− 1 points in an m-cycle β ′ of β, then α com-
mutes with β on β ′.

Proof Suppose that α and β do not commute on the remaining point in β ′. By part (1) of 
Theorem 1, αβ ′α−1 = (P), where P is a proper block in an l-cycle of β, i.e., l > m, but this 
is a contradiction because m is the maximum cycle length of cycles in β.  �

Previous propositions is a generalization of Lemma 2(b) in Gorenstein et  al. (1962). 
The following proposition will be useful in the proofs of some of our results.

Proposition 4 Let α and β be two permutations that k-commute, k > 0. Suppose 
that α does not commute with β on the cycles β1, . . . ,βr, of lengths l1, . . . , lr , respec-
tively, and that commutes with β on the rest of cycles of β (if any). Then, there 
exists exactly r cycles of β, say β ′

1, . . . ,β
′
r, of lengths l1, . . . lr, respectively, such that 

α(set(β1) ∪ · · · ∪ set(βr)) = set(β ′
1) ∪ · · · ∪ set(β ′

r). Even more, suppose that α does not 
commute with β on exactly hi i-cycles of β and that commutes with β on the rest of the 
i-cycles of β (if any). Then there exists exactly hi i-cycles of β such that each of them con-
tains at least one point that is the image under α of one b.c.p. of α and β.

α|set(β1),4 =
(
1 2 4 5 3
1 7 5 3 6

)

, α|set(β2),1 =
(
7 6
2 4

)

.



Page 7 of 18Moreno and Rivera  SpringerPlus  (2016) 5:1949 

Proof Let βr+1, . . . ,βs the rest of cycles of β of lengths lr+1, . . . ls, respec-
tively. As α commutes with β on every one of this cycles, then α transforms 
each βt into an lt-cycle β ′

t, with r + 1 ≤ t ≤ s (by Proposition  2). Then, there 
are cycles of β, say β ′

r+1, . . . ,β
′
s, of lengths lr+1, . . . , ls, respectively, such that 

α(set(βr+1) ∪ · · · ∪ set(βs)) = set(β ′
r+1) ∪ · · · ∪ set(β ′

s) , and the result of the first part of 
the proposition follows because α is a bijection.

By a similar argument, we can show that if α does not commute with β on exactly hi 
i-cycles of β and commutes with β on the rest of the i-cycles of β (if any), then there exists 
exactly hi i-cycles of β, say β ′

1, . . . ,β
′
hi

, such that β ′
t �= αβjα

−1, for every t ∈ {1, . . . , hi} and 
every cycle βj of β. The following claim completes the proof of the second part

Claim 1 If all the points in an i-cycle β1 of β are images under α of g.c.p., then there 
exists an i-cycle β2 of β such that β1 = αβ2α

−1.

Proof First, we prove, by contradiction, that if all the points in the i-cycle β1 are 
images under α of g.c.p. of α and β, then these g.c.p. belong to exactly one l-cycle, say 
β2 = (b1 . . . bl), of β, with l ≥ i. Suppose that β1 contains the images under α of g.c.p. in 
different cycles of β, then β2 contains the string α(x)α(y), with x and y in different cycles 
of β, i.e., β(x) �= y, but this implies that x is a b.c.p. because α(β(x)) �= α(y) = β(α(x)) . 
It is clear that l ≥ i. Now, we show that l ≤ i. Suppose that l > i, then, and without 
lost of generality, we have that β2 = (α(b1) . . . α(bi)), i.e., β(α(bt)) = α(bt+1 mod i), for 
every t ∈ {1, . . . , i} (if β(α(bt)) �= α(bt+1 mod i), for some t, then bt will be a b.c.p. of α 
and β). But this implies that bi is a b.c.p. because, for one side, β(α(bi)) = α(b1), and 
for the other side, α(b1) �= α(bi+1) = α(β(bi)) (as l > i, then i + 1 mod l �= 1 and hence 
b1 �= bi+1) which is a contradiction. Therefore l ≤ i, and then l = i, i.e., β1 = αβ2α

−1.  �

With this claim, every cycle in {β ′
1, . . . ,β

′
hi
} contains at least one point that is the image 

under α of one b.c.p. of α and β as desired.  �

We finish this subsection with the following result

Theorem 2 Let α,β ∈ Sn. If one cycle of β has exactly one b.c.p. of α and β, then there 
exist a cycle of β that contains at least two b.c.p. of α and β.

