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Background
Lyapunov (1907) studied the following linear differential equation
£'(t) +qt)x@t) =0 @)

and showed that if ¢ € C([a,b],R) and x(¢) £ 0 (¢ € [a, b)) is a solution of (1) with
x(a) = x(b) = 0, then the following classical Lyapunov inequality holds:

b
4
/Iq(t)ldt>7b ,
a —a

Moreover, the above inequality is optimal.
Cheng (1983) investigated the following second-order difference equation

A%x(n) + q(mx(n+1) = 0 2)

and showed that if x(n) #0forne{a,a+1,...,b} is a solution of (2) and
x(a) = x(b)bz 0 (a,b € Z with 0 < a < b), then Zﬁ;i lq(n)| > (:_(1;;2“31 ifb—a—1is
even and Zn;fl lg(n)| > ﬁ ifb—a — 1is odd.

Hilger (1990) introduced the theory of time scales with one goal being the unified

treatment of differential equations (the continuous case) and difference equations (the

discrete case). A time scale T is an arbitrary nonempty closed subset of the real numbers
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R, which has the topology that it inherits from the standard topology on R. The two
most popular examples are R and the integers Z. For the time scale calculus and some
related basic concepts, we refer the readers to the books by Bohner and Peterson (2001,
2003) for further details.

Bohner et al. (2002) investigated the following Sturm—Liouville dynamic equation

A+ g () =0 3)

on time scale T under the assumptions x(a) = x(b) =0 (a,b € T with a < b) and
q € C,;(T, (0,00)) and showed if x(¢) # Ofort € [a, b]t is a solution of (3), then

/b tar> 222
, T8 =T

where C = max{(t —a)(b—t) : t € [a, blT}.
Wong et al. (2006) investigated the following dynamic equation

(r(x™ @) + q)x° (t) = 0, 4)

on time scale T under the assumptions x(a) = x(b) =0 (a,b € T with a < b) and
r € Cyy([a, b]lT,R) is monotone and ¢q € C,y([a, blT, (0,00)), and showed that if
x(t) #Z Ofort € [a, b]t is a solution of (4), then

b r(‘;)(;f;gu) , if risincreasing,
max{q(t), 0} At > s
a %, if risdecreasing,

where C = max{(t —a)(b—t) : t € [a,bl1}.
In this paper, we establish a Lyapunov-type inequality for the following higher order
dynamic equation

SE(t,x(1) + u)xP(t) = 0 (5)
on some time scale T under the following anti-periodic boundary conditions
Sk(a, x(a)) + Si(b,x(b)) =0 (0 <k <n-—-1), (6)

where So (£, x(2)) = x(t), Sk (£, x(t)) = ak(t)SkA_l(t,x(t)) forl <k <n-—1and S,(t x(t))
= anO)[S; 1 (&, 2P, ar € Cy(T, (=00,0) U (0,00)) (1 < k < n) with a,(a) = a,(b)
and u € C,4(T,R), p is the quotient of two odd positive integers and a,b € T witha < b.

For some other related results on Lyapunov inequality, see, for example, Cakmak
(2013), He et al. (2011), Jiang and Zhou (2005), Liu and Tang (2014), Tang and Zhang
(2012) and Yang et al. (2014).

Main result and its proof

Lemma 1 (Bohner and Peterson 2001) Leta,b € Twitha < band Y, 1/p; = 1 with
pi > 1(1 <i < n). Then for any functions f; € Cry(la, blT,R) (1 < i < n), we have
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b n n b p%,
/Hlfi(t)IAtsﬂ{/ lﬁ(t)lp"At} .
4 =1 i=1 74

Lemma 2 Let a,beT with a <b. Suppose that af €R and p; e (1,+00) with
A= pi=1 (1<i<nl<j<m). Then for any functions
Ji € Cra([a, b, (—00,0) U (0,00)) (1 <j < m), we have

1

Pi

p m n b m ;
/Hlﬁ(mmsﬂ /Hm»(m“im
4 j=1 =1 |74 j=1

i1
Proof ~Let Fi(t) = ([T fy(t)|)7i. By Lemma 1 we have

b m b "
/H[};(t)mt:/ [[E®aAt
a ]=1 a

i=1

< H / FPint
i=1 a

o (o b
=1] / | J G,
i=1 |V% j=1
This completes the proof of Lemma 2. (]

Remark 3 Leti=j, and af = p;and af = 0ifi # jin Lemma 2, we obtain Lemma 1.