Proof Let β1 be a cycle of β that has exactly one b.c.p of α and β. The proof is by induc-
tion on the length l of cycle β1. If β1 is an 1-cycle, then, by Proposition 4, there exists 
an 1-cycle β2 of β that fixed a point, say x, such that x′ = α−1(x) is a b.c.p. of α and β . 
From Proposition 2 it follows that x′ is a point in a cycle β3 of β of length greater than 
one. That is, β3 is a cycle of the form (x′B), with B a block of length |B| ≥ 1. Therefore, 
αβ3α

−1 =
(
xB′), and by Theorem 1, β3 has at least two b.c.p. of α and β.

Now we consider the case l > 1. Let β1 = (d1 . . . dl) be a cycle of β with exactly one 
b.c.p. of α and β. Without lost of generality we can suppose that dl is such a b.c.p. Assume 
as induction hypothesis that the statement of the proposition is true for r-cycles of β which 
contains exactly one b.c.p of α and β with r < l (notice that in general, it could be the case 
that no such cycles in β exists). Let Cl denote the set of all l-cycles of β and cl = |Cl |. Let
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By Theorem  1, we have that αβ1α−1 = (D), where D = α(d1) . . . α(dl) is a proper 
block in an s-cycle of β, with s > l. As α(d1) does not belong to an l-cycle of β, then 
d1 �∈ α−1(set(Cl)), but d1 ∈ set(Cl), so we have that

Therefore, there exist at least one l-cycle, say β2 = (a1 . . . al), of β (with the pos-
sibility that β2 = β1) with at least one point, says a1, which has its preimage under 
α in one m-cycle, say β3, with m �= l. Let r be an integer between 1 and l such that 
α−1(a1) . . . α

−1(ar) is a block in cycle β3 = (b1 . . . bm), with bi = α−1(ai), for 1 ≤ i ≤ r , 
but α−1(a1) . . . α

−1(ar)α
−1(ar+1 mod l) is not a block in β3. We have the following cases:

Case I. If m > r, then β3 has at least two b.c.p. of α and β (by Theorem 1).
Case II. If m = r, then r < l (because m �= l and 1 ≤ r ≤ l) and then 
αβ3α

−1 = (a1 . . . am). As a1 . . . am is a proper block in β2, then β3 has exactly one b.c.p. 
of α and β (by Theorem 1), and by the inductive hypothesis it follows that β has a cycle 
with at least two b.c.p. of α and β.

 �

Permutations that (k,β)‑commute with a cycle of β

Let β ∈ Sn be a fixed permutation and k ≥ 3 be a positive integer. Let α be any permu-
tation that k-commutes with β and that (k ,β)-commutes with an m-cycle, say β1, of β , 
i.e., m ≥ k and all the b.c.p. of α and β are in β1. From Proposition 4 it follows that there 
exists exactly one m-cycle, say β2, of β such that set(β2) = α(set(β1)). Using this fact we 
present a procedure (Algorithm 1) that allows us to obtain any such permutation α. First 
we give some definitions. The canonical cycle notation of a permutation π is defined 
as follows: first, write the largest element of each cycle, and then arrange the cycles in 
increasing order of their first elements. Let π be a permutation written in its canoni-
cal cycle notation, the transition function of π from canonical cycle notation to one-line 
notation is the map � : Sn → Sn that sends π to the permutation �(π) written in one-
line notation that is obtained from π by omitting all the parentheses. This map is a bijec-
tion (Bóna 2004, p. 97).

Example 4 Let π ∈ S7 be (4 3 1)(6 5)(7 2) (π is written in its canonical cycle notation). 
Then �(π) = 4316572.

Algorithm 1 Step 1  Choose two m-cycles, say β1 and β2 = (p1 . . . pm), of β (with 
the possibility that β2 = β1).

Step 2  Choose a k-subset {ph1 , . . . , phk } of set(β2). Without lost of generality sup-
pose that phk = pm, and that h1 < · · · < hk. Now, to make a block partition 
{P1, . . . ,Pk} of P = p1 . . . pm as follows 

set(Cl) =
⋃

β ′∈Cl

set(β ′).

α−1(set(Cl)) �= set(Cl).

p1 . . . ph1
︸ ︷︷ ︸

P1

ph1+1 . . . ph2
︸ ︷︷ ︸

P2

. . . phk−1+1 . . . phk
︸ ︷︷ ︸

Pk

.
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 Notice that phr is the last point of Pr, 1 ≤ r ≤ k.
Step 3  Choose a k-cycle permutation τ = (i1 . . . ik) of [k] = {1, . . . , k} such that 

τ (a) �= a+ 1 mod k, for every a ∈ [k], and make the block permutation 

Step 4  Construct α|set(β1) : set(β1) → set(β2) as it follows: 

 where β1 = (B1 . . .Bk) and |Br | = |Pir |, for every r ∈ {1, . . . , k}.
Step 5  Construct α|[n]\set(β1) : [n] \ set(β1) → [n] \ set(β2) as any bijection that 

commutes with β|[n]\set(β1) : [n] \ set(β1) → [n] \ set(β2).

Let cm be the number of m cycles of β. For Step 5, α can be constructed in such a 
way that it transforms the cm − 1 m-cycles of β different than β1 (if any) into the cm − 1 
m-cycles of β different than β2 (if any), and that transforms the l-cycles of β (if any), with 
l �= m, into l-cycles of β (if any).

The following two propositions shows that Algorithm 1 produces all the permutations 
with the desired properties.

Proposition 5 Any permutation α constructed with Algorithm  1 does not commute 
with β on all points in A := α−1({ph1 , . . . , phk }) and commutes with β on all points in 
[n] \A.

Proof Let β1 and β2 be the cycles of β selected in Step 1 of Algorithm 1, and {ph1 , . . . , phk } 
the subset of set(β2) selected in Step 2. By the way in which α is constructed of in Step 
3 and 4, αβ1α−1 = (Pi1Pi2 . . .Pik ), where Pir Pir+1 mod k

, is not a block in any cycle of β (by 
Step 3, ir+1 mod k − ir mod k �= 1), 1 ≤ r ≤ k. From Theorem 1, we have that α does not 
commute with β on exactly k points in set(β1). Even more, in the proof of Theorem 1 
was showed that α and β do not commute on α−1(phr ), for r ∈ {1, . . . , k} (see Remark 1). 
Finally, by the construction of α in Step 5, α and β commute on all points in [n] \ set(β1) . 
 �

Proposition 6 Let k ≥ 3. Let α be any permutation that k-commutes with β and such 
that all the b.c.p. of α and β are in exactly one m-cycle of β. Then α can be obtained with 
Algorithm 1.

Proof Let β1 be the m cycle of β that has all the b.c.p. of α and β. From Proposition 4 it 
follows that there exists exactly one m-cycle, β2, of β such that α(set(β1)) = set(β2). By 
Theorem 1, we have that αβ1α−1 = (P1 . . .Pk), where P1, . . . ,Pk are k pairwise disjoint 
blocks in β2 and PrPr+1 mod k is not a block in any cycle of β, for every r ∈ {1, . . . , k}. 
As α(set(β1)) = set(β2), we have that P1 . . .Pk is a block permutation of B′ = Pi1 . . .Pik , 
where β2 = (B′). Now, rename the blocks Pis as B′

s to obtain B′ = B′
1 . . .B

′
k. In this way, 

αβ1α
−1 = (B′

l1
. . .B′

lk
), with lr+1 mod k − lr mod k �= 1, for every r ∈ {1, . . . , k}. Indeed, if 

lr+1 mod k − lr mod k = 1 for some r ∈ {1, . . . , k}, then B′
lr
B′
lr+1 mod k

 will be a block in β2,  
and hence the number of b.c.p. of α and β will be less than k, which is a contradiction.

P′ := P�(τ)(1)P�(τ)(2) . . .P�(τ)(k) = Pi1Pi2 . . .Pik .