Theorem 4 Let ;e R(1<i<n), pr=p+1 and pje(1,+00) (2 <j <n) with

St ai/pi =Y 1y 1/pi =L If (5) has a solution x(t) # Ofort € [a, blr satisfying the
anti-periodic boundary conditions (6), then

[(n=Dp+1]1(p+1)
b P+l 2 »
? > .
/a ol A= Lt b Ar p n—1 n b At Pi et
(b-ar [f“ la (r)é} = {HjZI U“ '“l'(t)'ai} l}

Proof Foranyl <i <un — 1, write

1
n 7

boAt
" zl,H V POR

=1

and
nT b e 5
Mi:H / |Sl(t’wmf }.
el RO

Since x(¢) satisfies S;(a,x(a)) + Si(b,x(b)) =0(0 <i <n—1), we know that for any
t € la,blT,
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t .
Si(t) = Si(a,x(a)) +/ Si+1(7,%(7))

b ¢.
Ar:Si(b,x(b))—/ Sin(@x@)
a ai+1(7)

t ai+1(1)

Using Lemma 2, we obtain that for0 <i <un —2,

t o, b ¢.
|Si<t,x<t)>|=3|Si<a,x(a>)+ / Se1@HO) L s, xib)) — / Sin@am) o
a  ait1(7) ¢ aiy1(7)
Sia(baw) 1
/ PACED A < S )

and

Ian(t)l

Iﬂ (lf)ll”1

S 6350 = 3 / LISA (x| AL

[/ ap t Z
< —

1
P

(¢ € [a,b]T)

[/ |an (1155 (& 2(0) P At

and

»r
p1

b
1S,1(0 (8), 20 ()] < ;l / At
o Jan(®)]?

1
r1

b
[/ |an()11S5 1 (&%) At (¢ € [a, D)),

which implies

nT b b
B MEIONNE
=11 [ . el At]
uiraw; (1<i<n-—2) ®)

and

1
1Su—1(t, x() P! < ot [/ 1] / |an(@®)11Spy (& 2@ At (¢ € [a,blT)  (9)
@ lan(t)|?

and

1T ®
1Su—1(0 (&), x(c (ONIP* < ey {/ } / lan (1S, (&, %) AL (¢ € [a,b)T).
a lan(®)|?

(10)
Combining (7), (8) and (9), it follows
n—1 b P b 1Z3
Wi At 1 1
CIETER | st waenead o an
2 @ Jay®)7 ] |Je

Page 4 of 8
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From (1), we have
S™(t,x(8)) = —u(t)x(t)P.
Thus, we obtain
S, %(£))S5_1 (£, x()) = —ut)xP (£)ST_1 (¢, %(2)). (12)

Integrating (12) from a to b, it follows
b b
/ S,,A(t,x(t))sg,l(t,x(t))m = / —u()xP (£)S5_1 (8, %(8)) At. (13)
a a
Thus, we obtain from (10), (11) and (13) that
b
| aoisi i@ amnetiac
a
b
- / an(t)(SE 1 (£, x(t)PTLAL
a

b
= / [(Su(t, 2(£)Sp—1(t, x())> — S5 (£, x(1)S_1 (£, x(t)) | AL
= an(b)S!_, (b, x(0))Sy—1(b, x(b)) — an(a)S._, (a,x(a))Sy—1(a, x(a))

b
—/ S (t,x(£))ST_, (, x(t)) At
b
5/ lu(®)xP ()S;,_1 (t, x(2))| At

b
< MP / () [Sy1 (0 (6), (0 (1)) | At

b,
iMp[/ lu(t)| » At
P1 _ pl b Py
<Mp[/ Iu(t)IPAt b-a {/ At :
2 o lan(t)|r
n—1 p1 1%1 ’
= H’nilw‘ [ / [ / lan(®)]1Sp_1 (&, x() [P At
2 o lan(o)]?
{ b ’”(b—a)l’ll[ b
x /|u(t)|PAt / .
a 2 @ |a,(t)]?

r
[Hl i Wl r1 /b At
1
@ lan()|?

r1

b
/ 110 (O), (0 (O)) P! AL

1
r1

b
/ |an(0)]1Sp (&, x(0) P At

1
r1

/lﬂn(t)ll L6 x@) AL

p

= W(k—a)"l |:/ |u(t)|p At

ptl

p+1

{ / (OS5, &, %) P AL

Since x(t) # 0 (¢ € [a, b]t), it follows from (11) that

b
/ lan ISy (& x@) P AL > 0.



Sun and Xi SpringerPlus (2016)5:1469 Page 6 of 8

Thus, we obtain

b [(1=Dp+1]1(p+1)
1 2 p

a - NIV p+l ) booA 1Pt
» t n— n t pj
(b—ayr [fa } i=1 { j=1 [fa W} /}

1
lan@)|?