α|set(β1),k =
(

B1B2 . . .Bk

Pi1Pi2 . . .Pik

)

.
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As αβ1α−1 = (B′
l1
. . .B′

lk
) = (B′

l2
. . .B′

l1
) = · · · = (B′

lk
. . .B′

lk−1
), we can assume with-

out lost of generality that l1 = k (from these k expressions, choose the one that begins 
with block B′

k). Then α|set(β1) can be written as

where β1 = (B1 . . .Bk), and |Bi| = |B′
li
|, with 1 ≤ i ≤ k.

Now, we consider l1 . . . lk as a permutation, named π, of {1, . . . , k} in one-
line notation. As l1 (that is equal to k) is the greatest element in {l1, . . . , lk}, then 
τ := �−1(π) = (l1 . . . lk), where � is the transition function from the canonical cycle 
notation to one-line notation. Notice that τ is a k-cycle in Sk such that τ (a) �= a+ 1, for 
any a ∈ [k]. Thus we conclude that α|set(βj) can be obtained by Steps 1–4 of Algorithm 1. 
As α commutes with β on all cycles different than βj, α|[n]\set(βj) can be obtained with 
Step 5 of Algorithm 1.  �

On the number c(k,β)
In this section we present some results about the number c(k ,β) of permutations 
that k-commute with β. Let CSn(β) denote the centralizer of β. Let C(k ,β) be the set 
{α ∈ Sn : H(αβ ,βα) = k}, then c(k ,β) = |C(k ,β)|.

Proposition 7 Let β ∈ Sn be a permutation of cycle type (c1, . . . , cn). Then 
c(0,β) =

∏n
i=1 i

ci ci!, and c(1,β) = c(2,β) = 0.

Proof When k = 0, c(0,β) is the size of the centralizer of β. As no two permuta-
tions have Hamming metric equal to 1 then c(1,β) = 0. Finally, it is easy to see that 
H(π , τ ) = 2 if and only if πτ−1 is a transposition. If H(αβ ,βα) = 2 then the even per-
mutation αβα−1β−1 should be a transposition which is a contradiction.  �

Now we show that for any nonnegative integer k and any β ∈ Sn, the number c(k ,β) is 
invariant under conjugation.

Proposition 8 If β ∈ Sn, then c(k , τβτ−1) = c(k ,β), for any τ ∈ Sn.

Sketch of the proof For τ ∈ Sn, let

By the bi-invariance of the Hamming metric, is straightforward to show 
that C(k , τβτ−1) = τC(k ,β)τ−1. Now, it is easy to check that the func-
tion φ : C(k ,β) → τC(k ,β)τ−1 given by σ �→ τστ−1 is a bijection. Therefore, 
|C(k ,β)| = |τC(k ,β)τ−1| = |C(k , τβτ−1)|.  �

The following result shows that c(k ,β) is a multiple of |CSn(β)|.

Proposition 9 Let β ∈ Sn. Suppose that C(k ,β) is a non-empty set. Then

α|set(β1),k =
(

B1 . . .Bk

B′
l1
. . .B′

lk

)

,

τC(k ,β)τ−1 = {τατ−1 : α ∈ C(k ,β)}.

C(k ,β) =
⋃

α∈C(k ,β)
CSn(β)α.
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Proof Now, let ρ ∈
⋃

α∈C(k ,β) CSn(β)α, then ρ = τα for some τ ∈ CSn(β) and some 
α ∈ C(k ,β). So we have that

and then ρ ∈ C(k ,β). The other inclusion is clear.  �

On the number c([k],β)

Let c([k],β) denotes the number of permutations α that k-commutes with β which sat-
isfy the extra condition that all the b.c.p. of α and β are in exactly one cycle of β.

Let f(k) be the number of cyclic permutations (k-cycles) of {1, . . . , k} with no 
i �→ i + 1 mod k (Stanley 1997, exercise 8, p. 88). Sequence {f (k)} is labeled as A000757 
in the OEIS database.

Theorem 3 Let β ∈ Sn be a permutation of cycle type (c1, . . . , cn). Let k be an integer, 
with 3 ≤ k ≤ n. Then

Proof As all the b.c.p. of α and β are in one ℓ-cycle, say β1 = (b1 . . . bℓ), of β, with ℓ ≥ k , 
then the images under α of the b.c.p are in exactly one ℓ-cycle, say β2 = (b′1 . . . b

′
ℓ) , 

of β (by Proposition  4). There are ℓ

(
ℓ

k

)

f (k) ways to construct a bijection 

α|set(β1) : set(β1) → set(β2) with steps 2 to 4 in Algorithm 1. Indeed, there are 
(
ℓ

k

)

 ways 

to choose the subset in Step 2; there are f(k) ways to select the permutation τ in Step 
3, and there are ℓ ways to select the first point in block B1 . . .Bk in Step 4. Now, let cℓ 
denotes the number of ℓ-cycles in the cycle decomposition of β. There are c2ℓ ways to 
select the ℓ-cycles β1 and β2, there are (cℓ − 1)!ℓcℓ−1 ways to make that α transforms the 
cℓ − 1 cycles of length ℓ of β different than β1 into the cℓ − 1 cycles of β of length ℓ differ-
ent than β2. Now for every t �= ℓ there are tct ct ! ways to make that α transforms all the ct 
t-cycles of β into ct t-cycles of β and hence there are 1

ℓcℓ cℓ! |CSn(β)| ways to make that α 
transforms all the cycles of length t �= ℓ into cycles of length t �= ℓ. Finally, we sum over 
all possible lengths ℓ ≥ k of cycles of β. Therefore

 �

Let T(k, n) denote the number of n-permutations that k-commute with an n-cycle.

Corollary 2 Let n be a positive integer and k and integer with 0 ≤ k ≤ n. Then

H(ρβ ,βρ) = H(ταβ ,βτα) = H(ταβ , τβα) = H(αβ ,βα) = k ,

c(�[k],β) = |CSn(β)|
n∑

ℓ≥k

cℓ

(
ℓ

k

)

f (k).

c([k],β) =
n∑

ℓ≥k

ℓ

(
ℓ

k

)

f (k)c2ℓ(cℓ − 1)!ℓcℓ−1 1

ℓcℓcℓ!
|CSn(β)|

= |CSn(β)|
n∑

ℓ≥k

cℓ

(
ℓ

k

)

f (k).

T (k , n) = n

(
n
k

)

f (k).
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The number T(k, n) is now sequence A233440 in the OEIS database. With this corol-
lary we can obtain, in an easy way, the binomial transform of sequence A000757. Let 
A = {f (0), f (1), . . . } be sequence A000757, and let B = {b0, b1, . . . } be the binomial 

transform of A. In Spivey and Steil (2006), bn is defined as 
∑n

k=0

(
n
k

)

f (k). By Corol-

lary 2, bn =
∑n

k=0 T (k , n)/n. As 
∑n

k=0 T (k , n) = n!, then bn = (n− 1)!.
We have the following limit property for T(k, n).

Proposition 10 Let n be a positive integer and m be a fixed nonnegative integer with 
m �= n. Then

Proof By direct calculations we have that

The result follows by using that limk→∞ f (k)/(k − 1)! = e−1 (Stanley 1997, exer-
cise 8-e, p. 88).  �

Theorem 4 Let n, k be positive integers with k ≤ n. Then

Proof Let g �k�(z) =
∑

n gn,k
zn

n! denotes the vertical generating function (exponential 

case) of the sequence {gn,k}. Let cn,k := T (k , n)/n =
(
n
k

)

f (k). From Example 3. 1, in 

(Flajolet and Sedgewick 2009, p. 155), and by using the fact that function f(k) is inde-
pendent of n we have

Now, by using Rule (2’) in (Wilf 1994, p. 41) we obtain

lim
n→∞

T (n−m, n)

n!
=

e−1

m!
.

T (n−m, n)

n!
=

f (n−m)

m!(n−m− 1)!
+

mf (n−m)

m!(n−m)(n−m− 1)!
,

∑

n,k

T (k , n)
zn

n!
uk = zez(1−u)

(
(
1− log(1− zu)

)
(1− u)+

u

1− zu

)

.

c�k�(z) =
∑

n

(
n
k

)

f (k)
zn

n!
= f (k)

ezzk

k!
.