This completes the proof of Theorem 4. O
Leta; = 1+ rip; (1 <i < n)in Theorem 4, we obtain the following corollary.

Corollary 5 Let ;e R(1<i<mn), pr=p+1 and pj e (1,+00) (2 <j < n) with
Sty 1/pi=1land) ! | ri = 0.1f (5) has a solution x(t) # Ofor ¢t € [a, blt satisfying the
anti-periodic boundary conditions (6), then

b pt+1
/ ()7 AL >
a

[(n=Dp+1](p+1)
P

1 p+l1 e s
1 p _ b f
b |2 2y {H I: }}

oL "o

Seta; =1 (1 < i < n)in Theorem 4, we obtain the following Corollary 6.

Corollary 6 If (5) has a solution x(t) # Ofort € [a, blr satisfying the anti-periodic
boundary conditions (6), then

b Pt
/ )7 AL >
a

[(n—=D)p+1](p+1)
p

1 b p+l _ b p+1 '
b—a)r [fa AL } iy {fa aiA(i)}

1
lan ()P
Examples and applications

Example 1 Suppose that o; e R(1<i<n), py=p+1land pj e (1,400)(2=<j<n)
with Y7 i/pi=> 1 1/pi=1 Let T=[-2-11U[l,00), a()=¢ for
1<k <#n—1landa, = t*" for some positive integer 1, and

e —@2m 4 1)2m(p 4 1) /tPH172m, if t#—1,
~U@m+ D" =127+ T @m e D212, i e =1

Set x(¢) = t2"+1 It is easy to check that

(1) Sp(t, %)) = m + DKL (0 < k < n — 1),8,(t, x(2)) = 2m + 1)P¢2mP+and
SRt x(1) = @m + 1)"P2m(p + 1)e2m@+D=for ¢ £ 1.

@) So(=1La(=1) = Si(=Lx(=1) = =1, S(~1,x(~1)) = —[1/2"1 + 317} @m+
D¥=1/21(0 < k < n—1), Sp(—=1,x(=1)) = [1/2"1 + 377 @2m + 1)"~#/2/)? and
Sp (=Lx(=1)) = {(@m + 1) — [1/2" 1 + 1 @m + 1) /2/P]}/2. Let a=—2
and b = 2. Then x(¢) 0 is a solution of (5) satisfying the anti-periodic boundary

conditions (6). Thus we have
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2(”71)@+1)+1*;17
) p+1 . ) 1§ pH+17
At n— n At | pj
e [ ]

Example 2 Suppose that o; e R(1<i<n), py=p+1land pj € (1,400)(2=j<n)
with S ai/pi=>" 1/pi=1 Let T={+2":n=0,1,2,...}, ax(t)=t for
1<k<n-—1landa, =t>and u(t) = —(o(t) + t)/tP. Write x(t) = ¢. It is easy to check
that Sg (£, () = £ (0 < k < n— 1), Sy(t, x(t)) = t2and S5 (£, x(t)) = o (t) + £.

Let a = —2" and b = 2" for some positive integer r. Then x(¢) # 0 is a solution of (5)
satisfying the anti-periodic boundary conditions (6). Thus we have

|—— |7 At >

_ tp p+1 14 p+L°
7 20 At n—1 Hn 27 At | b
o 2 i=1 Llj=1 [J o 1@

[t|7

/2r o(t) + 1t o 2(n—1)(p+1)+1—}17

Now, we give an application of Lyapunov-type inequality of Theorem 4 for the following
eigenvalue problem

SE(t,x(8) + ru)x? () = 0 (14)

on time scale [a,b]lt for some a,beT with a <b, where Sy(t,x(t)) =x(2),
Si(t,x(t)) = ak(t)SkA_l(t,x(t)) for 1<k<n-1 and S, x@)) = a,,(t)[SnA_l(t,
x(ENV, ai € Cry((a, blt, (—00,0) U (0,00)) (1 < k < n) with a,(a) = a,(b) and u € C,4
([a, b]T, R), p is the quotient of two odd positive integers. It is easy to see the lower
bound of the eigenvalue 7 in (14)

2(n—1)p+1
b ptl p+1 1 b _ b >
[fa lu)| » AL‘] (b —a)r {fg AL 1] ?:11{ 1 |:fa a,-(At§|“t]p/}
lan ()P
where 0; e R(1<i<n), pi=p+1and pj € (1,+00) (2 <j < n) with Y7, a;/pi =
i l/pi=1
Conclusions

In this paper, we establish a Lyapunov-type inequality for the following higher order
dynamic equation

S2(t,x(@) + u@®)xf () =0

on some time scale T under the anti-periodic boundary conditions (6). Our results com-

plement with some previous ones.
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