∑

n

n

(
n
k

)

f (k)
zn

n!
= f (k)z

(

ezzk

k!
+

ezzkk

zk!

)

.
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Now

It is known that 
∑

k≥0 f (k)
xk

k! = e−x(1− log(1− x)) (Stanley 1997, exercise  8,  p.  88), 
then

Now, we apply Rule (2’) in Wilf (1994) to the second term of P(z, u) to obtain

and the result follows after some algebraic manipulations.  �

The number c(k,β) for k = 3, 4

In this section we present formulas for the number c(k ,β), when β is any permutation 
of cycle type (c1, . . . , cn) and k = 3, 4. We use the following notation: Let [k1, . . . , kh] 
denote an integer partition of k, with ki ≥ 1. We define a set C([k1, . . . , kh],β) as follows: 
α ∈ C([k1, . . . , kh],β) if and only if α k-commutes with β, and there are exactly h cycles, 
says β1, . . . ,βh, in β, such that α (k1,β)-commutes with β1, (k2,β)-commutes with β2, ..., 
(kh,β)-commutes with βh. Let c([k1, . . . , kh],β) be the cardinality of C([k1, . . . , kh],β). By 
Theorem 2, we have that c([1, . . . , 1],β) = 0, where [1, . . . , 1] denotes the partition of k 
that consists of k ones.

Theorem 5 Let β be any n-permutation of cycle type (c1, . . . , cn). Then

Proof The number c(3,β) is equal to c([1, 1, 1],β)+ c([2, 1],β)+ c([3],β). The case 
c([3],β) follows from Theorem  3 and c([1, 1, 1],β) = 0. To obtain c([2, 1],β), we con-
struct all permutations α that 3-commute with β and such that β has a unique ℓ-cycle 

P(z,u) :=
∑

k ,n

n

(
n
k

)

f (k)
zn

n!
uk

=

∑

k

(
∑

n

n

(
n
k

)

f (k)
zn

n!

)

uk

=

∑

k

f (k)z

(

ezzk

k!
+

ezzkk

zk!

)

uk

=

∑

k

f (k)z
ezzk

k!
uk +

∑

k

f (k)z
ezzkk

zk!
uk

= zez
∑

k

f (k)
zkuk

k!
+ ez

∑

k

kf (k)
zkuk

k!
.

zez
∑

k

f (k)
zkuk

k!
= zez(e−zu(1− log(1− zu)).

ez
∑

k

kf (k)
zkuk

k!
= ez(zu)e−zu

(
1

1− zu
− (1− log(1− zu))

)

,

c(3,β) =





n�

ℓ≥3

cℓ

�
ℓ

3

�

+
�

1≤ℓ<m≤n

ℓmcℓcm



|CSn(β)|.



Page 14 of 18Moreno and Rivera  SpringerPlus  (2016) 5:1949 

(resp. m-cycle), say β1 (resp. β2), where α (1,β)-commutes with β1 (resp. (2,β)-commutes 
with β2). By Proposition 4, there exist exactly one ℓ-cycle β ′

1 of β and exactly one m-cycle 
β ′
2 of β such that α(set(β1) ∪ set(β2)) = set(β ′

1) ∪ set(β ′
2). From Theorem 1 we have that

where

(a) β1 = (A1), β2 = (B1B2), X2,X3 are blocks distributed in β ′
1 and β ′

2, and X1 is a 
block in a cycle of length greater that A1, i.e., X1 is a block in β ′

2;
(b) the strings X2X3 and X3X2 are not blocks in any cycle of β,
(c) The set of all points in the blocks X1,X2,X3 is equal to set(β ′

1) ∪ set(β ′
2).

From condition (a) to condition (c) we have that X2 and X3 belongs to different cycles. 
Without lost of generality we can assume that β ′

1 = (X2) and that β ′
2 = (X1X3). Now we 

count the number of ways to construct α|set(β1)∪set(β2). There are ℓ ways to select the first 
point of block A1 and there are m ways to select the first point of block B1B2. There are ℓ 
ways to select the first point of block X2 and there are m ways to select the first point of 
block X1 (after this selection, the first point of block X3 is uniquely determined).

There are c2ℓc
2
m ways to select the ℓ-cycles and m-cycles β1,β ′

1 and β2,β ′
2. There are 

(cℓ − 1)!ℓcℓ−1(cm − 1)!mcm−1 ways to make that α transforms the cℓ − 1 cycles of length ℓ 
of β different that β1 into the cℓ − 1 cycles of length ℓ of β different than β ′

1 and the cm − 1 
cycles of length m of β different that β2 into the cm − 1 cycles of length m of β different 
than β ′

2. Now, for every t �∈ {m, ℓ} there are tct ct ! ways to make that α transforms all the 
ct t-cycles of β into ct t-cycles of β and hence there are 1

mcmcm!ℓcℓ cℓ! |CSn(β)| ways to make 
that α transforms all the cycles of length different than ℓ and m into cycles of length 
different than ℓ and m. After summing over all possible values of ℓ and m we have that 
c([2, 1],β) is equal to

 �

In a similar way, but with many more cases to consider, we have obtained a formula for 
c(4,β), for any β. In order to avoid an unnecessarily increase in the length of this paper, 
we have omitted the proof but the interested reader can consulted it in the preprint ver-
sion of this paper (Moreno and Rivera 2014).

Theorem 6 Let β be any permutation of cycle type (c1, . . . , cn). Then

(2)α|set(β1)∪set(β2) =
(
A1

X1

)(
B1 B2

X2 X3

)

;

∑

1≤ℓ<m≤n

(ℓm)2c2ℓc
2
m(cℓ − 1)!ℓcℓ−1(cm − 1)!mcm−1 1

mcmcm!ℓcℓcℓ!
|CSn(β)|

=
∑

1≤ℓ<m≤n

ℓmcℓcm|CSn(β)|.

c(4,β) = c(�4(1) ,β)+ c([3, 1],β)+ c([2, 2],β)+ c([2, 1, 1],β),
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where

Transpositions and fixed‑point free involutions
In this section we show formulas for c(k ,β) when β is either a transposition or 
a fixed-point free involution. Let fix(β) denotes the set of fixed points of β and 
supp(β) = [n]\fix(β).

Proposition 11 Let α,β ∈ Sn and let H(αβ ,βα) = k, then 0 ≤ k ≤ 2|supp(β)|.

Proof If α commutes with β, then k = 0. If β does not have fixed points then 
|supp(β)| = n and k < 2|supp(β)|. Now, let x ∈ fix(β). If βα(x) �= αβ(x) then 
α(x) ∈ supp(β) (Theorem  1). Thus, α does not commute with β on at most |supp(β)| 
fixed points of β and then k ≤ 2|supp(β)|.  �

The following theorem is a consequence of Proposition 7, Theorem 5, Theorem 6 and 
Proposition 11.

Theorem 7 Let β ∈ Sn be a transposition. Then

1 c(0,β) = 2(n− 2)!, n > 1.
2 c(3,β) = 4(n− 2)(n− 2)!, n > 1.
3 c(4,β) = (n− 2)(n− 3)(n− 2)!, n > 2.
4 c(k ,β) = 0, for 5 ≤ k ≤ n.

Formulas (1), (2) and (3) in previous proposition coincide with the number of permu-
tations of n symbols, with n > 1, having exactly 2, 3 and 4 points, respectively, on the 
boundary of their bounding square (that are labeled as sequences A208529, A208528 
and A098916 in the OEIS database, respectively). Details about this definitions can be 
consulted in Deutsch (2012). Therefore, our result provides another interpretation for 
these sequences in the OEIS database.

Now we give a formula for c(k ,β) when β is any fixed-point free involution. Let a(n) be 
the “number of deranged matchings of 2n people with partners (of either sex) other than 
their spouse” (sequence A053871).

c(�4(1) ,β) = |CSn(β)|
�

i≥4

ci

�
i
4

�

;

c([3, 1],β) = |CSn(β)|
�

i≥1,j≥i+2

ij(j − i − 1)cicj;

c([2, 2],β) = |CSn(β)|




�

i≥2

i

�
i
2

��
ci
2

�

+
�

j>i≥2

i(i − 1)jcicj



;

c([2, 1, 1],β) = |CSn(β)|




�

i≥1

i3c2i

�
ci
2

�

+
�

j>i≥1

ij(i + j)cicjci+j



.
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Theorem 8 Let β ∈ S2m be a fixed-point free involution, m ≥ 2. Then

1 c(k ,β) = 0, for k and odd integer,

2 c(k ,β) = 2mm!
(
m
j

)

a(j), for k = 2j, j = 0, 1, 2, . . .

Proof By hypothesis, the cycle decomposition of β consists of exactly m transpositions. 
From Proposition 3 we have that if α does not commute on one point in a transposition 
β1 of β then α does not commute on the two points in β1, therefore any permutation 
does not commute with β in a even number of points, which implies that c(k ,β) = 0 
for k odd. Now, if k = 2j, we obtain all the permutations α that k-commutes with β and 

that do not commute with β on exactly j transpositions, of β. There are 
(
m
j

)

 ways to 

select a set, say {β1, . . . ,βj}, of j transpositions of β. Let X =
⋃j

i=1 set(βi). By Proposi-
tion 4, there exists exactly j transpositions, β ′

1, . . . ,β
′
j of β such that α(X) = X ′, where 

X ′ =
⋃j

i=1 set(β
′
i). Given a selection of cycles {β1, . . . ,βj}, there are 

(
m
j

)

 ways to select 

a set, {β ′
1, . . . ,β

′
j }, of j transpositions of β that will satisfy α(X) = X ′. We construct α|X as 

follows: First, we define the auxiliary bijection from X onto X ′ as

where Bl (resp. B′
l) is an improper block of the cycle βl (resp. β ′

l), for every l ∈ {1, . . . , j} , 
and {B′

i1
, . . . ,B′

ij
} = {B′

1, . . . ,B
′
j}. There are 2j ways to select the first element in each of 

the blocks B1, . . . ,Bj. There are j! ways to arrange the blocks B′
1, ..., B

′
j, in the second row 

of (3). Until this step α′|X is a bijection from X onto X ′ that commutes with β on the 
cycles β1, . . . ,βj. We can think that every block B′

i is a partner B′
i = xy. We construct α|X 

from α′|X by re-pairing the elements in the blocks B′
i1
, . . . ,B′

ij
 in such a way that every 

point is paired with a point other than its original partner, this can be made in a(j) ways. 
Finally, there are (m− j)!2m−j ways to construct α|[2m]\X in such away that it commutes 
with β on the m− j transpositions of β not in {β1, . . . ,βj}. Therefore

 �

Theorem 9 Let β ∈ S2m be a fixed-point free involution. Then

Sketch We use the well-known EGF for a(n) [see the formula section of sequence 
A053871 in Sloane (2015)]

(3)α′|X =
(

B1

B′
i1

)

. . .

(
Bj

B′
ij

)

;

2j j!a(j)
(
m
j

)2
(m− j)!

2j
2m = 2mm!

(
m
j

)

a(j).

∑

m,j≥0

c(2j,β)
zm

m!
uj

j!
=

(

(1− 2 z)

√

1− 4
zu

1− 2 z
exp

(
2zu

1− 2 z

))−1

.

∑

n≥0

a(n)
xn

n!
=

(

exp(x)
√
1− 2x

)−1
,
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and the result follows by using standard techniques of bivariate generating functions 
similarly as in the proof of Theorem 4.  �

Conclusions
In this paper we give some techniques to work with k-commuting permutations. We 
present some formulas for the number of permutations that k-commute with β, when 
β is any permutation and k ≤ 4. Also we obtain formulas for c(k ,β) when β is either 
a transposition, or an n-cycle, or a fixed-point free involution, for any k. These results 
could be useful when we work in problems related with almost commuting permuta-
tions. Even more, these enumerative results could be useful to find relations between 
integer sequences in the OEIS database, as Rivera (2015) showed.

The problem of computing in an exact way the number c(k ,β) could be a difficult task. 
However, it is possible that for some specific cycle type of permutations, the problem 
can be managed. We leave as an open problem to find another technique, or a refine-
ment of the presented in this article, to compute c(k ,β) in exact way, or at least to obtain 
non trivial upper and lower bounds for this number.
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